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1. Introduction

Type-1 beta integral and beta function are very important in many areas. Type-
1 beta model is a popular prior probability measure in Bayesian analysis. Variation
in the chance of occurrence of any event is usually modeled by a type-1 beta model.
In population studies, the probability of conception is usually modeled by a type-1
beta model. In random cuts or random division of an interval, a type-1 beta model
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and its generalization of type-1 Dirichlet model come in naturally. A very popular
reliability model in reliability analysis or system reliability is based on a type-1
beta model, often a power transformed beta model. When inter-arrival times are
independently exponentially or gamma distributed then proportional arrival times
are often type-1 beta or Dirichlet distributed, the arrivals may be vehicles arriving
into a service station, patients arriving into a hospital, phone calls coming into a
telephone, floods occurring in a river, occurrence of lightning in a certain place etc

A variant of type-1 beta integral and the corresponding type-1 Dirichlet integral
are dealt with in this article. Averaging any function in the extended Dirichlet
model will give an extension of Dirichlet averages in applied analysis. An interesting
bivariate integral is seen to be equivalent to a univariate type-1 beta integral.
Similarly a certain k-variate integral over a unit cube is seen to be equivalent
to a (k — 1)-variate Dirichlet integral. Some properties of this integral and the
corresponding integrand are examined in this article.

Type-1 and Type-2 Dirichlet functions and Dirichlet integrals are given various
types of extensions in the scalar variable case and to matrix-variate cases, see for
example Mathai (2003) for one type of extension in the scalar variable case, Mathai
(1997), Mathai and Provost (1995), Thomas and Mathai (2008) for some extensions
to matrix-variate cases. But in the present article, an entirely different type of
extension is given. This type of extension is intriguing and there is novelty in this
respect. This type of extension does not seem to be available in the literature.

This article is organized as follows: In section 2 an extended type-1 beta integral
is introduced and its properties, such as marginal functions, Mellin transforms,
power transformations etc, are studied. In section 3, the corresponding extended
Dirichlet integral is examined and several of its properties are studied. Then the
corresponding statistical densities are also introduced. The extended type-1 beta
and type-1 Dirichlet integrals are intriguing and interesting from a the point of view
of mathematical manipulations but this author does see any direct applications to
any problem at present. Hopefully, someone will find interesting applications of
the results in this article in the near future.

2. Extended Type-1 Beta Integral
For 6 > 0,0; >0, > 0,7 = 1,2, consider the following integral:

/ / O¢151 1 042(52 1(1_1,32)041
x1=0 J xo= 0

(a — 25) (1 — 232)] " @ +e2=Ddz; A da, (2.1)
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It will be shown that this double integral dd10:A is equivalent to a type-1 beta
integral. We may write (2.1) as the following:

/ / a161 1 a262 1(1_:L,gz>a1
x1=0 Jx2=0

o +Oé (S)m m m
XZ( ! mQ! (1 —259)™(1 — 22)™dzy A dx,

m=0

by using a binomial expansion, where, for example, (a),, = a(a + 1)...(a + m —
1),a #0,(a)o = 1 is the Pochhammer symbol, and R(-) means the real part of (-).
Integration over x; gives

1

1

— m 1 (0% m
/ 37?161 1(1 ) dz = 5 ?hl 1(1—3/1) di
r1=0 1

1 Mgl 1)
0 (e +m+1)’

%(&1) > 0.

Integral over x5 yields

02
B lF(az)F(al +m 4+ 1)
52 F(a1+a2+m—|—1)’

1 1
1
/ 5(7326271(1 o xgg>a1+mdx2 _ / ygz 1(1 . y2)a1+mdy2
x2=0 y2=0

%(O&Q) > 0.

Hence the product gives

1 Tm+1) 1 T(a)(az) (Lum
_F(al)F(OQ)F(Oq Fas+ 19 T 010y Fog +as+1) (g +az+ 1),

010

Therefore

1 = (a1 + 042 8)m (1),
A p—
9102 (041 + 1% + 1 Z (o1 + g + 1),
1 D))
9102 (Oé1 + 062)

m=0

2F1(041+062 5,1;0&1+062+1;1)

where 9 F} is a Gauss’ hypergeometric function with argument 1. But a oF} with
argument 1 has the following simplification:

L)' (c—a—10)

o Fy(a,b;c; 1) = T(c—a)T(c—b)
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whenever the gammas are defined. Then

1 D)) T(og+ax+ 1))
5152 F(al + a9 + 1) F((S + 1)F(Ozl + 042)
1 T(a)lM(ae)
= 500, T(ms + o) yR(a1) > 0, R(ag) >0
1
80109

A:

1
/ 2711 — 2)*  da, R(ay) > 0, R(az) > 0 (2.2)
0
Hence )
00102A = / 27N 1 — )2 da, R(aq) > 0, R(ay) > 0.
0

Thus, we can have the following theorem:

Theorem 2.1 Consider the integral on the right side of (2.1), denoted by A. Then
for § > 0,6, > 0,02 > 0,R(cvy) > 0,R(cxg) >0

58,05A / / g1 gge0eml (] _ g0y
xr1=0 J 9= 0

(1 —25) (1 — x3)]~(ate2=9dg, A day (2.3)

1
:/ 71 — z)* da.
0

2.1. Various representations of this pseudo type-1 beta integral
Make the transformation y; = xjj, j=1,2. Then

Corollary 2.1.

561624 = / / Y8 (1= )1 — (L= y)(1 — 42)] @y, A dyy
y1=0 Jy2=0

(2.4)
Make the transformation z; =1 —y;,7 = 1,2.

Corollary2.2.

1 1
5(516214 = / / (1 — Zl)al_l(l - 22) -1 al[]_ - 2122] (al+a2_6)d21 N dZQ (25)
21=0 J 20=0

Consider the integrand in (2.5) with 6 = 1. Let

f(l’l,ZQ) (1 —z )a171<1 i Z2)a2 1 al [1 . lel] (a1+az—1)

_{M]W[ 1—22r21 2 (2.6)

1-— 2129 1-— Z1R9 1-— 2129
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Let u; = 2129, us = z5. Then du; A dus = 29dz; A dze. Therefore

s=xl=1

du; A d
1—U,1 1—U1 “ e

fl(ul, u2)du1 A dUQ = |:

a1—1 as—1
- 1— 1
_ {“2 “1} { “21 dug Adus  (2.7)
1— (51

1—U1

1—U1 1—U1

for 0 < uy; <wuy < 1. Let U1:u12 U vy = }:Zi Then v;i +v9 =1 or vy = 1 — vy.

From (2.7), 0 < wuy < wuy < 1. Therefore

1 1—uq
/ (UZ - ul)a171<1 — u2>a271dU2 — / Zozlfl(l — s ul)agfldz
w 0

2=u1
1 1(en)l(as)
= (1 — )t 22 L 2R >0, R > 0.
( ul) F(Oél + 012) (al) ) (042)
But (1 —uy)®te21lig canceled for § = 1. If § # 1 then we have (1 —u;)°~ ! and the
integral over u; gives x L and this 6 is canceled. Then the final result is %
2.2. Statistical densities
From (2.2) it is clear that
55152F<a1 + 042) 1011 285—1 5
— « « 1 — 2\
g(l‘l,ﬂfg) F(Ql)r<a2) Ty ) ( ) )
X [L= (1= af") (1 —ay)]-lertee? (2.9)

for 6 > 0,07 > 0,05 > 0,07 > 0,a0 > 0,0 < 27 < 1,0 < 29 < 1, and zero
elsewhere, is a statistical density. In statistical densities the parameters are real

but the integrals here will hold for complex parameters a; and Qe with R(aq) >
]

0,R(cg) > 0. Let us compute the h-th moment of u = T - T We will
- x1 —%2

state it as a theorem.

Theorem 2.2.For the u defined above, the h-th moment of u in the density (2.9)
15 equivalent to the h-th moment of a real type-1 beta random variable with the
parameters (g, ayq).

Proof:
Sah
.1'22 :| . c/ / a151—1x3252+52h—1
[1—(1—a)(1— 210 J 2320

x (1 —af)™ 1 — (1 - xél)(l “(ontaath=0)qa A das. (2.10)
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where
. 5(5152F(041 -+ CYQ)
F(on)T(a2)

Make the transformation 25" = y;, 25* = 5. Then

Yo a 1 (a2+h) 1 a
E 1— 1 _ 1
[1—(1—91)(1—% } 5.0 / / ! (1~ 1)
X [1— (1 —yy)(1 —yp)]ateeth=0qy, Ady,.  (2.11)

Let zy =1—wy,29 =1 —ys. Then

L2 } / / " .
E = )T (1 — zg)2thl
|:1 — 21292 (51(52 21=0 J 20=0 ( 2) 2

X []_ — 2122] (a1 +az+h—0) le VAN d22 (212)
& (041+042+h—5)m/ -1
— 271 — z)M 7 dz
010, ;0 m! oo (1=2) !

1
X / P € S e P
22=0

Evaluating the various integrals with the help of beta integrals one has the follow-
ing:

E[l_ZZTZ c i(041+a2+h—5)mF(a1)F(a2+h+1) (D

1— 2129 0109 — m! Moy +as+h+1) (ag+as+h+1),
Doy + ag)T(ag + h)

(o) (ag +as+h+1)

Il +a)(ae+h) T'(ar +ag+h+ 1)I(0)
Dlag)T(ag +as+h+1) T+ 1) (o + az)

_Tlag+h) T(ag+az) \
- D(aw) T(ai+as+h) Ba®), ¥az 1) >0 (2.13)

2F1(0q+0z2+h—5,1;a1+042—|—h+1;1)

where x has a type-1 beta density with the parameters (as, aq), or 1 —x has a type-1
beta density with the parameters (ay, ). The corresponding Mellin transform is
equivalent to all the integrals in (2.10),(2.11),(2.12),(2.13) with A = s — 1. Observe
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that the right side of (2.12) can also be written as follows for 6 = 1:

Er—@]" 6Fa1+a2/ / [@1—,21]&1—1
1—2122 21=0 J 20=0 1—2122

]_—Z ao+h—1
d=

1-— 2129 1-— 2179

[(ay + ag) /1 1, aptho1 l—2z

L e/ 1— ai a2 d = 2.15
['(a1) () U,Q:U( u) fte = 2122 (2.15)
I(

(6%) + h) F(al + 042)
F(Ozz) P(Ozl + as + h)7

§R(oz2 + h) > O, §R(a1) > 0.

2.3. Marginal functions
Let

f(ﬂ?l,:L'Q) = (1 _ x1>a1—1(1 . x2)a2 1 a1[1 _ l‘1$2] (041-"-042—(5).

Integral over z; gives

= )
/ fzy, 2)dwy = 2§ (1 — a9)°2 7! Z (o + a2 Jm / (1 — 20) N2
0

m=0

ag 1 f: aq +Oé2 m F(al) (1)7" Zm
Tla+1) (g + 1)y 2

= x2
m=0
I'(a1)

= x;l(l — x2)a2_lr(a1 + 1)

oFi (a1 + a2 — 0,109 + 15 29).
(2.16)

Similarly, the marginal function of z; is available by integrating out z,. By using
the above steps we have the following:

C(ag)T (e + 1)
I'(ag +ag +1)

2F1 (CY1+062—(5, 011+1; 041+042—|-1; .1’1)

(2.17)
for 0 < a1 < 1,07 > —1,9 > 0 and zero elsewhere. Correspondmg marginal

densities are available by multiplying (2.16) and (2.17) by (O”)% If the marginal

1
[ fnmde, = (o)
x2=0

densities are denoted by fi(z1) and fo(z2) respectively, then

(651

—(a o )(1—$1)a1—12F1(a1+&2—5,a1+1;a1+@2+1;x1) (2.18)
1 2

fl(ﬂfl) =
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for 0 <z <1,a7 > 0,as > 0 and zero elsewhere, and

C(ag + ag)

falwa) = T(cs)T (a1 + 1)

2F1(a1 + Qg — (5, 1, oy + 1, .CCQ) (219)

for 0 < zy < 1,07 > —1,as > 0 and zero elsewhere.

Let us compute E[z"'2}?] in the pseudo type-1 beta density, which is the Mellin

transform of the extended type-1 beta density when hy = sy — 1, ho = so — 1 where
s1 and sy are the Mellin parameters. That is,

(5I‘
E[;L’?lxgz] = al + @2) / / :cl x2 (1 — )t
X (1 I‘Q)OQ 1 a1 1 — [L’ll'g] (a1+az=9) d$1 VAN CL’BQ

Expanding [1 — a:le]_("‘1+a2_5) by using a binomial expansion and then integrating
out x; and z9 and writing the resulting series in terms of a hypergeometric series,
one has the following:

F(hl + 1)F(061 + ]’LQ + 1)
F(O{l + hl -+ 1)F(Oél + a9 + hz + 1)

><3F2(061+062—(5,h1+1,0é1+h2+1§0&1+h1+1,0[1+0&2+h2+1;1)
(2.20)

Bzl ] = 6T (ay + ag)

for 6 > 0,R(hy1) > —1,R(h2) > —1,090 > 0,9 > 0.

Theorem 2.3.For the density in (2.16) the (hy, ho)-th product moment is given in
(2.20).
When h; = hy = h we have

El(m122)"] = % — SEW) (2.21)

whrere u is a real type-1 beta variable with the parameters (1, §) or with the density
glu) =61 —u)’0<u<1,6>0.

When § = 1 then u = x125 has a uniform density over [0, 1].

Corollary 2.4. For hy = hy = h in Theorem 2.3, then the h-th moment of xxs
is given in (2.21).
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3. Multivariate Case
Consider the following multiple integral

Ay = / / Q-1 peubiol(] _ ghnyer( _ gfyetas

6k o1t toy_ 11— (1— x?l)ﬂ(l _ $ik)]f(a1+...+ak76)dxl AL /\dxf, |
3.1

Theorem 3.1. For the Ay defined in (3.1)

4 — I(ay)..T (o)
P 5010 L (an + ... + ap)

R(aj) >0,0>0,0; >0,5=1,.... k.

Proof: Make the transformations y; = xjj, then z; = 1 —y; for j =1, ..., k. Then,
following through the steps in the case of k = 2, we have the following result:

k 6 / / a1 — ]. Ojk 1(1 - y )a1<1 _ y3>a1+a2
k

a1+ Aoy 1[1 _ (1 _ y1><1 — yk>]7(a1+'“+ak75)dy1 VANPURIAN dyk (32)

/ / alil...(l — Zk)akil
21=0 2=

a1+ o ]| Vo) (1. 4ap— 5d21/\ A\ dzg. (3.3)

510k
X 22

Now, expand [1 — zl...zk]_(“1+"‘+°‘k_5) by using a binomial expansion and integrate
out zq,...,z;. Then

R - !
Ak _ Z (Oél + + oy (S)m / Zln(l . Zl)al—ldzl
= 0

T Oty m!
1 1
X/ chler(l —22)a2_1d22.../ Z,?H_ Ao 1+m(1_zk)ak—1dzk
0 0
_ F(al)F(ak) 1 f: (Oél + ...+ ap — (S)m
0.0 Tlar+..+ap+1) 2= (o1 + ...+ ap + 1),m!
D(ay)...I(ow) 1
= Filaon+...+ap,—61L,a1+...+a, +1;1
6.0 Tlar+..+ap+1)° i(on b ! F )
['(aq)..T (o) [(ag + ... + ax + 1)I'(6)

- 0l + oo+ ap + D) T0+ DI (g + .. 4+ o)
_ C(ay)...T (o)
551...6kF(a1 + ...+ Oék)

R(aj) >0,0; >0,0, >0,j=1,....k,d > 0. (3.4)
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Hence
60 (e ot k) s 1 andk—l
f(a:la 7'7;]6) - F(@l)...r(ak) ! Tk
X (1= a)™ (1 — g )ort-ton
) [1— (1= 2%)(1 = 2f2)...(1 — adk))(rttox=) (3.5)

for 6 >0,0; > 0,a; > 0,0 <z; <1,j =1,...,k, and zero elsewhere, is a statistical
density.

o ) a1 a1
fl(y17"'7yk) - F(Oﬁl)r(ak) n Yy

X (1 — ) (1 — gyg) 102 (1 — gy )22 FFek
X (1= (1= g1).. (1 = gp)] " (FFor=? (3.6)

ford > 0,a; > 0,0 <y; <1,7=1,...,k, and zero elsewhere, is a statistical density.

. 5F(Oz1 + ...+ Oék)

fazs o 2) = T(a1)..T(ay)
X [1— 2.z @t 55 00, >0,0< 2, < 1,5 =1,....k

(3.7)

(1= 20)™ 70 (1= )™ gt

and zero elsewhere, is a statistical density.

The product moments coming from (3.7), E[z/...2/*], which for h; = s;—1,5 =
., k is also the Mellin transform of the function fo(z1, ..., zx), is the following:

or
E[Z{Ll ZZ’“] _ Igal 4+ .. + Oék / / . h1 hk o Zl)al_l.--(l o Zk;)ak_l
2=

+. +
X 28% TR 1[ Lozg] Tt g A LA dz.

Expanding [1—z;...2;,] (@1 +-+am=9) ‘integrating out 21, ..., 2 and following the steps
in the previous computations, we have the following:

Bl 2] = 6T (o + ... + ay)
LChi + D)I(ha+ a1+ 1)..T(hg + g + ... + a1 + 1)
Dl +hi + D)1 +as+ho+1)..T(ag + ... + o + b + 1)
X g1 Frlar+ oo+ ap =0,y + Lhao+ag + 1, hg +aq + oo + gy + 1
aj+hi+1lar+as+ho+1,..,00+ ... +Fap+ he +151) (3.8)
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Then, when h; =s;—1,7 = 1,...,1, (3.8) gives the Mellin transform of fo(z1, ..., 2x),
with Mellin parameters s, ..., S.

Theorem 3.2 For the density given in (3.5) the (hi, ..., hi)-th product moment is
given by (3.8)

When h; = ... = hy = h then the h-th moment of the product (z;...z¢) is
available from (3.8) by putting h; = ... = hy = h. Observe that a lot of gammas
are canceled in this case, and the final result is the following:

I'(h+1)
Flog+...+ag+h+1)
X oFi(oq+...+ar—6h+ Lo+ ...+ +h+1;1).

E[(zl...zk)h] = 5F(Oél + ...+ Oék>

But

T(ay + ... + o + b+ 1)T(0)

Flaon+...+ar—0h+1,00+...+ap+h+1;1) = .
2Fif g ! g ) T(h+6+1)(ay + ... +a)

Therefore
lforh=0
L' (h + 1)I'(6)
h’ —_— —_— — L p—
E[(z1...2)"] = Thio+1) g for 0 =1 (3.9)
SE(uh)

where u is a real type-1 beta random variable with the parameters (1,0), or with
the density g(u) = §(1 —u)°~1,0 < u < 1 and zero elsewhere. Thus, when § = 1,
21...2x 18 uniform over [0, 1], or z;...z; is uniformly distributed when 6 = 1.

Corollary 3.1. The h-th moment of the product z; ...z is given in (3.9), and when
h =1, the product zi...zy is uniformly distributed over [0, 1].

4. Marginal Functions

Consider f(xy,...,xx) of (3.5). If x; is integrated out then one gets the marginal
function of x,,...,xr. Let us denote the marginal function of o, ...,z as fo i
(g, ..., k). Expand [1 — (1 — 2§")...(1 — 2%)](@+-+a=9) by using a binomial
expansion. Then the integral over x; gives the following:

1 T(a)l(m+1) 1 T(ay) (1)m

1

a101—1 d\m

101 1_ 1 d — = — .
/0“’1 (1 —ay)"dzy T +m+1) 6 D(ar+1) (a1 + D

Hence the sum over m gives

2F1(O[1 + ...+ A — (Sa 1a aq + 1’ (]' - Igz)(l - xik))
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Then

(5(52(5kr<a1 + + Oék) $a252_1 xak(sk_l
T(ag + DT (ag)...T (o) 2 Tk
X (1 —a52)o1 (1 — afp)artez (1 — xi’“)alJr"'Jra’“*l

X oFi (g 4 .+ o — 6,100 4+ 15 (1 —2)...(1—2%))  (4.1)

fo k(o .y x) =

for oy > —1,05 > 0,6; > 0,0 > 0,7 =2,..., k. If 2, and x5 are integrated out then
the marginal function of z3, ..., 7y, denoted by f3 (3, ..., zx), is the following:

§63...0k (a1 + ... + ay) paadi—l o opdi—]
T(ar + as + DI(ag)..D(ap) 2 77*
X (1 - xg3)a1+oz2m(1 _ l‘ik)a1+"'+ak—1

X oFy (g 4 o+ — 6, ;00 4+ ag + 1; (1 — 252)...(1 — 23)). (4.2)

f3.‘.k($3, ceey :Ek) =

In a similar manner one can integrate out the first r variables zq,...,x, to get
the marginal function of the remaining variables in terms of a 3 F}. One can also
integrate out any of the r variables, need not be the first . The steps are similar

but the final expression will not be in terms of a Gauss’ hypergeometric function
2 F1.

5. Some Transformations
In (3.7) let us consider the transformation u; = 2q...2x, Uz = 29... 2k, ..., U = 2.
Then duy A ... Adug, = zng...zllj_ldzl A ... ANdzg. Note that we may write

a1 o1+az artotap_1  _ap—1_(a1—1)+(a2—1) (a1 =1)+..4+(ag—1—1) 2 k—1
Z2 Z3 ...Zk_ =z Z3 ...Zk Z223...Zk .

If the joint measure of wy,...,u; is written as g(us, ..., ux) then, observing that

Zj = uqﬁl,j =1,...,k—1, we have
j
g(u1 Uk) _ 5F(O£1 + ...+ Qk) 1— /lﬂ]oq—l.” 1_ uk_l]ak_l—l
o I'(aq)..T'(a) Ug U
% (1 . uk)akfluglflu:(y’oufl)Jr(agfl)...ul(€a171)+...+(ak,1—1)
X [1 — Ul]_(al+"'+ak_5). (5.1)
But
[1 ﬂ]alil = M [1 _ Uk—1 ap—1—1 — (Uk — uk_l)akilil (52)
Uo ugél—l ) ’ U, Zék—l—l
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Observe that all the denominator factors are canceled and then the final result is
the following;:

(u w ) . (5F(Oé1+...+0(k)
G, oo i) = F(Oq)F(OAk)
X (1 —uq) "t g <y < o<y < 1 (5.3)

(UQ — ul)a“l...(uk — ukfl)akflil(l — uk)akil

for 6 > 0,a; > 0,7 =1, ..., k, and zero elsewhere.
Theorem 5.1. The function g(uy, ...,ux) of (5.3) is a statistical density.

Proof: It is easy to show that (5.3) is a probability measure or a statistical density.
Integrate out wq, ..., ug, starting with u;. For example, integral over u, gives the
following;:

1 1—up_1
/ (e — uge—y) (1 — )™y, = / U T L = gy — ] oy,
u v

E=Ug—1 £=0
)ak,_l—&—ak—l F(O{k-71>F(Oék-)

=(1- U— )
( ! Doy + ag-1)
for ap > 0, a1 > 0. Integration over uy_; yields

[(ag—2)T (o + ag-1)
Loy, + ag—1 + g —2)

(1 _ uk_2>ak+ak—l+&k72_1'

Continueing like this, the integral over us gives

I'(a)lag + ... + aa)

1 — g )@ +to=l o5,
[log + ... + ) (1= w) a

Integral over u; gives

1 1
1
/ (1 — Ul)a1+"'+ak71(1 — ul)f(a1+...+ak76)dul = / (1 — ul)afldul = g
u1=0 0

Taking the product we get unity, and hence the result.

Counsider the transformation

v_u2—ulv_u3—u2 y _uk—uk_lv_l—uk
1= 2 = ey V1 = —/———— U = T
l—ul’ 1—U17 ’ 1—U1 ’

(5.4)

n ]_—U1.

Theorem 5.2. The transformation in (5.4) yields a type-1 Dirichlet measure for
V2, ..., VL.
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Proof: Under the transformation (5.4)

Ty A Adug = dvg A A dg

Note that v; + ... + vy = 1 or v; = 1 — vy — ... — v,. Then the joint measure of
Vg, ..., v and wuq, denoted by g1(va, ..., vg, uy), is the following:
M (ar + ... + ag)
[(aq)..I'(ag)
1
=
Let the joint measure of vs, ..., v be denoted by ga(va, ..., vg). Then

B 51“(041 + ...+ Oék)
92(V2, o0 V) = (). D)

1 1
——d
. / (=)o

o F(Ofl + ...+ ak) a1—1 as—1 ap—1

= (o). T(an) (1 —wvg — .. —wp) M 032 . (5.5)
which is a type-1 Dirichlet measure with the parameters (s, ..., ag; ). Note that
the integral over u; gives § and this 0 is canceled. Here (5.5) is a (k — 1)-variate
Dirichlet measure, 0 <wv; < 1,7 =2,...,k,va+...+v, < 1. In terms of the variables

21, ..., 2 Of (3.7), this result can be stated as follows:

g1(vg, vy Vg, uy) = (1 — vy — .. — ) o2 !

—1, an—1 -1
(1—vg — .. —vp) ™ 092y

Corollary 5.1. Let 2, ...,z have the joint measure or joint density as in (3.7).
Consider the transformation

Comez(l—21)  zezm(l - 2) ol =zm) 1=z
Ul_—7/l)2_—7"’7vk—1_—7 k_—‘
1—2...21 1—2...2; 1—2...21 1—2...2;
(5.6)
Hence vy, ..., vy have a real type-1 Dirichlet density with the parameters (aa, ..., ag;
Oél).

In terms of yy, ..., yx, of (3.6) the result in (5.5) can be stated as follows:

Corollary 5.2. Let yi,...,yr have the joint density as in (3.6). Consider the
transformation

- y1(1—y2)...(1 — yi) vy — Yol —y3)...(1 — i)
Ty () ==y (L —g)
- Ye-1(1 — y) Y (5.7)

IR T I R L B (R BN RO
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Then the joint density of vs,...,vx s a real type-1 Dirichlet density with the
parameters (aa, ..., ax;0q) fora; > 0,5 =1,..., k.

In terms of the original variables xy,...,z; of (3.5) the result in (5.5) can be
described as follows:

Corollary 5.3. Let xy,...,x; have the joint density as in (3.5). Consider the
transformation

M1 —ab2). (1 —a2k) 292 (1 — 2)...(1 — 23%)
v = , Vg = e
o= (=) 1= (1=l (1— )
Op—1 J )
x 1 —aF ToF
V-1 — kol (5 k ) 5 , Vg = 6k N (59)
1 —(1—af")...(1 —a3) 1 —(1—af")...(1 —a3r)

Then the joint density of vy, ..., v 1S a real type-1 Dirichlet density with the param-
eters (ag, ...,y 00) fora; > 0,5 =1,.. k.

Theorem 5.3. Let x4, ..., x have the density as in (3.5). Let

5]
:ix jif) (1 —ay)
1—(1—a5)..(1—2)

Jj=2

Then the Mellin transform of u or the Mellin transform of the density of u is
equivalent to that of a real type-1 beta density with the parameters (ag+...+ g, ay).

Proof:
u _ Ck/ / h a151 1 ‘ zk&;efl(l . xgg)al(l _ x33>a1+a2
a1+ Aag_ 11— (1— :cél). (1— xk )]*(a1+...+ak)dxl A .o A dxg

where

_ 5515kF(oz1 + ...+ Oék)
[(aq)...T (o)

Ck ,Oéj>0,(5j>O,j:1,...,k,(5>0.

. 5 .
Make the transformations y; = z,’, 2; = 1 —y;,j = 1,..., k, then make the transfor-
mations Uy = 21...2,, U = 29...2%, vooy Up—1 = Zk_12k, U = 2k, then vy = 42 :11,’02
U3 —U2 . Up—Ug—1 _ 1—uy
P2, Vel = T Uk = 15 Then we note that u = vy + ... —|— v,. But

the joint density of vy, ...,v3 is ga(va,...,v3) of (5.5). Therefore E[1 — u]" is the
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following, where the integration is done over the simplex € = {(va, .., v4)|0 < v; <
L,j=2,..,kv+ ..+, <1}

C(og + ... + ag) -1 an1  ap—
E[(1 -u)" = T(ar) T(an) /Q(l — vy — .. — vp) Tl ey A LA duyg

C T(on+h) T(og+ ...+ ag)
~ T(ay) T(ag+...+ap+h) R(ay +h) > 0. (5.10)

Since the h-th moment, for arbitrary h, uniquely determines the distribution and
since (5.10) is the h-th moment of a type-1 beta random variable with the param-
eters (aq,as + ... + a), 1 —u has this beta density. Therefore u has a type-1 beta
density with the parameters (g + ... + ag, @q), and hence the result.

Corollary 5.4. For the u defined in Theorem 5.3, u and 1 —u are both type-1 beta
distributed.

Corollary 5.5 For the density in (3.6) let u = Zfﬂ y{(_l(ﬁj;))((ll_;i’g) then u has a
type-1 beta density with the parameters (ag + ... + ag, 1) and 1 — u has a type-1

beta density with the parameters (o, as + ... + o).

Corollary 5.6. Let zy, ...,z be as defined in (3.7). Let u = % Zppremn(1o2)

j=2 1—21..2
Then u and 1 — u are type-1 beta distributed as in Theorem 5.3. e
Corollary 5.7. Let uy,...,ux have the density in (5.3). Let u = Zfzz(u]f_l—;luj)
with ugyy = 1. Then u and 1 — u have the same densities as in Theorem 5.3,
Corollaries 5.4,5.5 and 5.6.
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