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Abstract: In this paper, first we evaluate a class of MacRobert’s integral associ-
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1. Introduction and preliminaries

In this document, we derive an integral involving a extension of Hurwitz-Lerch
Zeta-function, a class of multivariable polynomials and the multivariable I-function.
For this multivariable I-function, we adopt the contracted notations. The multivari-
able I-function defined by Prasad [2] is an extension of the multivariable H-function
defined by Srivastava et al [5].

The multivariable I-function is defined in term of multiple Mellin-Barnes type
integral

I(z1, ..., zr) = I0,n2;0,n3;...;0,nr:m′,n′;...;m(r),n(r)

p2,q2,p3,q3;...;pr,qr:p′,q′;...;p(r),q(r)


z1

.

.

.
zr

∣∣∣∣∣∣∣∣∣∣
(a2j;α

′
2j, α

′′
2j)1,p2 ; ...;

(b2j; β
′
2j, β

′′
2j)1,q2 ; ...;
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(arj;α
′
rj, ..., α

(r)
rj )1,pr : (a′j, α

′
j)1,p′ ; ...; (a

(r)
j , α

(r)
j )1,p(r)

(brj; β
′
rj, ..., β

(r)
rj )1,qr : (b′j, β

′
j)1,q′ ; ...; (b

(r)
j , β

(r)
j )1,q(r)

 (1.1)

=
1

(2πω)r

∫
L1

...

∫
Lr

ψ(t1, ..., tr)
r∏
i=1

θi(si)z
si
i ds1...dsr (1.2)

The defined integral of the above function, the existence and convergence condi-
tions, see Y.N. Prasad [2]. Throughout the present document, we assume that the
existence and convergence conditions of the multivariable I-function.
The condition for absolute convergence of multiple Mellin-Barnes type contour
(1.9) can be obtained by extension of the corresponding conditions for multivari-
able H-function given by as:
| arg zi| < 1

2
Ωiπ, where

Ωi =
n(i)∑
k=1

a
(i)
k −

p(i)∑
k=n(i)+1

a
(i)
k +

m(i)∑
k=1

β
(i)
k −

q(i)∑
k=m(i)+1

β
(i)
k +

(
n2∑
k=1

α
(i)
2k −

p2∑
k=n2+1

α
(i)
2k

)
+

+

(
nr∑
k=1

α
(i)
rk −

pr∑
k=nr+1

α
(i)
rk

)
−

(
q2∑
k=1

β
(i)
2k +

q3∑
k=1

β
(i)
3k + ...+

qr∑
k=1

β
(i)
rk

)
(1.3)

where i = 1, ..., r.
The complex numbers zi are not zero. Throughout this document, we assume the
existence and absolute convergence conditions of the multivariable I-function.

We may establish the the asymptotic expansion in the following convenient
form:

I(z1, ..., zr) = 0(|z1|γ
′
1 , ..., |zr|γ

′
r),max(|z1|, ..., |zr|)→ 0

I(z1, ..., zr) = 0(|z1|β
′
1 , ..., |zr|β

′
s),min(|z1|, ..., |zr|)→∞

where k = 1, ..., z; α′k = min[<(b
(k)
j /β

(k)
j )], j = 1, ...,mk and β′k = max[<((a

(k)
j −

1)/a
(k)
j )], j = 1, ..., nk. We will use these following notations in this paper:

U = p2, q2; p3, q3; ...; pr−1, qr−1; V = 0, n2; 0, n3; ...; 0, ns−1 (1.4)

W = (p′, q′); ...; (p(r), q(r)); X = (m′, n′); ...; (m(r), n(r)) (1.5)

A = (a2k, α
′
2k, α

′′
2k); ...; (a(r−1)k, α

′
(r−1)k, α

′′
(r−1)k, ..., α

(r−1)
(r−1)k) (1.6)
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B = (b2k, β
′
2k, β

′′
2k); ...; (b(r−1)k, β

′
(r−1)k, β

′′
(r−1)k, ..., β

(r−1)
(r−1)k) (1.7)

A = (ask;α
′
rk, α

′′
rk, ..., α

r
rk) : B = (brk; β

′
rk, β

′′
rk, ..., β

r
rk) (1.8)

A′ = (a′k, α
′
k)1,p′ ; ...; (a

(r)
k , α

(r)
k )1,p(r) ; B

′ = (b′k, β
′
k)1,q′ ; ...; (b

(r)
k , β

(r)
k )1,q(r) (1.9)

The contracted form is:

I(z1, ..., zr) = IV ;0,nr;X
U ;pr,qr;W


z1

.

.

.
zr

∣∣∣∣∣∣∣∣∣∣
A;A : A′

B;B : B′

 (1.10)

Srivastava and Garg [4] introduced and defined a general class of multivariable
polynomials as follows

Sh1,...,huL [z1, ..., zu] =

h1R1+...+huRu≤L∑
R1,...,Ru=0

(−L)h1R1+...+huRuB(E;R1, ..., Ru)
zR1

1 ...zRu
u

R1!...Ru!

(1.11)
The coefficients B(E;R1, ..., Ru) are arbitrary constants, real or complex.
We will note;

Bu =
(−L)h1R1+...+huRuB(E;R1, ..., Ru)

R1!...Ru!
(1.12)

2. Extension of the Hurwitz-Lerch Zeta function
The extension of the Hurwitz-Lerch Zeta function φ(z, s, a) is introduced by

Srivastava et al ([6], eq.(6.2), page 503) as follows

φ
(ρ1,...,ρp,σ1,...,σq)

(λ1,...,λp,µ1,...,µq)(z, s, a) =
∞∑
n=0

∏p
j=1(λj)nρj

(a+ n)s
∏q

j=1(µj)nσj
× zn

n!
(2.1)

with p, q ∈ N0, λj ∈ C(j = 1, ..., p), a, µj ∈ C/Z∗0 (j = 1, ..., q), ρj, σk ∈ R+

j = 1, ..., p; k = 1, ..., q.
where ∆ > −1 when s, z ∈ C; ∆ = −1 and s ∈ C, when |z| < ∇∗, ∆ = −1 and
Re(x) > 1

2
when |z| = ∇∗

∇∗ =

p∏
j=1

ρ
ρj
j

q∏
j=1

σ
σj
j ; ∆ =

q∑
j=1

σj −
p∑
j=1

ρjiχ = s +

q∑
j=1

µj −
p∑
j=1

λj +
p− q

2

We denote these conditions the conditions (f).
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3. Required integral
We have the following integral, see Mac Robert’s [1]

Lemma 3.1.∫ b

a

(t− a)λ−1(b− t)µ−1[b− a+ c(t− a) + d(b− t)]−λ−µ

×2F1

[
α, β;µ;

(b− t)(1 + d)

b− a+ c(t− a) + d(b− t)

]
dt

=
(1 + c)−λ(1 + d)−µΓ(λ)Γ(µ)Γ(λ+ µ− α− β)

(b− a)Γ(λ+ µ− α)Γ(λ+ µ− β)
(3.1)

valid for <(µ) > 0, <(λ) > 0, <(µ− α− β) > 0, b 6= a, t ∈ [a, b] and b− a+ c(t−
a) + d(b− t) 6= 0.

4. Eulerian integral involving the multivariable I-function

Let G = Γ(µ)(b− a)−1(1 + c)−λ(1 + d)−µ, X =
(t− a)(1 + c)

b− a+ c(t− a) + d(b− t)
and

bn =

∏p
j=1(λj)nρj

(a+ n)s
∏q

j=1(µj)nσj
The main result to be established here is

Theorem 4.1.∫ b

a

(t− a)λ−1(b− t)µ−1[b− a+ c(t− a) + d(b− t)]−λ−µ

×2F1

[
α, β;µ;

(b− t)(1 + d)

b− a+ c(t− a) + d(b− t)

]

I(z1X
v1 , ..., zrX

vr)dt = IV ;0,nr+2;X
U :pr+2,qr+2;W


z1

...

...
zr

∣∣∣∣∣∣∣∣
A; (1− λ; v1, ..., vr),
...
B; (1− λ− µ+ α; v1, ..., vr),

(1− λ− µ+ α + β; v1, ..., vr),A : A′

...
(1− λ− µ+ β; v1, ..., vr),B : B′

 (4.1)

provided that <(µ) > 0, <(λ) > 0, <(µ − α − β) > 0, b 6= a, t ∈ [a, b]; vi > 0,
i = 1, ..., r b − a + c(t − a) + d(b − t) 6= 0, the conditions (f) are verified and the
conditions of existence of the multivariable function are satisfied.
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Proof. Let

M{} =
1

(2πω)r

∫
L1

...

∫
Lr

ψ(s1, ..., sr)
r∏

k=1

θk(sk){}

We first replace the multivariable I-function by its Mellin-Barnes contour integral
with the help of (1.1), we get∫ b

a

(t− a)λ−1(b− t)µ−1[b− a+ c(t− a) + d(b− t)]−λ−µ

×2F1

[
α, β;µ;

(b− t)(1 + d)

b− a+ c(t− a) + d(b− t)

]

M

{[
(t− a)(1 + c)

b− a+ c(t− a) + d(b− t)

]∑r
j=1 vjsj

zs11 ...z
sr
r ds1...dsr

}
dt (4.2)

Assuming the inversion of order of integrations in (4.2) to be permissible by absolute
(and uniform) convergence of integrals involved above, we have

M

{
(1 + c)

∑r
j=1 sjvjzs11 ...z

sr
r

∫ b

a

(t− a)λ+
∑r

j=1 vjsj−1(b− t)µ−1 [b− a+ c(t− a)+

d(b− t)]−λ−µ−
∑r

j=1 vjsj
2F1

[
α, β;µ;

(b− t)(1 + d)

b− a+ c(t− a) + d(b− t)

]
dt

}
ds1...dsr

(4.3)
Now evaluating the inner integral with the help of Lemme (3.1) valid for <(µ) > 0,
<(λ) > 0, <(µ− α − β) > 0, b 6= a, t ∈ [a, b] and finally interpreting the resulting
Mellin-Barnes contour integrals as a multivariable I-function, we obtain the desired
result.

5. Particular cases

The integral formula (4.1) has manifold generality. By specializing the various
parameters and variables involved, the formula can suitable applied to derive the
corresponding results involving remarkably wide range of useful functions.
(i) Putting β = µ in (4.1), provided that <(λ) > 0, <(µ) > 0 and b − a + c(t −

a) + d(b − t) 6= 0; b 6= a; t ∈ [a, b],

∣∣∣∣ (b− t)(1 + d)

b− a+ c(t− a) + d(b− t)

∣∣∣∣ < 1 and using the

transformation

2F1(a, b; b; z) = (1− z)−a (5.1)



52 South East Asian J. of Mathematics and Mathematical Sciences

we get
Corollary 5.1.∫ b

a

(t− a)λ−α−1(b− t)µ−1[b− a+ c(t− a) + d(b− t)]−λ+α−µI(z1X
v1 , ..., zrX

vr)dt

= G1I
V ;0,nr+1;X
U :pr+1,qr+1;W


z1

...

...
zr

∣∣∣∣∣∣∣∣
A; (1− λ+ α; v1, ..., vr),A : A′

...

...
B; (1− λ− µ+ α; v1, ..., vr),B : B′

 (5.2)

where G1 =
Γ(µ)(1 + c)−λ+α(1 + d)−µ

b− a
.

(ii) Putting c = d = 0 and v1 = ... = vr = 1, we get
Corollary 5.2.∫ b

a

(t− a)λ−1(b− t)µ−1
2F1

[
α, β;µ;

b− t
b− a

]
I(z1Y

v1 , ..., zrY
vr)dt = Γ(µ)(b− a)λ+µ−1

IV ;0,nr+2;X
U :pr+2,qr+2;W


z1

...

...
zr

∣∣∣∣∣∣∣∣
A; (1− λ; 1, ..., 1), (1− λ− µ+ α + β; 1, ..., 1),A : A′

...

...
B; (1− λ− µ+ α; 1, ..., 1), (1− λ− µ+ β; 1, ..., 1),B : B′


(5.3)

where Y =
b− t
b− a

(iii) Putting λ = µ = 1
2
; c = d = 1; v1 = ... = vr = 1 and α = 0, we get

Corollary 5.3.∫ b

a

[(t− a)(b− t)]−
1
2 2F1

[
α, β;µ;

b− t
b− a

]
I(z1Y

v1 , ..., zrY
vr)dt

=
√
πIV ;0,nr+1;X

U :pr+1,qr+1;W


z1

...

...
zr

∣∣∣∣∣∣∣∣
A; (1

2
; 1, ..., 1),A : A′

...

...
B; (0; 1, ..., 1),B : B′

 (5.4)

6. Multivariable I-function with the extension of Hurwitz-Lerch Zeta-
function and a class of polynomials

In this section, we evaluate a class of MacRobert’s integral associated with the
extension of Hurwitz-Lerch Zeta function, a general class of polynomials and the
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multivariable I-function defined by Prasad [2], we have
Theorem 6.1.∫ b

a

(t− a)λ−1(b− t)µ−1[b− a+ c(t− a) + d(b− t)]−λ−µ

2F1

[
α, β;µ;

(b− t)(1 + d)

b− a+ c(t− a) + d(b− t)

]
φ

(ρ1,...,ρp,σ1,...,σq)

(λ1,...,λp,µ1,...,µq)S
h1,...,hu
L (y1X

γ1 , ..., yuX
γu)

I(z1X
v1 , ..., zrX

vr)dt = G
∞∑
k=0

h1R1+...+huRu≤L∑
R1,...,Ru=0

bkz
k

k!
Buy

R1
1 ...yRu

u

IV ;0,nr+2;X
U :pr+2,qr+2;W


z1

...

...
zr

∣∣∣∣∣∣∣∣
A; (1− λ− kξ −

∑u
i=1 Riγi; v1, ..., vr),

...
B; (1− λ− µ+ α− kξ −

∑u
i=1Riγi; v1, ..., vr),

(1− λ− µ+ α + β − kξ −
∑u

i=1Riγi; v1, ..., vr),A : A′

...
(1− λ− µ+ β − kξ −

∑u
i=1Riγi; v1, ..., vr),B : B′

 (6.1)

provided that <(µ) > 0, <(λ) > 0, <(µ − α − β) > 0, b 6= a, t ∈ [a, b]; vi > 0,
i = 1, ..., r; γj > 0, j = 1, ..., u, ξ > 0, b− a+ c(t− a) + d(b− t) 6= 0, the conditions
(f) are verified and the conditions of existence of the multivariable function are
satisfied.

Proof. Let

M{} =
1

(2πω)r

∫
L1

...

∫
Lr

ψ(s1, ..., sr)
r∏

k=1

θk(sk){}

To prove (6.1), expressing the general class of polynomials of several variables
Sh1,...,huL [.] in series with the help of (1.11), a extension of the Hurwitz-Lerch Zeta-
function φ

ρ1,...,ρp,σ1,...,σq
(λ1,...,λp,µ1,...,µq)(.; s, a) in series with the help of (2.1) and the I-function of

r variables in Mellin-Barnes contour integral with the help of (1.1), changing the
order of integration and summation (which is easily seen to be justified due to the
absolute convergence of the integral and the summations involved in the process),
we get

∞∑
k=0

h1R1+...+huRu≤L∑
R1,...,Ru=0

Buy
R1
1 ...yRu

u

bkz
k

k!

∫ b

a

(t− a)λ−1(b− t)µ−1

[b− a+ c(t− a) + d(b− t)]−λ−µ 2F1

[
α, β;µ;

(b− t)(1 + d)

b− a+ c(t− a) + d(b− t)

]
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M

{[
(t− a)(1 + c)

b− a+ c(t− a) + d(b− t)

]kξ+∑u
j=1Rjγj+

∑r
j=1 vjsj

zs11 ...zrs
srds1...dsr

}
dt

(6.2)
Assuming the inversion of order of integrations in (6.2) to be permissible by absolute
(and uniform) convergence of integrals involved above, we have

∞∑
k=0

h1R1+...+huRu≤L∑
R1,...,Ru=0

Buy
R1
1 ...yRu

u

bkz
k

k!
M
{

(1 + c)kξ+
∑u

j=1Rjγj+
∑r

j=1 vjsjzs11 ...zrs
sr

∫ b

a

(t−a)λ+kξ+
∑u

j=1Rjγj+
∑r

j=1 vjsj−1(b−t)µ−1
2F1

[
α, β;µ;

(b− t)(1 + d)

b− a+ c(t− a) + d(b− t)

]
[b− a+ c(t− a) + d(b− t)]−λ−µ−kξ−

∑u
j=1Rjγj−

∑r
j=1 vjsjdt}ds1...dsr (6.3)

To evaluate the inner integral, use the Lemme valid for <(µ) > 0, <(λ) > 0,
<(µ−α−β) > 0, b 6= a, t ∈ [a, b], b− a+ c(t− a) + d(b− t) 6= 0, the conditions (f)
are verified and finally interpreting the resulting Mellin-Barnes contour integrals
as a multivariable I-function, we obtain the desired result.

7. Multivariable H-function
If U = V = A = B = 0, the multivariable I-function defined by Prasad [2]

reduces to the multivariable H-function defined by Srivastava et al [5]. We have
the following results.
Corollary 7.1.∫ b

a

(t− a)λ−1(b− t)µ−1[b− a+ c(t− a) + d(b− t)]−λ−µ

2F1

[
α, β;µ;

(b− t)(1 + d)

b− a+ c(t− a) + d(b− t)

]
φ

(ρ1,...,ρp,σ1,...,σq)

(λ1,...,λp,µ1,...,µq)(zX
ξ; s, a)Sh1,...,huL

(y1X
γ1 , ..., yuX

γu)H(z1X
v1 , ..., zrX

vr)dt = G
∞∑
k=0

h1R1+...+huRu≤L∑
R1,...,Ru=0

bkz
k

k!
Buy

R1
1 ...yRu

u

H0,nr+2;X
pr+2,qr+2;W


z1

...

...
zr

∣∣∣∣∣∣∣∣
(1− λ− kξ −

∑u
i=1Riγi; v1, ..., vr),

...
(1− λ− µ+ α− kξ −

∑u
i=1Riγi; v1, ..., vr),

(1− λ− µ+ α + β − kξ −
∑u

i=1 Riγi; v1, ..., vr),A : A′

...
(1− λ− µ+ β − kξ −

∑u
i=1Riγi; v1, ..., vr),B : B′

 (7.1)



Certain class of Eulerian integrals with the multivariable I-function... 55

under the same conditions and notations that (6.1) with U = V = A = B = 0.

8. Srivastava-Daoust function
If

B(L;R1, ..., Ru) =

∏Ā
j=1(aj)R1θ′j+...+Ruθ

(u)
j

∏B′

j=1(b′j)R1φ′j
...
∏B(u)

j=1 (b
(u)
j )

Ruφ
(u)
j∏C̄

j=1(cj)R1ψ′
j+...+Ruψ

(u)
j

∏D′

j=1(d′j)R1δ′j
...
∏D(u)

j=1 (d
(u)
j )

Ruδ
(u)
j

(8.1)

then the general class of multivariable polynomial Sh1,...,huL [z1, ..., zu] reduces to
generalized Lauricella function defined by Srivastava et al [3].

F 1+Ā;B′;...;B(u)

C̄:D′;...;D(u)


z1

...

...
zu

∣∣∣∣∣∣∣∣
[(−L);R1, ..., Ru][(a); θ′, ..., θ(u)] : [(b′);φ′]; ...; [(b(u));φ(u)]
...
...
[(c);ψ′, ..., ψ(u)] : [(d′); δ′]; ...; [(d(u)); δ(u)]


(8.2)

and we have the following formula
Corollary 8.1.∫ b

a

(t− a)λ−1(b− t)µ−1[b− a+ c(t− a) + d(b− t)]−λ−µ

2F1

[
α, β;µ;

(b− t)(1 + d)

b− a+ c(t− a) + d(b− t)

]
φ

(ρ1,...,ρp,σ1,...,σq)

(λ1,...,λp,µ1,...,µq)(zX
ξ; s, a)F 1+Ā;B′;...;B(u)

C̄:D′;...;D(u)
y1X

γ1

...

...

yuX
γ(u)

∣∣∣∣∣∣∣∣
[(−L);R1, ..., Ru][(a); θ′, ..., θ(u)] : [(b′);φ′]; ...; [(b(u));φ(u)]
...
...
[(c);ψ′, ..., ψ(u)] : [(d′); δ′]; ...; [(d(u)); δ(u)]


I(z1X

v1 , ..., zrX
vr)dt = G

∞∑
k=0

h1R1+...+huRu≤L∑
R1,...,Ru=0

bkz
k

k!
yR1

1 ...yRu
u B′u

IV ;0,nr+2;X
U :pr+2,qr+2;W


z1

...

...
zr

∣∣∣∣∣∣∣∣
A; (1− λ− kξ −

∑u
i=1 Riγi; v1, ..., vr),

...
B; (1− λ− µ+ α− kξ −

∑u
i=1Riγi; v1, ..., vr),

(1− λ− µ+ α + β − kξ −
∑u

i=1Riγi; v1, ..., vr),A : A′

...
(1− λ− µ+ β − kξ −

∑u
i=1Riγi; v1, ..., vr),B : B′

 (8.3)
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under the same conditions and notations that (6.1) and

B′u =
(−L)h1R1+...+huRuB(E;R1, ..., Ru)

R1!...Ru!
; B(L;R1, ..., Ru) is defined by (8.1).

9. Conclusion
In this paper we have evaluated a general Eulerian integral involving the multi-

variable I-function defined by Prasad [2], a class of polynomials of several variables
and a extension of the Hurwitz-Lerch Zeta function. The integral established in
this paper is of very general nature as it contains multivariable I-function, which is
a general function of several variables studied so far. Thus, the integral established
in this research work would serve as a key formula from which, upon specializing
the parameters, as many as desired results involving the special functions of one
and several variables can be obtained.
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