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Abstract: In this paper the concept of total edge geodetic domination number of a
graph is introduced. A set of vertices S of a graph G is called a total edge geodetic
set if S is an edge geodetic set and its induced subgraph has no isolated vertices.
The minimum cardinality of all total edge geodetic sets of G is called the total edge
geodetic number and is denoted by g.(G). A total edge geodetic dominating set is
an edge geodetic dominating set and its induced subgraph has no isolated vertices.
The minimum cardinality of all such total edge geodetic dominating sets of G is
called the total edge geodetic domination number and is denoted by 74 (G). It is
shown that for every pair of integers a, b and ¢ such that 2 < a < b < ¢, there exist
a connected graph G of order p with ¢.(G) = a,7,.(G) = b and 7,(G) = ¢. Also,
for any positive integers m,p with 3 < m < p then there is a connected graph G
of order p such that v,(G) = m.
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1. Introduction

By a Graph G = (V| E), we mean a simple graph of order at least two. The
order and size of GG are denoted by p and ¢, respectively. For basic graph theoretic
terminology, (see [3], [6]). The neighbourhood of a vertex v is the set N(v) con-
sisting of all vertices v which are adjacent with v. The closed neighbourhood of a
vertex v is the set N[v] = N(v)UN {v}. A vertex v is an extreme vertex if the sub
graph induced by its neighbours is complete. A vertex v is a semi-extreme vertex
of G if the sub graph induced by its neighbours has a full degree vertex in N(v).
In particular, every extreme vertex is a semi-extreme vertex and a semi-extreme
vertex need not be an extreme vertex.(see [12]).

For vertices u and v in a connected graph G, the distance d(u,v) is the length
of a shortest v — v path in G. A u — v path of length d(u,v) is called a u — v
geodesic. A geodetic set of G is a set S C V(G) such that every vertex of G is
contained in a geodesic joining some pair of vertices in S. The geodetic number
g(@G) of G is the minimum order of its geodetic sets. An edge geodetic set of G is
a set S C V(@) such that every edge of GG is contained in a geodesic joining some
pair of vertices in S. The edge geodetic number g.(G) of G is the minimum order
of its edge geodetic sets.(see [4], [7]).

A dominating set in a graph G is a subset of vertices of G such that every vertex
outside the subset has neighbour in it. The size of a minimum dominating set in a
graph G is called the domination number of G and is denoted by v(G). A geodetic
dominating set of G is a subset of V(G) which is both geodetic and dominating
set of G. The minimum cardinality of a geodetic dominating set is denoted by
79(G)-(see [5], [8], [9], [10], [11], [13], [14]).

An edge geodetic dominating set of G is a subset of V(G) which is both edge
geodetic and dominating set of G. The minimum cardinality of an edge geodetic
dominating set is denoted by 7,(G). An edge dominating set S is said to be a
total edge dominating set if its induced subgraph has no isolated vertices.

2. Total Edge Geodetic Domination Number of a Graph

Definition 1. A total edge geodetic dominating set of a graph G is an edge
geodetic dominating set S such that the subgraph induced by S has no isolated
vertices. The minimum cardinality among all the total edge geodetic dominating
set of GG is called the total edge geodetic domination number and is denoted by

Yget (G)-

Example 2. Consider the graph given in Figure 01. Here S; = {vq,v4, 05,06} is a
minimum total geodetic dominating set and Sy = {v1,v4, Vs, V6, U7} 1S a minimum
total edge geodetic dominating set. Therefore v,4(G) =4 and vy (G) = 5.
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Definition 3. A vertex v of a connected graph G is called a support vertex of G
if it is adjacent to an end vertex of G.

Theorem 4. FEach extreme vertex belongs to every total edge geodetic dominating
set.

Proof. Since each extreme vertex belongs to every edge geodetic dominating set,
these extreme vertices also belong to every total edge geodetic dominating set.

Remark 5. Fvery total edge geodetic dominating set is a total geodetic dominating
set, whereas the converse is not true. In the Figure 01, the set {vy,vy,v5, 06} is a
manimum total geodetic dominating set but it is not a total edge geodetic dominat-
g set.

Theorem 6. If a graph G of order p has no isolated vertices, then Y4(G) <
p—0(G)+ 1.

Theorem 7. Each extreme vertex and each support vertex of a connected graph G
belong to every total edge geodetic dominating set of G. If the set of all extreme
vertices and support vertices form a total edge geodetic dominating set, then it is
the unique minimum total edge geodetic dominating set of G.

Proof. Since every total edge geodetic dominating set is an edge geodetic domi-
nating set , by Theorem 4, each extreme vertex belongs to every total edge geodetic
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dominating set. Since a total edge geodetic dominating set has no isolated vertices,
it follows that each support vertex of GG also belongs to every total edge geodetic
dominating set.

Corollary 8. For the complete graph K,(p > 2), V4et(G) = p.

Theorem 9. Let G be a connected graph with cut-vertices and let S be a total edge
geodetic dominating set of G. If u is a cut-vertex of G then every component of
G — u contains an element of S.

Proof. Since every total edge geodetic dominating set is an edge geodetic domi-
nating set, the result follows.

Theorem 10. For any connected graph G,
2 < Y0(G) < et (G) < p-

Proof. Any total geodetic dominating set needs at least two vertices and so
v4t(G) > 2. Since every total edge geodetic dominating set is a total geodetic
dominating set of G, 74 (G) < Y4et(G). Since V(G) is a connected set of G, it is
clear that v, (G) < p. Hence 2 < v4(G) < 74e(G) < p.

Remark 11. The bounds wn Theorem 10 are sharp. In the Example 2, p =
7, ’Vgt(G> =4, 796t<G) =5.
Corollary 12. Let G be a connected graph. If v4i(G) = 2 then v,.(G) = 2.

Remark 13. For the complete graph G = Ks,74e(G) = 2 and for the complete
graph K, v4e:(G) = p so that the total edge geodetic domination number of a graph
attains its least value 2 and largest value p.

Also we notice that for any cycle of order at least 4, the edge geodetic domination
number is 2, whereas the total edge geodetic domination number is 3. This shows
that the converse of the Corollary 12 need not be true.

The following theorem characterizes graphs for which v4e(G) = 2.

Theorem 14. For any connected graph G, v,e(G) = 2 if and only if G = K.

Proof. If G = K>, then v,.(G) = 2. Conversely, let v,e(G) = 2. Let S = {u,v}
be a minimum total edge geodetic dominating set of G. Then ww is an edge. It
is clear that a vertex different from w and v cannot lie on a u - v geodesic and so

G:KQ.

Theorem 15. Let G be a connected graph with at least 2 vertices. Then vge(G)
< 27,(G).

Proof. Let S = {z1,x9,..., 2} be a minimum edge geodetic dominating set of G.
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Let y; € N(z;) fori =1,2,...,k and T = {y1,%2,...,yx}- Then SUT is a total
edge geodetic dominating set of G so that v,..(G) < |SUT| <2 v,(G).

Theorem 16. For the complete bipartite graph G = K, »,

2 if m=n=1,
Yoet (G) = S m+n if m=1andn > 2,
min{m,n}+1 if m,n>2

Theorem 17. Let G be a connected graph of order p > 3. Then Vet (G) = 3 if
and only if G = K3 or G = Ko+ H, where H is a graph of order p - 2.

Proof. First, suppose that G = K3. Then by Corollary 8, v,:(G) = 3. Next,
suppose that G = K, + H, where H is a graph of order p 2. Let V(K3) = {u1, us}.
Then for any vertex v of H, the set S = {v,u;,us} is a minimum total edge
geodetic dominating set of G and so v,(G) = 3. Conversely, let v,.:(G) = 3. Let
S1 = {v1,v2,v3} be a minimum total edge geodetic dominating set of G. Then
the subgraph induced by S; contains at least two edges, say vivy and vouz. If viv3
is an edge, then it follows that G = Kj3. If vjvs3 is not an edge, then each vertex
v ¢ S7 must lie on a geodesic joining v; and vz so that this geodesic is of length
2. It follows that v is adjacent to both v; and v3. Hence G = Ky + H, where
V(K3) = {vy,v3} and H is a graph of order p — 2.

Corollary 18. For any connected graph G with k extreme vertices, max {2, k} <
Yget (G) < p.
Proof. This follows from Theorems 4 and 7.

Corollary 19. Let G be a connected graph of order p > 3. If G contains exactly
one universal vertez, then v, (G) =p — 1.

Theorem 20. Let G be a connected graph of order p > 3. If G contains a cut-
vertex of degree p — 1 then vy (G) = p — 1.

Proof. Let v be a cut vertex of G of degree p — 1. Then it follows that v is the
only vertex of degree p — 1. Hence by Corollary 19, v,.:(G) = p — 1.

3. Realisation Results

Theorem 21. For any three integers 2 < a < b < ¢, there exists a connected graph
G with g.(G) = a, Y4(G) = b and v,:(G) = c.

Proof. Let Hy : ¢y, o, c3,c4 be a copy of Cy. Let Hy be a graph obtained from H,
by adding a copy of star K ,_; with leaves z1,zs, ..., 2,1 and the support vertex
co. Let Hs be the graph obtained from H; by subdivide the edges xz;, where
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1 <i < c—b, calling the new vertices yy, ys, - . ., Yo—p Where x; is adjacent to y;. We
then introduce three set of b—a — 1 vertices uq, us, ..., Up—q—1 and vy, Vo, ..., Vp_q_1
and wy, wa, ..., Wy_q_1-

Also each vertex u; (1 <i<b—a—1) is adjacent with v; and each v; (1 <
i <b—a—1)is adjacent with w;. Let G be the graph obtained by joining each
u; (1 <i<b—a—1) toanew vertex u and joining each w; (1 <i<b—a—1) to
Zq—1 as shown in the Figure 02.

’ , \
Vp—a—1 Wh—a—1\
Y

G Figure 02

Let S; = {x1,x2,...,24_1,u}. Then S; is a minimum edge geodetic set and there-
fore go.(G) = (a— 1)+ 1 =a. Let Sy = S; U{co,us,ug,...,up_q_1}. Then S, is a
minimum edge geodetic dominating set and hence v,.(G) = a+(b—a —1)+1 =b.
Let S3 = SoU{y1,¥2,...,Ycp}. Clearly Sz is a minimum total edge geodetic dom-
inating set and hence v,(G) =b+c—b=rc.

Theorem 22. For every pair k,p of integers with 3 < k < p, there exists a con-
nected graph of order p such that v,(G) = k.

Proof. Let u, v, w, z be a path on four vertices. Take k — 3 new vertices uq, us, ...,
uy—3 and join each u; with w and z. Also take p—k—1 new vertices vy, v, ..., Up_g_1
and join each v; with the two vertices u and w, we get the connected graph G (see
Figure 03). Clearly |V (G)|=(k—3)+4+(p—k—1)=p.
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The set of extreme vertices S; = {uy, us,...,ux_3} is not an edge geodetic domi-

nating set of G. Clearly So= S;U{u, 2z} is a minimum edge geodetic dominating set
of G. Let S3 = Sy U {v}. Clearly S3 is a minimum total edge geodetic dominating
set of G and |S3| = k — 3+ 3 = k. Hence 7,.(G) = k.
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