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1. Notations and definitions:

Throughout this note, we shall adopt the following definitions and notations.
The g- factorial is defined by,

[a;qlo =1
[a;q], = (1 —a)(1 —aq)..(1 —ag™™ "), n=1,23, ..,
and .
[a: gl = [J(1 — adb).

For product of g- shifted factorials, we use the short notation

la1, as, as, ..., ar; ¢l = [a1; qlnlaz; qlnlas; qln-.-[ar; ¢ln,

where n is an integer or infinity.
Basic and bilateral basic hypergeometric series are defined by,

A1, A9y .y Ayl G5 2 - a1, as, ..., ar; qln 2" n, n(n—1)/271+s—"
r(Ds = B :
|: bl,bg,...7b5 :| Z [q,bl,bz,...,bs;Q]n |:( ) 1 }

n=0

and

A1, A2, ooy Qi G 2 - a1, as, ..., ay; qln2" n_n(n—1)/215""
MU = — .
|: bl,bg, ...7b5 :| Z [bl,bg,...,bs;q]n |:( ) q ]

n=—oo
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respectively. We shall use the following known partial sums in our analysis.

N r )
5, { a,Y:4:q } _ N loyided” _ lagygaln 1)
v =laaygdr g aygialy

ayz B

Taking y=0 in (1.1) we get another summation,

1Dy { a;¢; q h _ i la;qlrq" _ [agialy (1.2)

~ lgq-  lwdn

As n — oo, (1.1) and (1.2) give following summation formulae respectively,

a,v; ¢; q o, y;41nq"  [aq,y4; qloo
d = = ) 1.3
o { ayz } ; [0, ayq;aln |4, ayq; d)oo (1-3)
a; q; q = [a;qlrq"  [aq;q)eo
P = = ) 1.4
s [ - } ; alr [6dl (14)

(a) The complete set of mock theta functions of order three are
Mock theta function of order three

[ele] 2 o0 2
q" q"
f(Q) = ) o q) =
nz; [—a: 43 & ,LZO [—4* %]
S an o qn2
V=D la: ?n’ xa) =2 [—wq, —w2q; q]
n=0 t 1 10 n=0 ! 2in
o0 2n(n+1) o0 2n(n+1)
q q
w@) =) T3> plq) =
@ ; 43 ¢*]7 1 & ; wa, w?q; ¢
0 n(n+1)

u<q>=2[q

= [—¢; %l
Partial mock theta functions of order three

fnlg) = [_‘;,QP, On(g) = [_q‘;,ﬂn,
Ul =S L g =3 —L

q; 6%,

n=0
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N 2n(n+1 N 2n(n+1)
TLZ: n+1 HE% wq,w q; q n+1
N n(n
q (n+1)

vn(q) = Z

[—¢: ¢*lnta
n=0
(b) Mock theta functions of order five (first group)

-3

TL

—q¢; qln’

TL=0 n=0
.~ o0 q2n2
Uo(q) = Y [~qiqlag™ ™2 Fy(g) = ——
n=0 n=0 [qa q ]n
- ¢": 4l
=3 TEL
; (43 q)2n
Partial mock theta functions of order five (first group)
N
’I’L2
fon(q Z Son(g) =D 4" (=46,
n= 0 n=0
N N q2n2
Ton(g) =Y [~ dng™ ™22 Fnlg) =Y ——5—
n=0 n—0 [Q7 q ]n
al "(g; ln
Xo.n (g
Z; q q 2n

(c) Mock theta functions of order five (second group)

00 qn(n+1) (n41)2 )
ha) =2 1 (q) = Zq (~ ¢n:
n=0 & qfn n=0
oo o o0 2n(n+1)
Ui(g) = ) [~ qlng" "V, Z —
n=0 n=0 n

(@) = i ¢"(a; aln

=0 ¢; qJ2n+1
Partial mock theta functions of order five (second group)

N
®1v(g) =Y " [~ 4%
n=0

N n(n+1)

fin(g) = Z !

—~ [~

13
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> /2 N PRICERY
Uin(g) =D (=g alng" "7, Fnlg) =Y 40—,
n=0 n—0 [qa q ]n—i—l

@ =Y q"(¢: qln

-0 (¢; ql2nt1
(d) Mock theta functions of order seven

f:q

n=0

0 (ng1)2],.
q 4;9In
Sufg) =y O

[4;q)an (45 qlon+1

n=0

— ¢""*Vg; ql,

=0 45 q)2n+1
Partial Mock theta functions of order seven

Sa(g) =

* ¢ [4; 4] |
; [QQQ]% nX; qCI2n+1
N n(n+1)[,.
q 4 q)n
R q) = _—
27N( ) HZ:O [Q§Q]2n+1

2. Identities

Sec.

In this section we establish two identities which will be used in next section.
(a) Bailey in 1947 establish the following lemma which is simple but very useful.

If
n
= E Ay Up—7rUnr
r=0

and

oo
- § 67" Up—nUr4n
r=n

Then under suitable conditions of convergence

Z OnYn = Z ﬁn(sn’
n=0 n=0

(2.1)

(2.2)

(2.3)

provided «., d,., u,, v, are functions of r alone and the infinite series defining =, is

convergent.
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If we take u, = v,, = 1 in the above lemma than it takes the following form, If

- Zam Tn = Z 5r (24)
r=0 r=n

Then under suitable conditions of convergence

n=0 n=0

Using (2.4) in (2.5) we have,
ian{iér—i&&—én} idn " Q,
n=0 r=0 r=0 n=0 r=0

which on simplification gives the identity,

Ooozn oo&zi&ziar—kian ; 5r—ian5n, (2.6)
n=0 r=0 n=0 r=0 n=0 r=0 n=0

where «,, and §,, are any two arbitrary sequences.
3. Main Results

In this section we shall make use of the identities (2.6) and (2.11) in order to
establish certain results involving mock theta functions.

(i) Taking ¢, = la.y:dvd” in (2.6) we get,
9, ayq; gl

— [0, yg; 4l [a,y; q)nq" log, 9440~ [a,y; 4l
nz:% 4, aYq; qloo nzo 9, ayg; q]n Z ;% 9, ayq; qln nz 9, ayq; ql»
which on simplification gives

lag, y4; Al [0, y; qng" O = lag, yq; q

o, + . 3.1
9, ayq; q ZO Z [, ayg; Q]nz Z (¢ ayqiqln " 31)

We shall make use of (3.1) in order to give series representation of different mock
theta functions.

ii) Choosing a,, = n (3.1) we find,
(ii) g p— (3.1)

(n+1)2

M8 =

a CL > CL
laq, yq; gl [a,y; glng" +Z quq

al (3.2)
9, ayq; @) — [q,ay¢; qln — (¢, ayq; qlnl—a: aln s
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For a = y = —1 in (3.2) we have,

[q Q] —~ =

q(n—i-l)
—dq, q]n+1

, (3.3)

Other mock theta functions of order three can be expressed similarly by proper

choice of o, in (3.1).

n2

(iii) Choosing «, = in (3.1) we get,

(n+1)?

[—4; q)n
[aq,yq;q} i a, y; ¢ng" oy dnd” i lag, yg; qlnq (3.4)

[q, ayq;Q] g, ayq; 4], [0, ayq; qln[—a; @lntr”

n= n=

where fo(q) is a mock theta function of order five belonging to the first group.
Taking a = —1 in (3.4) we have,

[—4,¥¢ dl = [~ Ly; dud" g eyt
R o (g) = Yy =t ) + . (35
9, —y¢; d)oo ole) ; 9, —yg; q] nz ~yq; qlu(1 + g*1) (335)
Taking y = —1 in (3.5) we have,
[—q;q]oo} = = [~qi qlag™”
) + 3.6
{ (43 d)oo nz% 4 q nz q,q;i +q"“) (36)
qn(n+1)
iv) Choosing «;,, = in (3.1) we get,
[—a: 4]
~q;qJn
49, ¢ qlo — [0, 55 qlng" — [ag, yg; qlag D)
———file)=) 1 finld) + , 3.7
9, ayq; q)oc 1) [, ayq;qln" @ ZO 9, ayq; 4Jn[—a; @Jnta (3.7)
Taking a = —1,y = —1 in (3.7) we get,
[—q; ¢ [~ 1;¢2¢" — [~ qlng" T2
l9; 4] 9) ; a2 @) ; g5 a3 (1 + ¢ *) (38)
(v) Choosing «,, = % in (3.1) we get,
. o (n+1)27,,.
[aq,yq,q]oo%o(q> N ey dlad” ns 199, 9¢; aInd™ "7 1 @l (3.9)

[9, ay; qlo “la,ayq;q dn " — [q,ayq; 4lalg; a2+

n=
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for y = 0 it gives

993 qleo =3 [4; g]nq

¢ 4l

S +i agi glng™ " (1 +¢"1) (3.10)
~l prt (4; dlan+2

taking a = —1 in (3.10) we have,

@ dlooey v = (21 dlng 1—gq q
(45 q)oo Sol) =2, ] Z(lﬂln“) [¢; q]

— laq — w4165 ¢%lnt

(n+1)2

. (3.11)

Similar representations for other mock theta functions of order seven can be estab-
lished by proper choice of «, in (3.1).
4. Product formulae for mock theta functions

In this section we shall establish product formulae for any two mock theta
functions

TL2 TL2
(i) Choosing «a,, = " and ¢,, = [_qqz.qz] in (2.6) we get,
o qn2 o0 TL o0 2?’L2
= ) + (4.1)
nzzo [—qz;q2 n ;% g; nz % ¢%n

This is a product formula for two mock theta functions of order three. Similar

product formulae for other pairs of mock theta functions of order three can also be
established.

n? n(n+1)
ii) Choosing «a,, = and 9, in (2.6) we get,
() [—a;q]2 " ada (2:6)
X n(n+1) 0 n n(2n+1)
q q
= + fl n ) - ) (42)
nZ:O [—a;d)n nzo a; HZ:O [—a:q]3

where f(q) is a mock theta function of order three and fi(q) is a mock theta

function of order five belonging to the second group.
2

(iii) Choosing v, = 5 and 9,

in (2.6) we get,
[—q;q]n e q,q]n (2:6)

=Y b Y - " (4.3)
nO & 0 T4 q,q

n= n=

where fo(q) is a mock theta function of order five belonging to the first group.
Thus similar results can be established of mock theta function of order three and
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mock theta function of order five.

(iv) Choosing a,, = [—qnq]n and 6, = [qn(qn;l in (2.6) we get,
©© qn(nﬂ 0 o q" n(2n+1)
fO((Dfl(q):Z[ 7.q ] fOn +Z fln Z[ ) (44>

n=0 nO ;n n=

where fy(g) and fi(q) are mock theta function of order five one belonging to the
first group and another belonging to the second group respectively. Similar results
for any pair of mock theta function of order five can be established.

n2 TL2 .
(v) Choosing «a,, = " and 6, = % in (2.6) we get,
i 0" [¢; qln - (@) i ¢ [4; ln (45)
— [¢;q]2n — [—qq; — [—aqalila qlan’

where f(gq) is a mock theta function of order three and Jy(g) is a mock theta
function of order seven. Similar results involving any mock theta function of order
three and any mock theta function of order seven can be established.

Tl2 n2 .
(vi) Choosing a,, = [ (2 q] and ¢,, = % in (2.6) we get,
4 Yn y 412n
o0 o0 n2 o0
q q
n 4.6
; (4 ql2n T foale) z; Cadn ; [q, Q] (46)

where fo(q) is a mock theta function of order five.

7" [g; q] 4; @lng" Y
(vii) Choosing «,, = ——=" and §,, = ———— in (2.6) we get,
[Q‘ q)2n [¢; Q]2n+1
0 n(n+1) 0 0 2 2n(n+1)+1
q q nq S
_|_
nZ:O C] Q2n+1 nZO q C]2n nZ:O q;9q q Q]2n+1
(4.7)

where Sp(g) and 3 (g) are mock theta functions of order seven. Similar other re-
sults can also be scored.
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