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Abstract: In this Paper We evaluate three finite integrals involving the product
of generalized sequence of function S#*°, Generalized Legendre associated function
PP(x) and Aleph (R) function. Then we will demonstrate three theorems as an
application of our results and future, to use the three results of Orr and Bailey
found in the well-known text by Slater [7]. The study also aims to evaluate some
new integrals by the applications of these theorems, which retain their general
nature and also create an interest by the applications of these theorems.
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1. Introduction

1.1. The Legendre Associated Function:
B. Meulenbeld [6], is defined and represents Generalized Legendre Associated
function PP (z) as follows:
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where « is non-positive integer and (3, v are unrestricted.
If We Put @ = § in (1.1), then P*(x) becomes to the Associated Legendre
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Function P(r) [3, p. 999, Eq. (8.704)] and also if we take o = 8 = 0 in (1.1),
P () reduces into known Legendre Polynomials [9, p.166, Eq.2].

1.2. The generalized Sequence of Functions
The generalized polynomial set is represent by the following Rodrigues type
formula [10, p.64, Eq. (2.18)]

576:7574- [:E; w? 87 q7 A’ B? m’ 57 l] = (Ax —"_ B)_M(l - Tl‘w)_d/T ><
)T [(Ax + By (1 — ) e o] (1.2)
with the Differential Operator

d
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The explicit series form this generalized sequence of functions is given by [10, p.71,

Eq. (2.3.4)]
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Some Special Cases of (1.3) are given by Raijada in table form [10]. We shall use
the following Special Case
If we put A=1,B=01in (1.3) and let 7 — 0 and using the well known results.

5
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z n
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Then, we come at the following important Polynomial Set
Sﬁ’é’o[l'] S,u 0,0 [:E w, q, 1’0 m 5 l] _ anJrl m+n) lm+n

m4n N <_7]> (,u+qn+§+rw

x> Y 77!;! o (52)". (1.4)

1.3. Aleph (X) function:
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Sudland [2] Introduced the Aleph (X) function, however the notation and com-
plete definition is presented here in the following manner in terms and the Mellin-
Barnes type integrals

(@5, Aj)1n, [Ti(@jis Aji)lns1p, 1
N[z = Rorhrr | 2 = 9w O gismr (8)2 s,
(b5, Bi)1,ms [Ti(bji, Bji)lm+1,4,
(1.5)
for all z # 0 where w = /(—1) and
HF(b] +BJS)HF(1 — CLj — AjS)
m,n o Jj=1 j=1
QPiniQTi§7'<S) oo Qi Di ’ <1'6)
HTZ' H I (]_ — bjz‘ — BjiS) H r (Cljz' + AjpS’)
i=1  j=m+l j=n+1

The integration path L = Ly, 7 € R extends from v — ico to v + ioco, and is
such that the poles, assumed to be simple of I'(1 — a; — A;s), j = 1,...,n do not
coincide with the pole of I'(b; + Bjs), j = 1,...,m the parameter p;q; are non-
negative integers satisfying: 0 < n < p;, 0 < m < ¢, 7; > 0fori =1,....,r. The
A;, Bj, Aj;, Bj; > 0and a;.bj, a;;, b;; € C. The empty product in (1.6) is interpreted
as unity. The existence conditions for the defining integral (1.5) are as following:

o >0, |arg(2)] < gaﬁl, I=1,..,r (1.7)
T
& >0, |arg(z)] < 59251, and R{{} <0 (1.8)
where
n m D1 q
¢122Aj+ZBj—Tl<Z Aj1+ Z Bﬂ) (19)
j=1 j=1 j=n+1 j=m+1
m n q b1 1
& = ij—Zaj—i-n <Z b1 — ‘Z aﬂ> +5 (=), 1=1,2, .7 (110)
j=1 7=1 j=n+1 j=m+1

For detailed introduction of Aleph (X) function see [2] and [4].
The following Three results will be needed in this paper.
A. By Meulenbeld and Robin [5, p. 343, Eq. (38)]

—x)f z)? PP (x)dx =
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where « is a non-positive integer and Re (1 +p— %) >0, Re (1 +o0+ g) > 0.
B. By Sneddon [8, p. 61, Eq. 2.16 (ii)]

1 Qq, ...,Oép 1—
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0 Br, - By

l—o;24+p+o+

Ay, ..., 0p, M

1
= B(l,m) pr1fgt ?5 (1.12)
By oy By L +m
C. By Sneddon [8, p. 61, Eq. 2.16 (iii)]
1 A1y, CYp 1 N
JACEETa AT
0 By s By
1 A,y ..., Op, M 1
= 6 <§a ) p—HF ;5 (113)
51, ey /Bq, 2m
2. Main Results
2.1. First Integral
1
| et e ) P ) s a1 - 2)')
0
. . . (aj, )1,n, o [Tilagis i) I,
XNPi:Qiﬂ'i?"‘ zr (1 - ZL’) dz
(bjs Bi)i,ms ooy [Ti(bjis Bji) | ar+1,0:
m4+n 1 (_ u+qn+£+vw a—f
R’+wnlm+nzz ( )m+n5nz (7__+1)t (_V_T)t
== 7! 7]' — 21—+ 1)
- A% (g, ag) Ny o [Til @i, i) IN 410
XNpi-’l-Q,tIi—l-l,n;r < dZL', (2'1)

(bj; 5j)1,M, oo [Ti(bjuﬁji)]MJqum B*
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where
A*=(1—p—uR —uwn,h), (1—0—}-%—1}]%’—@1077—15,]{;),
B* = {1—p—0+%— (u+v){R’+wn}—t,(h+k)}
and
R ' =qn+1(m+n).
Conditions-

(i). «>0,u> 0,0 >0,h >0,k >0 (not both zero simultaneously)

(ii). Re(p)%—hlgigr}w {Re 3 +1>0 andRe(a——)—l—klgjng}w {Re (Z_jj)] +1>0
(iii). Equation (1.7), (1.8), (1.9) and (1.10).

Proof:

To prove the above integral, we first write the Generalized Polynomial set
Ska7[x] in its series form and Generalized Legendre function with the help of
(1.4) and (1.1) respectively. The left hand side of (2.1) will be take the following
form by expressing Aleph (X) function in terms of contour integral with the help
of equation (1.5) and change the order of integration and summation (which is
permissible, the condition stated):
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n=0 =0
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n=0 =0
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X ; Qlj\fvgn'r(s)z_sds xp-i—uR Fuwn—hs
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Y-S L =5

_a / —ks—
X(l—l’)a 5 tvR +ovwn—ks—1 2F1 : 5

dx.

1 —a;

We can get result after a little Simplification when we evaluate the integral with
help of (1.12) and reinterpreting the result thus Obtained in terms of Aleph (X)
Function. If we reduce general sequence of Polynomials S#° to unity and Aleph

(V) function to Fox H function, we can come Closer to the known result given by
Anandani [1, 9.343, Eq. (2.2)].

2.2. Second Integral

| = op s or syt fy - a1+ )

1

. . ) (az, Q)N o [Til @i, Qi) | N1 g
xR (L —2)" (14 x) dx
(bg: B) 1,015 s [Ti(Djis Bji) 1,45
Wfbi — (M)
R’+wnlm+n2{R’+wr]} u+v) m+n P
n=0 =0 v
00 a—F a—
% Z (7 -5 T 1)t (_7 - Tﬁ)tQp—i-a—i-ﬂ%a—i-l
(1l —a+1t)
t=0
- - C*, (ag, )1, - [Ti( @i, i) |41,
XNpZJrQ qi+1,75;r 22"t dx, (22)
(bj, Bi)i,ars - [Ti(bja, Bji) | vi41,40, D*
where
* Q / B /
Cc* = <§—p—uR —uwn,h), —U—§—UR —ovwn, k|,
* B -« /
D* = —p—a—t—T—( +v){R +wn} —1,(h+k)
and
R =gn+1(m+n).
Conditions-

(i). a>0,u>0,v>0,h >0,k >0 (not both zero simultaneously)
b;
(ii). Re(p) +h+ min [Re (— } +1>0,
1< B
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(iii). Re(o — )+k+1rrjun {Re (g )] +1>0
Proof: !

To establish the result (2.2) we express Aleph function . in term of Mellin
Barnes contour integral with help of (1.5), (1.1) and (1.4). Now changlng the order
of summation and integration (which is permissible under the condition stated)
and evaluate the integral, using (1.11). We get the right hand side of integral (2.2)
after a little simplification.

R m+n N (g qn+§+7w) N 1 N
’+wnlm+n 0" ) /[ i - —d }
E E { Q (S)Z S

NMN

| Di,qi,Tis
o ~n! 271
1 fy——+1—7——1+p+uR’+uwn hs — 5
Xm 3F2 71
1—a; (2+p+a+ﬁ‘—“+(u+v){R’+wn—s(h+k>})
R’+wnlm+n m+n RYR%
l
- " !
00 a—f
2(R+w77 ) (u+v) Z ’Y— ase + 1) ( 'V— 2 )t2p+a+5 +1X
— t.F(l —a+t)
C*, (@, ) 1Ny o [Til @i, i) | Nt s
XN}]Z[+]\£T]¢2+1T i 22h+k )
(b5, Bi)1aas s [Ti(bjis Bji) | ag1,4,, D*
where
* Q / 6 /
Cc* = (§—p—uR —uwn,h) , <—O‘—§—UR —vwn,k) ,
* 6 - /
D* = —p—a—t—T—( +v){R +wn} —1,(h+k)

2.3. Third Integral
1
J A R R S R O
0

(aj, Oéj)LN, s [Tz‘(aju Oéjz‘)]NH,m
RN 8 z(1—a?)h dx
(bj, Bi)1ms - [Ti(bjis Bii) | M1,
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mZJrni _ ) (u+qn+£+vw)
R’+wnlm+n / m+n5n
=0 y=0 v

—B

Xi 7__+1)t<_’7_aT)t

22H0(1 —a+ 1)

t=0

M.N42 B, (aj, 0)1,n, - [Ti @iy i) [N 41,
Npi:i‘2:Qi+2,Ti;7‘ z d!E, (2.3)
(bj, Bidiaas - [Ti(ji Bji) | ars1,q,5 F

X

where

E*=(01—-p—kR —kuwn,h),(1—p—kR —kwn—t,h),

t t 1
Fr=<{1—-p—kR —kun—=hy,(1—p—kR —kwn—=—=,h
2 2 2
The integral is valid under the following conditions:

(i). > 0;h >0,k > 0 (not both zero simultaneously)

(ii). Re(p )+h+ mm [Re (gj)] +1>0,

Proof:

Firstly we express the Generalized Legendre function in terms of 5 F7 with help
of (1.1). Generalized Polynomial set S#%°[x] in its series form using (1.4) and,
NN . function in terms of Mellin Barnes contour integral with help of (1.5) in
the left hand side of (2.3). Now changing the order of summation and integration
(which is permissible under the condition stated) we get the following form of
integral:

m4+n N ([ ( u+qn+§+’yw )

R’—l—wnlm—l—n Z Z

n=0 v=0

1
AR 5 / QN (s)z75ds
,y 77' 271-2 L 1945 T

1 1 ,
Xmﬁ{§,p+kR +kwn—h5}

7——4—1 —7——,p+kR’+k:w77 hs

X 3F2 dx

1 —a;2{p+ kR + kwn — hs} 2
Now interpreting the resulting expression in terms of Aleph (X) function and ap-
plying well known result (1.13) and duplication formula I' (1) I'(2n) = 22"~ I'(n)
I'(n+1). We came at the desired result (2.3).
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Theorem 2.1. .
If (1 —2)*™¢ 4 F\[2a, 2b; 2¢; 2] = Z A

Then .
/ 11— 2) (L 2) 2P () 580 (et (1 — )"
0
1 1
X oF] a,b;c—i—;az o F c—a,c—b;c—i-é;:c
(aj7 O-/j)l,Na ooy [Ti(aji7 O[ji)]N-i‘l,pz‘
xRN 8 zah (1 — o)k dx
(bj, ﬁj)l,M, oo [Ti(bjas Bji) I ar 1,4,
m+n N (g—&-qn-&-&—i—lw)
R’—l—wn m+n m+n ¢n
pron 33 LT
n=0 v=0
00 8
XZ (C) o (=504 1), (- - 59,
— (c 4 %)n, — 24T (1 —a+ 1)
- G*, (aj, aj) 1.8, s [Til @i, i) | N1,
R YT dz, (2.4)
(bj, Bi) 1,005 - [Ti(bji, Bji) | nvr41,q5, H
where

G*:(1—p—uR'—uw77—n’,h),(1—0+%—vR’—vwn—t,k>

H*:{1—p—a—|—%—(u+v){R’+w?7}—n’—t,(h—|—k)}

The conditions of validity given in Integral first are satisfied.

Proof. To prove the theorem, we consider the following result [Slater, L..J.;7, p.75]

G <C> n’ n' _n'

1 1
F; b; = F|lc— —b; —z| = — 2.5
9 1[(1, ,c—l—z,z] 2 1{0 a,c 7c+2,z] Z(C+l) /a 2 (2.5)
n'/=0 2/n
Now, we use an operation (say /\) i.e. multiplication by the term

A\ =27 (1= 2 1+ 2) P @) S et (1 - )}
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(aj, )1, o [Til @i, i) |N41,p,

(b, Bi )1t - [Tilbjis Bji) 1.4,
Subsequent integration with respect to x from z =0 to 1.
On doing the operation (say /\), on both sides of the equation (2.5) and inter-
changing the order of integration and summation in the right hand side, we get the
following result.

X WA zzh(1 — z)¥

Piyqi,TisT

1
| et ) R @) 5 a1 = ')

1 1
X o by [a,b;c—i— §5x] oI {C—C%C—b;C—F 37
(aj7 O‘J‘)LNv B [Ti(ajia aji)]N-i—l,pi
XN%gn th(l _w)k dx
(b, Bi)1,ats - [7i(bsis Byi) s 1.4,

1
“MA“ﬁ”*u—xf*u+er%ﬁﬂwaﬁ%wﬂl—w%

SN
ol ()
(aj7 aj)l,Na e [Ti<aji, aﬂ)]NJrl,Pi

)R8z (1 — )k (2.6)
(bj, Bi)inas -y [Ti(bji, Bji) | vit1,4,

Finally, we easily reach at the required result by evaluating the integral on the
right hand side with help of same procedure as given in the Theorem 2.1.

Theorem 2.2.

If

o Fila, b; c; x] o Fla, b; d; ] chfx (2.7)

Then .
/ 21— 2)7 (1 4 2) P2
0
dec b 1 B 50 v
x 4F3 |a,b; +§,§+§—§;a+b,c,d;4x(1—x) x PP (z) SE My (1 — x)"}
(aj, )1i,n, o [Tilagis i) I,
xRN 8zt (1— )k dx

(bj, Bi)inas o [Ti(bjis Bii) M+1,0:



A Study of Unified Integrals Involving the Generalized Polynomial Set, ... 37

mZJrn i _ (u+qn+£+’yw)
R’+wnlm+n m+n P
l
n=0 v=0 7 r
0 o] a—p
Xz(c+d_1 Z (v +1), (=7 —*5°),
2 a+h) 2 21— +1)
I*, (aj, )1, ooy [Til @i, i) |N 11
MN
XNy et L 3 2 : (2.8)

(bj7 5j)1,M; ooy [Ti(bjia ﬁjz‘)]MJrl,qm J*

where

I'=01-p—uR —uwn—n'h), (1—0+%—vR’—vw7y—t,k>

J*:{1—p—0+%—(u—i—v){ﬁ—%wn}—n’—t,(h%—k)}

The conditions of validity given in Integral first are satisfied.

Proof. We have [Slater, L.J.; 7, p.79]

c dc b 1 N (c+d—1)y /
Fylab S+ D Ciadbedds(l—gz)| =S T ety g
4 3{“’ g tgig Ty giatbedd xﬂ nZ::O (@+0)w ()

(2.9)
where ¢,/ is given by (2.7). We reach at the desired result (2.8) by performing the
same procedure as given in the Theorem 2.1.

Theorem 2.3.
If
o Fila, b;c; x] o Fila, b; d; x| = Z Cr ™ (2.10)
n’/=0
Then )
/ "1 —2)7 (1 + x)_ﬁ/Q
0
b db d 1 —x?
X 4F3 |a,b,d,c—a; 5 + 33 + 5 + 5 G m] X Pf’ﬂ(ﬁ)sﬁf’é’o{yx“(l — )"}
(az, ) 1Ny o [Til @iy i) N1 0
xRN 8z (1 — )k dx

(bj, Bi)inas s [Ti(bjis Bii) M1,



38 South FEast Asian J. of Mathematics and Mathematical Sciences

m+n 1 o (u+qn+£+’yw)
R’+wnlm+n Z Z m+n 5n
|

% i (C)n’(d)n’ i (’Y B a%ﬁ + 1)t (_7 B a_gﬁ)t

AT —
—~ (d+b), = 240 (1 — o + 1)
I*, (aj, ) 1N, oy [Ti @i, i) [N g1,
e, L e
(b5, Bi)ars s [Ti(bjis Bji)|ar1,q55 I

where

I*=(1-p—uR —uwn—n'h), (1—0+%—vR'—vwn—t,k>

J*:{1—p—a+%—(u+v){R’+wn}—n’—t,(h~l—k)}

Where, the Conditions stated in (2.1) are true.
Proof. We have [7]

(1 —2)7% 4F3 {a,b,d,c—a;éqL;l

2 dl—_zz] o (O ( D

b
2272 "

(2.12)
We easily arrive at the right hand side of (2.11) by proceeding on similar lines to
those of theorem 2.1.

3. Applications and Special Case

(I) Taking ¢ = a in our theorem 2.1, then value of (a), in (2.5) come out to be
equal to (b), and the results yields the following interesting integral:

1
/0 2711 — 2)7 V(14 2) 2P () S0 (1 — )"

1 (@5, 05) 1.8, o, [Til i, i) Ina
o Fy {abc+§ JJ:| NN 9 zal(l— )k dx
(bj, Bi)raxs o [Ti(bjis Bji) 1,4,
m4n o (_ (u+qn+£+vw)

R'+w7;lm+n 2 E m+n P

In!
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[e’s) ) 0 o _ + 1 A ﬂ
XZ (al)n /'anz(7 “ )t( 2 2 )t
-~ (a +3),, 1! — 24T (1 — a+t)
s G*, (aj, )N, - [Ti@gis Qi) | N 11 s
XNM-\-Z%#—LU;T < > (3-1)
(bj, Bi)inas oy [Ti(bjis Bii) vsr,q0, H*

where
G'=(1-p—uR —uwn—n',h), (1—0+%—vR'—vwn—t,k‘>
H* = {1—p—a+%—(u—l—v){R’%—wn}—ﬂ—t,(h—l—k)}
Again putting b= § + 1 and @ = —e (a non negative integral) in (3.1).
We have

1
/O 27711 — )7 (1 + 2) /2P () 100 {ya(1 — )"}

. (az, €)1,y oo [Til @i, i) N1 s
1Fo [—e; — x| R0V 8zt (1 — x)F dx
(bj, ﬁjh My - [Ti(bjia /Bji)]M'FLQi
min (W)
R’+w77 m+n m+n ¢n
0 3) EmE E KR
n=0 v=0
oo 00 a—p a—p
<3 (=€)w 3 (V-5 + 1), (v —%5°),
| 4] _
vt n'l — 241 —a+ 1)
G*, (aj, aj)1,N, -y [Tz‘(%, aji)]N"rlapi
M,N
XN, et 3 2 ’ (3.2)

(bj, 5j)1,M, ceey [Ti(bjia 5ji)]M+1,qw H*

where

G*:(1—p—uR’—uw7]—n’,h),(1—0+%—vR'—vw7]—t,k’>

H*:{1—p—a—|—%—(u+v){R'+wn}—n'—t,(h+k)}

(IT) We easily achieve the following result on Putting b = ¢ = d in theorem 2.2

1 1
/0 P N1 —2)7 N1+ x)’B/Z o F [a, c—3ia + ¢ dx(l — x)} Pf’ﬁ(x)
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(aj, ;)18 - [Ti @iy i) | Ng1 p,

SO0 Lyt (1 — )Y NN Q0 zat (1 — 2)F dx
(bg; Bi)1,as s [Ti(jis Bji) 1.4,
m4n o (_ (u+qn+£+vw)
R’+w17 m+n m+n ¢n
3o 3 I s
n=0 v=0

L $S 2o D (a5 (=22 1), (1= 22),

— (a+c), n'l = 2%!1“(1 —a+t)
I*, (aj, &) 1,8, -y [Til @i, ) [N,
M,N
KRS i | 2 ’ (3:3)
(bj, Bi)raxs ooy [Ti(bjis Bji) Ivr+1,455 T
where
I*=(1-p—uR —uwn—n'/h), (1—0+%—vR’—vwn—t,k>
J* = {1—p—a+%—(u+v){R’+wn}—n’—t,(h~l—k)}
Further, if we Substitute a = —e in (3.3), it reduces to the following interesting
integral
! 1
/ 1 —2) 14 2)7% R [e, c—gia— e;dx(1 — m)] Pva’ﬁ(x)
0
y . . ) (a5, @)1, -, [Ti( @i, i) [N,
SHOH yx(1 — x)” }sz o AT (1—2x) dx
(bj, 5j)1,M7 P [Ti(bji7 Bji)]Mﬂ,qi
m+n N (_ (u+q71+£+'yw)
R’+w77 m+n m+n ¢n
) 3ppi L wa B

n=0 v=0

XZ(2C—1 n/i ’7_QT_L3+1>t(_’7_a_;B)t

— t4| —
— (a—e), — 24T (1 —a+1)
MN+2 I, (ajvaj)LNa ) [Ti(ajivaji)]N+1,pi
XNpi:‘l‘Q:Qi‘"LTi?"’ < ’ (34)

(bj7 5j)1,M> oo [Ti(bji7 5jz’>]M+qu J*
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where

I'=01-p—uR —uwn—n',h), <1—a+%—vR’—vwn—t,k>

J*:{1—p—a+%—(u—l—v){R’—irwn}—n’—t,(h—irk)}

(IIT) We reach at the following integral If we put b = ¢ = d in theorem 2.3

2

1 1 —
/ 2P N1 —2)7 (1 + :15)_ﬂ/2 o F [a, c—a;c+ —=; T } P,?’ﬁ(x)
0

2" 4(1 - z)
(aj, @j)1,Ns - [Tilagis i) [Ny,
SEAO (g (1— ) PN 3z (1 - ) de
(bj, Bi)i.aas -5 [Ti(jis Bji) I arv1.a;
m+n N (H+qn+£+vw)
R’+wn [mtn min §n
oo 00 a—pf a—pf
" Z (€)n (2a) (’Y — 5+ 1), (== %57),
— (2¢),, ! = 24T (1 — e+ 1)
I, (aj, )1, s [Ti@gis i) [N 1
M,N
XNpZJrQ—;erl 3T z ) (35)

(bj, Bi) 1,015 - [Ti(bji, Bji) | vit1,40, I

where

I=(1-p—uR —uwn—n'/h), (1—0+%—vR'—vwn—t,k>

J* = {1 —p—a—i—%— (u+v){R'—|—wn}—n’—t,(h+k)}
(IV) Aleph function reduce to I-function if we choose 7; = 1.
(i) By Integral First
1
R (R LA PR R
0

(aj, Oéj)l,N, ) (ajia Oéji)NH,m
<M L agh(1 — o)k dx

DiyqisT
(bj, Bi)i,nas s (Djiy Bii) M41,0:
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R’+wﬁlm+nnili B (u+qni5+vw)m+n6n Z (7 B _t‘+ 1)1& (_7 — #)t
== yIn! — 2uM(1 —a+ 1)

T A, (aj, a5) 1,8, - (@i, Qi) N1
XL e | 2 dz, (3.6)
(b]a /Bj)l,Ma ceey (bjla ﬁji)M-‘rl,qia B

where

A*:(l—p—uR'—uwn,h),(1—J+%—UR/—Uw77—t,k:),

B*:{1—p—a—i—%—(u—i—v){R/—Fwn}—t,(h—i-k)}

(ii) By Integral Second

/ (1= 2)P(1 + 2)° PP () S0 (1 — 2)"(1 + 2)")

1

(@5, )1, s (@jis Qi) N4 1,;
xIDEN 8 2(1—2) (14 x)k dx
(bj, Bj)l M -+ (Djis Bji) Ma1,4:
min m o (_ (W)
R'+wnjm4no{R' +wn}(utv) m+n o
=Y 2 Z Z ~ 1! 0
n=0 ~=0
00 a—f a—f
% Z - * 1)7: (_7 - T)t2p+a+ﬁ%a+1
— (1l —a+1t)
C*, (@, @ )1,N s oy (@jis Qi) N1 s
Ifg;r%rl i { 22M*E a, (37)
]7 5])1 My --e (bjia ﬁji)MJrl,qi? D~
where
* o / B /
C* = E—p—uR —uwn, h ), —U—§—UR —vwn, k|,
D* = {—p—a—t— 5% — (u+v){R’+wn}—1,(h+k)}

(iii) By Integral Third

/ (1= 2) 1+ 2) L — P P @) SOy (1 - )
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(aj, aj)l,N7 ceey (aji> aji)N+17Pi

M,N h
I 9 2(1—a?) dx
(b]?ﬁ])l My -y ( ]Z?/le)M+1 qi
m+n N (_ (u+qn+é+'yw)
R/+wnlm+n m+n 577
,; ; yn!

Xi<’7_a76+1)t(_7_a_25)t

2 22T(1 — o + 1)

B, (aj, 05)1,8, -5 (@i, Qi) N1,
AT dz, (3.8)

X Pi+2,qi+2;r
(b]7 6j>1,M7 [ERE) (bjm ﬁji)M—l—l,qw F*

where

E*=(1-p—kR —kwn,h),(1—p—kR —kwn—t,h),

t t 1

(V) Aleph function reduce to H-function if we choose 13 = 1,7 =1
(i) By Integral First

1
/0 21— 2)7 (L4 2) PP () Syt (1 — @)}

(a1, 1), ..., (ap, o)

XH%’N za"(1 — z)* dx
(blaﬁl)w"v(bmﬁfl)

m+n N + n+£+ w o) a—f3 a—p

R’ernlmqthi (M : . )m+n6nz (V_T—i_l)t (_ry_T)t
l 124 _
== ~In! — 20T (1 — v+ 1)
AN A (a1, 1), ..y (@p, )
K HMNA2 L dz, (3.9)

(b1, 1), .., (bg, By), B

where

A*:(1—p—uR’—uw7],h),(1—a+%—vR’—vwn—t,k>,

B*:{1—,0—04—%—(u+v){R’+wn}—t,(h+k)}
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(ii) By Integral Second

[xl—m%r+@%%ﬂw&%%M1—m%1+wﬂ

1

(a1, 1), ..., (ap, o)

xHYWN S 2(1—x)h(1+ 2)* dx
(b17ﬁ1)7"'7(bq75q)
( Y )mirn i (u+qn+£+7w)
R’+wnlm+n2 R'+wn}(utv m+n 51
== !
v i (v— o )t (— - a_ﬂ)t2p+cr+6 o4
=0 Tl —a+t)
C*, (a1, 1), ..., (ap, ap)
X H oA & z2htk da, (3.10)
(bbﬁl):"'a (bqaﬁq)aD*
where
* Q / /B /
C* = <§—p—uR —uwn,h) , (—U—E—UR —mvn,k) ,
D* = {—p—a—t— —5; — (u+v){R’+wn}—1,(h+k)}

(iii) By Integral Third
1
[ =0 = e )50 1 - )
0

((11, 041), ceey (ap? ap)
xHYN & 2(1—2?)" dx
(b17 51)7 ceey (b(p ﬁq)

R'+wnim+n ~ (_n)’y <#+q”"l‘£+7w)m+n n
=Y /() Z Z ! 0
=0 =0 n!

= (v =52 +1), (- %9),
> 22011 — o + 1)

t=0
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E* (a1, 1), ..., (ap, ap)
xHYoo % {2 da, (3.11)
(b, B1), -ovs (bgs By), F*

where
E*=(1-p—kR —kwn,h),(1—p—kR —kwn—t,h),
* / t / t 1
Fr=<s1—p—kR —kun——-,h,(1—p—kR —kwn——=—=,h
2 2 2
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