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1. Introduction, notations and definitions
As usual, for @ and q complex numbers with |¢| < 1, let

n—1
(@;q)o=1, (a;9)n=]](1 —aq"), for neN
r=0
and .
(0 @) = [J(1 = 0g").
r=0

Sometimes, for brevity, we write

(a1; @)nla2; Q)n---(ar; @)n = (a1, a2, ..., ar;q)y

There are following three type of identities available in the literature
(i) Series = Product
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(ii) Series = Series
(iii) Product = Product

The most famous identities of first kind are Rogers-Ramanujan identities

Z ! (1.1)

—~(;q)n  (¢:4%¢")x

> qn(n+1) 1

— (¢ 0)n T (PP ) (1.2)

Identities of the type, Series = Product, are called Rogers-Ramanujan type identi-
ties.

These two identities have a curious history. They were first proved by L.J.
Rogers in 1894 [3] in a paper which was completely ignored. The identities were
rediscovered by Ramanujan some time before 1913. In 1917, Ramanujan searched
out the paper of Rogers containing the above identities from the library of Trinity
College, London.

In 1917, these two identities were rediscovered and proved independently by
German Mathematician Issai Schuv. There are now many different proofs of the
identities available in the literature.

There are many identities of second type available in the Notebooks of Ramanu-
jan. One best example of such type of identities is Rogers-Fine identity,

i (4 @)n

(b

s D)

(a5 q)n(azq/b; q),b"2"q"" (1 — azg?)
(¢ Dn(2; Qs

(1.3)

[Andrwes, G.E. and Berndt, B.C. 2; (9.1.1), p. 223]

There are some useful identities of third type. One example of such identity is

Euler’s identity, namely
1

T (@GP

P.A. MacMahon interpreted Rogers-Ramanujan identities (1.1) & (1.2) in the fol-
lowing ways respectively,

(=4 @)oo (1.4)

(i) If Dy(n) denotes the number of partitions of n in which any two summands
differ by at least 2 and P(S3,n) denotes the number of partitions of n into parts
congruent to 1 or 4 modulo 5, then
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Dy(n) = P(Ss,n) (1.5)
[Andrews, G.E. 1; (14-1-1), p. 175]

(ii) If Di(n) is the number of partitions of n in which any two summands differ
by at least 2 and all summands are greater than 1 and P(7%,n) is the number of
partitions of n into parts congruent to 2 or 3 modulo 5, then

Di(n) = P(Ty,n) (1.6)
[Andrews, G.E. 1; (14-1-3), p. 176]

The main aim of this paper is give additive number theoretic interpretations of
certain identities of type (1.1) and (1.2) selected from L.J. Slater’s paper [4].

We shall make use of following identities due to Slater [4] which is the modified
form can be expressed as

0 n(n+1 1

Z (%) (1)
[Slater, L.J., 4; (7), p. 153]
o0 qn(n+2)(_q2n+2; 612)00 _ 1 (1 8)
—~ (% ¢*)n (% 4% ¢°) oo
[Slater, L.J., 4; (16), p. 153]
0o qn(n+1)<_q2n+3; q2)oo _ 1 (1 9)
n=0 <q27 q2)n (q2a qg; q5)oo
[Slater, L.J., 4; (17), p. 153]
i qn2 2n+2 q )oo _ 1 (1 10)
= (¢:0% ¢%) o '
[Slater, L.J., 4; (20), p. 154]
i q2n(n+1)(_q2n+2;q)oo _ 1 (111)
n=0 (q27 q2)n (QQ, q37 q47 Q5§ q7)oo

[Slater, L.J., 4; (31), p. 155]
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) q2n(n+1)(_q2n+1;q)oo _ 1 (1.12)
— (@% ¢*)n (0. ¢% 4% ¢% 4" oo
[Slater, L.J., 4; (32), p. 155]
o n2 2n+1 1
Z r Q)oo - 2 5 6.7 " (1.13)
— (7,4% 4% 4% ¢ )0

[Slater, L.J., 4; (33), p. 155]

A Useful Result
Let us consider a partition of a positive integer m into n parts such that no part
is less than a and least difference between any two parts is d. We can represent
such type of partition as
m=a,+as+ ...+ ay
where
a1 > a
as >a+ d
az > a -+ 2d

a, > a+(n—1)d
n(n —1)d

Thus, we have a1 + as + ... + a,, > na + 5

We have, now a partition

n(n—1)d

m—{na—l— 5

} =(ay —a)(az —a—d)...(a, —a— (n—1)d)  (1.14)
Thus, we find the following result;

For a partition of a positive integer m into n parts such that no part is less than
a and minimal difference between two parts is d, there exists another partitions of

o foa 1L

n(n —1)d

m—{na+ 5

} — (a1 — a)(az — a — d)...(an — a — (n — 1)d)

We shall make use of (1.14) in our onward analysis.
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2. Main Theorems
In this section, we shall establish following theorems

Theorem 1. The number of partitions of a positive integer m into parts =2 (mod
4) equals the number of partitions of m into distinct even parts.

Theorem 2. The number of partitions of a positive integer m into parts =2 or
3 (mod 5) equals the number of partitions of m into distinct odd parts each >3
and distinct even parts each >2n+2, where n is the number of odd parts in the
partition.

Theorem 3. The number of partitions of a positive integer m into parts =2 or 3
(mod 5) equals the number of partitions of m into distinct even parts and distinct
odd parts each >2n-+3, where n is the number of even parts in the partition.

Theorem 4. The number of partitions of a positive integer m into parts =1 or 4
(mod 5) equals the number of partitions of m into distinct odd parts and distinct
even parts each >2n+2, where n is the number of odd parts in the partition.

Theorem 5. The number of partitions of a positive integer m into parts = +2, +3
(mod 7) equals the number of partitions of m into distinct even parts each >4 with
minimal difference 4 and also certain distinct parts each >2n+2, where n is the
number of even parts each >4 with minimal difference 4 in the partition.

Theorem 6. The number of partitions of a positive integer m into parts =
+1, £3(mod 7) equals the number of partitions of m into distinct even parts each
>4 with minimal difference 4 and also certain distinct parts each >2n-+1, where n
is the number of even parts each >4 with minimal difference also 4 in the partition.

Theorem 7. The number of partitions of a positive integer m into parts =
+1,+2(mod 7) equals the number of partitions of m into even parts with mini-
mal difference 4 and certain distinct parts each >2n+1, where n is the number of
even parts with minimal difference also 4 in the partition.

3. Proofs of theorem 1 to 7
(i) Proof of theorem 1.
If we take a =2, d = 2 in (1.14) we get

n(n —1)d

na + 5

=n(n+1)
Now, let us consider a partition of m into distinct even parts i.e.

m=a;+as+..+a, (3.1)
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where

a; > 2,a0 > 4,a3 > 6,...,a, > 2n
So,

a;+ag+ ...+ a, >n(n+1)
Thus, we have a partition of

m—nn+1)=(ay —2)+ (a2 —4) + ... + (a, — 2n) (3.2)
n(n+1)
(4% ¢%)n

0 qn(nJrl)
The series Z O gives the total number of partitions of the type (3.2).

a ;97 )n
n=0
Since there is one-one correspondence between (3.1) and (3.2), so the above series

also gives the total number of partitions of type (3.1).
Hence, by an appeal of the identity (1.7), theorem 1 is proved.

(ii) Proof of theorem 2.
Taking a = 3, d = 2 in (1.14) we have

in where there at most n even parts. It is generated by

n(n —1)

na + 5

d=3n+nn—1)=n(n+2)

Now, let us consider a partition of the positive integer m into distinct odd parts
each >3 and contain distinct even parts each >2n+2, where n is the number of
odd parts in the partition i.e.

m=aj+as+ ... + a, +dy + dy + ..., (ascending order) (3.3)
where dy > 2n + 2
aq Z 3
a9 Z 3+2
as Z 3+4

a, >3+ (n—1)d,
So, a1 +as + ... +a, >3n+nn—1)=n(n+2).
Now, there exists a new partition,

m—nn+2)=(a —3)+(a—5)+..+(a,—2n—1)+d +dy+... (3.4)
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which has at most n even parts.
qn(n+2) (_q2n+2; qz)oo
(% ¢*)n

= gives total number of partitions of type (3.4). Since

The partition of type (3.4) is generated by

0 qn(n+2)(_ 2n+2. 2)

Thus Z ¢ 4

(4% ¢%)n
n=0

there is 1-1 correspondence between (3.3) and (3.4), so this series also gives total
number of partitions of type (3.3). Hence by an appeal of identity (1.8) theorem 2
is proved.

(iii) Proof of theorem 3.

Let us consider a partition of a positive integer m into distinct even parts and
contain distinct odd parts >2n+3, where n is the number of even parts in the
partition i.e.

m=a;+as+..+a,+0;+0s+03+ .., (3.5)
where
ay 2 27
as Z 47
as Z 67
01, 09, 03, ..., are distinct odd parts and oy > 2n + 3.
a, > 2n

Vs

Now, we have
a;+as+ ...+ a, >nn+1).
There exists a new partition

m—nn+1)=(a; —2)+(aa—4)+ ...+ (an, — 2n) + 01 + 02 + ..., (3.6)
qn(n+1)(_q2n+3; (]2)
(4% 6%)n

= gives total number of partitions of type (3.6). Due to 1-1

o0
and so

which has at most n even parts. (3.6) is generated by

> qn(n+1) (_q2n+3; q2)

(4% ¢%)n
n=0

correspondence between (3.5) and (3.6), this series also gives the total number of
partitions of type (3.5). So, by an appeal of the identity (1.9), theorem (3) is proved.
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(iv) Proof of theorem 4.
If we take a = 1, and d = 2 in (1.14), we get

n(n —1)

5 d = n?

na +

Let us consider a partition of the positive integer m into distinct odd parts and
contain distinct even parts each >2n+2, where n is the number of distinct odd
parts in the partition i.e.

m=ay+as+ ...+ a, +e + e+ e3+ ..., (ascending order) (3.7)

where a; > 1,a9 > 3,...,a, > 2n — 1 and ey, ey, €3, ..., are distinct even parts such
that e; > 2n + 2.

ay+ay+...+a,>1+3+5+...+2n—1) =n?
Now, we have a new partition
m—-n®=(a;—1)+(ag—3)+ ... +{a,— 2n— 1)} +e +ex+ ..., (3.8)
qn2<_q2n+2;q2)oo
(4% ¢*)n
— g2 g?)

o TL2
Z ¢ ( q2 2)’ 9 Joo gives the total number of partitions of type (3.8). It also gives
q=;q97)n

which has at most n even parts. It is generated by and the series

n=0

total number of partitions of type (3.7), due to 1-1 correspondence between (3.7)
& (3.8). Hence by an appeal of the identity (1.10), theorem (4) is proved.

(v) Proof of theorem 5.
If we take a =4 and d = 4 in (1.14), we find
-1
na+%d:4n+2n2 —2n =2n(n+1).
Let us consider a partition of a positive integer m into distinct even parts each > 4
with minimal difference 4 and contain distinct parts each >2n+2, where n is the
number of even parts of the partition each >4 with minimal difference 4, i.e.

m=aj;+as+ ...+ a, +dy +ds + ds + ... + (ascending order) (3.9)

where a1 > 4,0, > 8, ...,a, > 4n and
di,dy, ds, ..., are all distinct and dy > 2n + 2.
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We have
a; + as + ... + a, > 2n(n + 1). Thus, we find a new partition,

m—=2nn+1)=(a;—4)+(aa—8)+ ...+ (a, —4n)+dy +do + ...  (3.10)

q2n(n+1) (_q2n+2; q)
(4% ¢*)n

= gives total number of partitions of type (3.10)

o

which has at most n even parts. It is generated by

n(n+1) (_ 2n+42.

The series i ¢ 5 q2 4)
— (4% 6%)n

and also total number of partition of type (3.9), due to one to one correspondence
between (3.9) and (3.10).
So, by an appeal of identity (1.11), theorem (5) is proved.

(vi) Proof of theorem 6.

Let us consider a partition of the positive integer m into parts each >4 with
minimal difference also 4 and contain distinct parts >2n+1, where n is number of
parts each >4 with minimal difference 4 is the partition i.e.

m=aj +as+ ... + a, + dy + ds + d3 + ...(ascending order) (3.11)

where a; > 4,as > 8,...,a, > 4n and dy,ds,ds, ..., are distinct parts such that
So a; +as + ... +a, >2n(n+1).
We have, now find a new partition,

m=—2nn+1)= (a1 —4)+ (aa—8)+ ...+ (a, —4n) + dy + ds + ... (3.12)
q2n(n+1)(_q2n+1. (]>
which has at most n even parts. It is generated by %) P
a7 9% )n
e 2n(n+1)(_q2n+l. q)
The series Z ) L2222 gives total number of partitions of type (3.12)
a ;97 )n

n=0
and also total number of partition of type (3.11) due to one to one correspondence

between (3.11) and (3.12).
Hence, by an appeal of the identity (1.12), theorem (6) is proved.

Proof of theorem 7.
If we take a = 2 and d = 4 in (1.14), we find

—1
na+T)d:2n+2n2—2n:2n2
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Let us consider a partition of a positive integer m into distinct even parts each
with minimal difference 4 and contain distinct parts each >2n+1, where n is the
number of even parts of the partition each >4 with minimal difference 4, i.e.

m=aj +as+ ...+ a, + dy + ds + d3 + ...(ascending order) (3.13)

where a; > 2,as > 6,...,a, > 4n — 2 and dy,ds, ds, ... are all distinct such that
dy > 2n + 1.

Now, we have,

ay +as + ... + a, > 2n?.

Thus, there exists a new partition

m—2n* = (a; —2) + (ag — 6) + ... + (ap, — 4n +2) + dy +do + ... (3.14)

q2n2(_q
(% ¢%)n
0 q2n2(_q2n+1.q)
The series Z (@) == gives total number of partitions of type (3.14) and
4797 )n
n=0
also total number of partition of type (3.13), due to one to one correspondence
between (3.13) and (3.14).
Hence, theorem (7) is proved by an appeal of identity (1.13).

2 ) oo

which has at most n even parts. It is generated by

References

[1] Andrews, G.E., Number Theory, Hindustan Publishing Corporation (India),
New Delhi (1992).

[2] Andrews, G.E. and Berndt, B.C., Ramanujan’s Lost Notebook, Part I, Springer
(2005).

[3] Rogers, L.J., Second Memoir on the expansion of certain infinite products,
Proc. London Math. Soc. 25 (1984).

[4] Slater L.J., Further identities of the Rogers-Ramanujan type, Proc. London
Math. Soc. 54 (1952), p. 147-167.

[5] Singh, Amit Kumar and Yadav, Vijay, A note on partition and continued
fractions, Journal of Ramanujan Society of Mathematics and Mathematical
Sciences, Vol. 1, No. 1, 2012, pp. 77-80.



