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Abstract: The subject of Fourier series of the generalized hypergeometric func-
tions occupies an important place in the field of special functions. Certain Fourier
series of the generalized hypergeometric function play an important role in the
development of the theory of special functions and certain Fourier series of the
generalized hypergeometric functions enable us to obtain general solutions of some
boundary value problems. The Fourier series of the generalized hypergeometric
functions were given from time to time by various mathematics with certain re-
strictions in parameters. An adequate list of reference given here together with
sources indicated in these references provide a good converge of the subject. In
this paper we have defined Fourier series for H̄-function and also we derived inte-
gral involving sine function, exponential function, the product of Kampé de Fériet
functions and the H̄-function to evaluate three Fourier series.
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1. Introduction
The H̄-function is defined by Inayat and Hussain, [5,6]. For the convergence and

other details of the H̄-function, we refer the original paper of Inayat and Hussain,
[5,6].
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We now mention in brief some interesting work on this subject. MacRobert
[7,8] established a cosine and a sine Fourier series of MacRobert’s E-function. Ba-
jpai, S.D. [3] obtained some Fourier series of the G-function. MacRobert [8] have
obtained the fourier series for G-function and E-function respectively. Anandani
[2], Chandel, Agrawal and Kumar [4] established some Fourier series of Fox’s H-
function. Recently, Singh and Khan [10] established some Fourier series of general-
ized hypergeometric function. In the present study we have deduced Fourier series
for H̄-function. Some interesting results can be seen in [11-13].

2. Formulae Required
In this paper, we will be use the following formulae

(i) Kampé de Fériet hypergeometric function will be represented as follows.

F


p
µ
q
σ

∣∣∣∣∣∣∣∣
a1, ..., ap
b1, b1, ..., bµ, bµ
c1, ..., cq
d1, d1, ..., dσ, dσ

∣∣∣∣∣∣∣∣xy
 =

∞∑
m=0

∞∑
n=0

p∏
j=1

(aj)m+n

µ∏
j=1

{(bj)m(b′j)n}

q∏
j=M+1

(cj)m+n

σ∏
j=1

{(dj)m(d′j)n}

xmyn

m!n!

(2.1)
(p+ v < q + α + 1 or p+ v = q + α + 1 and |x|+ |y| < mn(1, 2q−p+1));

= − 1

4π2K

∫ +i∞

−i∞
ψ(s, t)Γ(−s)Γ(−t)(−x)s(−y)tdsdt,

where,

K =

p∏
j=1

Γ(aj)

µ∏
j=1

{Γ(bj)Γ(b′j)}

q∏
j=M+1

Γ(cj)
σ∏
j=1

{Γ(dj)Γ(d′j)n}
, (2.2)

F


p
µ
q
σ

∣∣∣∣∣∣∣∣
a1, ..., ap
−−−−−
c1, ..., cq
−−−−−

∣∣∣∣∣∣∣∣xy
 = pFq

 a1, ..., ap

c1, ..., cq

x+ y

 . (2.3)

For further detail one can refer the monography by Appell and Kampé de Fériet
[1], Mishra [9] has evaluated∫ π

0

(sinx)w−1eimx pFq

[
αp;
βq;

C(sinx)2h
]
dx =

πeimπ/2

2w−1

∞∑
r=0

(αp)C
rΓ(w + 2hr)

(βq)rr!4hrΓ
(
ω+2hr±M+1

2

) ,
(2.4)
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where (α)p denotes a1, ..., ap; Γ(a± b) represents Γ(a+ b), Γ(a− b);h is a positive
integer; p < q and <(w) > 0. Recall the following elementary integrals,

∫ π

0

ei(m−n)xdx =


π, m = n;

0, m 6= n;
(2.5)

∫ π

0

eimx cosnxdx =


π
2
, m = n 6= 0;
π, m = n = 0;
0, m = n;

(2.6)

∫ π

0

eimx sinnxdx =


iπ
2
, m = n;

0, m 6= n;
(2.7)

provided either m or n are odd or both m and n are even integers. For brevity, we
shall use the following notations.

E∏
k=1

(ek)r+t

F∏
k=1

(fk)r

F ′∏
k=1

(f ′k)t

G∏
k=1

(gk)r+t

H∏
k=1

(hk)r

H′∏
k=1

(h′k)t

= ε.

E1∏
k1=1

(enk1)r1+t1

F1∏
k1=1

(f1k1)r1

F ′
1∏

k1=1

(f ′1j1)t1

G1∏
k1=1

(enk1)r1+t1

H1∏
k1=1

(h1k1)r1

H′
1∏

k1=1

(h′1j1)t1

= ε1.

............................

............................

En∏
kn=1

(enkn)rn+tn

Fn∏
kn=1

(fnkn)rn

F ′
n∏

kn=1

(f ′njn)tn

Gn∏
kn=1

(enkn)rn+tn

Hn∏
kn=1

(hnkn)rn

H′
n∏

kn=1

(h′njn)tn

= εn.
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(ii) The integrals to be evaluated which will be using in further investigation∫ π

0

(sinx)w−1eimxFE;F ;F ′

G;H;H′

[
(e); (f); (f ′);α(sinx)2ρ

(g); (h); (h′); β(sinx)2γ

]

×H̄m,n
p,q

[
z(sinx)2σ

∣∣∣∣ (aj, αj;Aj)1,n, (aj, αj)n+1,p

(bj, βj;Bj)1,m, (bj, βj)m+1,q

]
dx

=

√
(x)eimπ/2

2w−1

∞∑
r,t=0

ε
(α/4ρ)γ(β/4γ)t

r!t!

×H̄m,n+1
p+1,q+1

 z

4σ

∣∣∣∣∣∣
(1− ω − 2ρr − 2γt, 2σ; 1), (aj, αj;Aj)1,n, (aj, αj)n+1,p

(bj, βj;Bj)1,m, (bj, βj)m+1,q

(
1− ω − 2ρr − 2γt±m

2
, σ; 1

)  ,
(2.8)

provided that | arg z| < 1/2πΩ, and <(w) > 0; α, β, ρ, γ, σ, z are positive integers,

where Ω =
m∑
j=1

|Bj|+
q∑
j=1

|bjBj| −
n∑
j=1

|ajAj| −
q∑

j=n+1

|Aj| > 0, 0 < |z| <∞.

∫ π

0

...

∫ π

0

(sinx)w1−1...(sinx)wn−1ei(m1x1+...+mnxn)

×FE1;F1;F ′
1

G1;H1;H′
1

[
(e1); (f1); (f ′1);α1(sinx1)

2ρ1

(g1); (h1); (h′1); β1(sinx1)
2γ1

]
...

F
En;Fn;F ′

n

Gn;Hn;H′
n

[
(en); (fn); (f ′n);α(sinxn)2ρn

(gn); (hn); (h′n); βn(sinxn)2γn

]
H̄m,n
p,q [z(sinx1)

2σ1 ...(sinxn)2σn ]dx1...dxn

=
(π)nei(m1+...+mn)π/2

2(ω1 + ...+ ωn)− n

∞∑
r1,t1=0

...
∞∑

r1,t1=0

(ε1...εn)
(α1/4

ρ1)r1(β1/4
γ1)t1

r!t!
...

(α1/4
ρ1)r1(β1/4

γ1)t1

r!t!
H̄m,n+1
p+1,q+2

[
z

4σ1+...+σn

∣∣∣∣ (1− ω1 − 2ρ1r1 − 2γ1t1, 2σ1; 1)...
(bj, βj;Bj)1,m, (bj, βj)m+1,q,

(1− ωn − 2ρnrn − 2γntn, 2σn; 1), (aj, αj;Aj)1,n, (aj, αj)n+1,p(
1− ωn − 2ρnrn − 2γntn ±m1

2
, σ1; 1

)
...

(
1− ωn − 2ρnrn − 2γntn ±mn

2
, σn; 1

)  ,
(2.9)

provided that all the conditions of (2.8) are satisfied and <(wi) > 0; σi, αi, βi, ρi,
γi, zi are positive integers (i = 1, , n).
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3. Exponential Fourier Series
Let

f(x) = (sinx)w−1FE1;F ;F ′

G;H;H′

[
(e); (f); (f ′);α(sinx)2ρ

(g); (h); (h′); β(sinx)2γ

]
×H̄m,n

p,q

[
z(sinx)2σ

∣∣∣∣ (aj, αj;Aj)1,n, (aj, αj)n+1,p

(bj, βj;Bj)1,m, (bj, βj)m+1,q

]
dx =

∞∑
p=−∞

Ape
−ipx. (3.1)

which is valid due to f(x) is continuous and of bounded variation with interval
(0, π). Now, multiplying by eimx both sides in (3.1) and integrating it with respect
to x from 0 to π, and then making an appeal to (2.5) and (2.8), we get

Ap =
eimπ/2

2ω−1

∞∑
r,t=0

ε
(α/4ρ)r

r!

(β/4γ)t

t!

×H̄m,n+1
p+1,q+2

 z

4σ

∣∣∣∣∣∣
(1− ω − 2ρr − 2γt, 2σ; 1), (aj, αj;Aj)1,n, (aj, αj)n+1,p

(bj, βj;Bj)1,m, (bj, βj)m+1,q

(
1− ω − 2ρr − 2γt±m

2
, σ; 1

)  ,
(3.2)

An application to (3.1 ) and (3.2 ) gives the required exponential Fourier series

(2 sinx)w−1FE;F ;F ′

G;H;H′

[
(e); (f); (f ′);α(sinx)2ρ

(g); (h); (h′); β(sinx)2γ

]

×H̄m,n
p,q

[
z(sinx)2σ

∣∣∣∣ (aj, αj;Aj)1,n, (aj, αj)n+1,p

(bj, βj;Bj)1,m, (bj, βj)m+1,q

]
dx

=
∞∑

p=−∞

∞∑
r,t=0

e−ip(π/2−x)ε
(α/4ρ)r

r!

(β/4γ)t

t!

×H̄m,n+1
p+1,q+2

 z

4σ

∣∣∣∣∣∣
(1− ω − 2ρr − 2γt, 2σ; 1), (aj, αj;Aj)1,n, (aj, αj)n+1,p

(bj, βj;Bj)1,m, (bj, βj)m+1,q

(
1− ω − 2ρr − 2γt±m

2
, σ; 1

)  ,
(3.3)

4. Cosine Fourier Series
Let

f(x) = (sinx)w−1FE1;F ;F ′

G;H;H′

[
(e); (f); (f ′);α(sinx)2ρ

(g); (h); (h′); β(sinx)2γ

]
×H̄m,n

p,q

[
z(sinx)2σ

∣∣∣∣ (aj, αj;Aj)1,n, (aj, αj)n+1,p

(bj, βj;Bj)1,m, (bj, βj)m+1,q

]
dx =

B0

2
+
∞∑
p=1

Bp cos px. (4.1)
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Integrating both sides with respect to x from 0 to π, we get

B0

2
=

1√
π

∑
ε
(α)r

r!

(β)t

t!

×H̄m,n+1
p+1,q+2

z
∣∣∣∣∣∣∣∣
(

2− w
2
− ρr − γt, 2σ, 1

)
(aj, αj)1,n, (aj, αj)n+1,p

(bj, βj;Bj)1,m, (bj, βj)m+1,q

(
1− ω

2
− 2ρr − 2γt, σ; 1

)
 , (4.2)

now multiplying eimx both sides in (4.1) and integrating it with respect to form 0
to π and finally, we derive

Bp =
eipπ/2

2w−1

∞∑
r,t=0

ε
(α/4ρ)r

r!

(β/4γ)t

t!

×H̃m,n+1
p+1,q+2

 z

4σ

∣∣∣∣∣∣
(1− ω − 2ρr − 2γt, 2σ; 1), (aj, αj;Aj)1,n, (aj, αj)n+1,p

(bj, βj;Aj)1,m, (bj, βj)m+1,q

(
1− ω − 2ρr − 2γt±m

2
, σ; 1

)  .
(4.3)

using (4.3) from (4.1), we get required Cosine Fourier series.

(sinx)w−1FE;F ;F ′

G;H;H′

[
(e); (f); (f ′);α(sinx)2ρ

(g); (h); (h′); β(sinx)2γ

]

×H̄m,n
p,q

[
z(sinx)2σ

∣∣∣∣ (aj, αj;Aj)1,n, (aj, αj)n+1,p

(bj, βj;Bj)1,m, (bj, βj)m+1,q

]
dx =

1√
(π)

∞∑
r,t=0

ε
(α)r

r!

(β)t

t!

×H̄m,n+1
p+1,q+2

z
∣∣∣∣∣∣∣∣
(

2− w
2
− ρr − γt, 2σ, 1

)
(aj, αj)1,n, (aj, αj)n+1,p

(bj, βj;Bj)1,m, (bj, βj)m+1,q

(
1− ω

2
− 2ρr − 2γt, σ; 1

)


+
∞∑

p=−∞

∞∑
r,t=0

εeipπ/2 cos px
(α/4ρ)r

r!

(β/4γ)t

t!

1

2w−2

×H̄m,n+1
p+1,q+2

 z

4σ

∣∣∣∣∣∣
(1− ω − 2ρr − 2γt, 2σ; 1), (aj, αj)1,n, (aj, αj)n+1,p

(bj, βj)1,m, (bj, βj)m+1,q

(
1− ω − 2ρr − 2γt±m

2
, σ; 1

)  (4.4)
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5. Sine Fourier Series
Let

f(x) = (sinx)w−1FE;F ;F ′

G;H;H′

[
(e); (f); (f ′);α(sinx)2ρ

(g); (h); (h′); β(sinx)2γ

]
×H̄m,n

p,q

[
z(sinx)2σ

∣∣∣∣ (aj, αj;Aj)1,n, (aj, αj)n+1,p

(bj, βj;Bj)1,m, (bj, βj)m+1,q

]
dx =

∞∑
p=−∞

Cp sin px. (5.1)

Multiplying by eimx both sides in (5.1) and the integrating it with respect to x
from 0 to π, we obtain

Cp =
eipπ/2

2w−1

∞∑
r,t=0

ε
(α/4ρ)r

r!

(β/4γ)t

t!

×H̄m,n+1
p+1,q+2

 z

4σ

∣∣∣∣∣∣
(1− ω − 2ρr − 2γt, 2σ; 1), (aj, αj)1,n, (aj, αj)n+1,p

(bj, βj;Bj)1,m, (bj, βj)m+1,q

(
1− ω − 2ρr − 2γt±m

2
, σ; 1

)  .
(5.2)

Now making an application of (3.3) and (3.6), we get required sine Fourier Series.

(2 sinx)w−1FE;F ;F ′

G;H;H′

[
(e); (f); (f ′);α(sinx)2ρ

(g); (h); (h′); β(sinx)2γ

]

×H̄m,n
p,q

[
z(sinx)2σ

∣∣∣∣ (aj, αj;Aj)1,n, (aj, αj)n+1,p

(bj, βj;Bj)1,m, (bj, βj)m+1,q

]
=

∞∑
p=−∞

∞∑
r,t=0

2εeipπ/2

i
sin px

(α/4ρ)r

r!

(β/4γ)t

t!

×H̄m,n+1
p+1,q+2

 z

4σ

∣∣∣∣∣∣
(1− ω − 2ρr − 2γt, 2σ; 1), (aj, αj;Aj)1,n, (aj, αj)n+1,p

(bj, βj;Bj)1,m, (bj, βj)m+1,q

(
1− ω − 2ρr − 2γt±m

2
, σ; 1

)  .
(5.3)
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