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Abstract: In this paper the concept of total edge geodetic domination number of a
graph is introduced. A set of vertices S of a graph G is called a total edge geodetic
set if S is an edge geodetic set and its induced subgraph has no isolated vertices.
The minimum cardinality of all total edge geodetic sets of G is called the total edge
geodetic number and is denoted by get(G). A total edge geodetic dominating set is
an edge geodetic dominating set and its induced subgraph has no isolated vertices.
The minimum cardinality of all such total edge geodetic dominating sets of G is
called the total edge geodetic domination number and is denoted by γget(G). It is
shown that for every pair of integers a, b and c such that 2 ≤ a ≤ b ≤ c, there exist
a connected graph G of order p with ge(G) = a, γge(G) = b and γget(G) = c. Also,
for any positive integers m, p with 3 ≤ m ≤ p then there is a connected graph G
of order p such that γget(G) = m.
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1. Introduction

By a Graph G = (V,E), we mean a simple graph of order at least two. The
order and size of G are denoted by p and q, respectively. For basic graph theoretic
terminology, (see [3], [6]). The neighbourhood of a vertex v is the set N(v) con-
sisting of all vertices u which are adjacent with v. The closed neighbourhood of a
vertex v is the set N [v] = N(v)∪N {v}. A vertex v is an extreme vertex if the sub
graph induced by its neighbours is complete. A vertex v is a semi-extreme vertex
of G if the sub graph induced by its neighbours has a full degree vertex in N(v).
In particular, every extreme vertex is a semi-extreme vertex and a semi-extreme
vertex need not be an extreme vertex.(see [12]).

For vertices u and v in a connected graph G, the distance d(u, v) is the length
of a shortest u − v path in G. A u − v path of length d(u, v) is called a u − v
geodesic. A geodetic set of G is a set S ⊆ V (G) such that every vertex of G is
contained in a geodesic joining some pair of vertices in S. The geodetic number
g(G) of G is the minimum order of its geodetic sets. An edge geodetic set of G is
a set S ⊆ V (G) such that every edge of G is contained in a geodesic joining some
pair of vertices in S. The edge geodetic number ge(G) of G is the minimum order
of its edge geodetic sets.(see [4], [7]).

A dominating set in a graph G is a subset of vertices of G such that every vertex
outside the subset has neighbour in it. The size of a minimum dominating set in a
graph G is called the domination number of G and is denoted by γ(G). A geodetic
dominating set of G is a subset of V (G) which is both geodetic and dominating
set of G. The minimum cardinality of a geodetic dominating set is denoted by
γg(G).(see [5], [8], [9], [10], [11], [13], [14]).

An edge geodetic dominating set of G is a subset of V (G) which is both edge
geodetic and dominating set of G. The minimum cardinality of an edge geodetic
dominating set is denoted by γge(G). An edge dominating set S is said to be a
total edge dominating set if its induced subgraph has no isolated vertices.

2. Total Edge Geodetic Domination Number of a Graph

Definition 1. A total edge geodetic dominating set of a graph G is an edge
geodetic dominating set S such that the subgraph induced by S has no isolated
vertices. The minimum cardinality among all the total edge geodetic dominating
set of G is called the total edge geodetic domination number and is denoted by
γget(G).

Example 2. Consider the graph given in Figure 01. Here S1 = {v1, v4, v5, v6} is a
minimum total geodetic dominating set and S2 = {v1, v4, v5, v6, v7} is a minimum
total edge geodetic dominating set. Therefore γgt(G) = 4 and γget(G) = 5.
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G Figure 01

Definition 3. A vertex v of a connected graph G is called a support vertex of G
if it is adjacent to an end vertex of G.

Theorem 4. Each extreme vertex belongs to every total edge geodetic dominating
set.

Proof. Since each extreme vertex belongs to every edge geodetic dominating set,
these extreme vertices also belong to every total edge geodetic dominating set.

Remark 5. Every total edge geodetic dominating set is a total geodetic dominating
set, whereas the converse is not true. In the Figure 01, the set {v1, v4, v5, v6} is a
minimum total geodetic dominating set but it is not a total edge geodetic dominat-
ing set.

Theorem 6. If a graph G of order p has no isolated vertices, then γget(G) ≤
p− δ(G) + 1.

Theorem 7. Each extreme vertex and each support vertex of a connected graph G
belong to every total edge geodetic dominating set of G. If the set of all extreme
vertices and support vertices form a total edge geodetic dominating set, then it is
the unique minimum total edge geodetic dominating set of G.

Proof. Since every total edge geodetic dominating set is an edge geodetic domi-
nating set , by Theorem 4, each extreme vertex belongs to every total edge geodetic
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dominating set. Since a total edge geodetic dominating set has no isolated vertices,
it follows that each support vertex of G also belongs to every total edge geodetic
dominating set.

Corollary 8. For the complete graph Kp(p ≥ 2), γget(G) = p.

Theorem 9. Let G be a connected graph with cut-vertices and let S be a total edge
geodetic dominating set of G. If u is a cut-vertex of G then every component of
G− u contains an element of S.

Proof. Since every total edge geodetic dominating set is an edge geodetic domi-
nating set, the result follows.

Theorem 10. For any connected graph G,
2 ≤ γgt(G) ≤ γget(G) ≤ p.

Proof. Any total geodetic dominating set needs at least two vertices and so
γgt(G) ≥ 2. Since every total edge geodetic dominating set is a total geodetic
dominating set of G, γgt(G) ≤ γget(G). Since V (G) is a connected set of G, it is
clear that γget(G) ≤ p. Hence 2 ≤ γgt(G) ≤ γget(G) ≤ p.

Remark 11. The bounds in Theorem 10 are sharp. In the Example 2, p =
7, γgt(G) = 4, γget(G) = 5.

Corollary 12. Let G be a connected graph. If γget(G) = 2 then γge(G) = 2.

Remark 13. For the complete graph G = K2, γget(G) = 2 and for the complete
graph Kp, γget(G) = p so that the total edge geodetic domination number of a graph
attains its least value 2 and largest value p.
Also we notice that for any cycle of order at least 4, the edge geodetic domination
number is 2, whereas the total edge geodetic domination number is 3. This shows
that the converse of the Corollary 12 need not be true.
The following theorem characterizes graphs for which γget(G) = 2.

Theorem 14. For any connected graph G, γget(G) = 2 if and only if G = K2.

Proof. If G = K2, then γget(G) = 2. Conversely, let γget(G) = 2. Let S = {u, v}
be a minimum total edge geodetic dominating set of G. Then uv is an edge. It
is clear that a vertex different from u and v cannot lie on a u - v geodesic and so
G = K2.

Theorem 15. Let G be a connected graph with at least 2 vertices. Then γget(G)
≤ 2γg(G).

Proof. Let S = {x1, x2, . . . , xk} be a minimum edge geodetic dominating set of G.
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Let yi ∈ N(xi) for i = 1, 2, . . . , k and T = {y1, y2, . . . , yk}. Then S ∪ T is a total
edge geodetic dominating set of G so that γget(G) ≤ |S ∪ T | ≤ 2 γg(G).

Theorem 16. For the complete bipartite graph G = Km,n,

γget(G) =


2 if m = n = 1,

m+ n if m = 1 and n ≥ 2,

min {m,n}+ 1 if m,n ≥ 2

Theorem 17. Let G be a connected graph of order p ≥ 3. Then γget(G) = 3 if
and only if G = K3 or G = K2 +H, where H is a graph of order p - 2.

Proof. First, suppose that G = K3. Then by Corollary 8, γget(G) = 3. Next,
suppose that G = K2 +H, where H is a graph of order p 2. Let V (K2) = {u1, u2}.
Then for any vertex v of H, the set S = {v, u1, u2} is a minimum total edge
geodetic dominating set of G and so γget(G) = 3. Conversely, let γget(G) = 3. Let
S1 = {v1, v2, v3} be a minimum total edge geodetic dominating set of G. Then
the subgraph induced by S1 contains at least two edges, say v1v2 and v2v3. If v1v3
is an edge, then it follows that G = K3. If v1v3 is not an edge, then each vertex
v /∈ S1 must lie on a geodesic joining v1 and v3 so that this geodesic is of length
2. It follows that v is adjacent to both v1 and v3. Hence G = K2 + H, where
V (K2) = {v1, v3} and H is a graph of order p− 2.

Corollary 18. For any connected graph G with k extreme vertices, max {2, k} ≤
γget(G) ≤ p.

Proof. This follows from Theorems 4 and 7.

Corollary 19. Let G be a connected graph of order p ≥ 3. If G contains exactly
one universal vertex, then γget(G) = p− 1.

Theorem 20. Let G be a connected graph of order p ≥ 3. If G contains a cut-
vertex of degree p− 1 then γget(G) = p− 1.

Proof. Let v be a cut vertex of G of degree p − 1. Then it follows that v is the
only vertex of degree p− 1. Hence by Corollary 19, γget(G) = p− 1.

3. Realisation Results

Theorem 21. For any three integers 2 ≤ a ≤ b ≤ c, there exists a connected graph
G with ge(G) = a, γge(G) = b and γget(G) = c.

Proof. Let H1 : c1, c2, c3, c4 be a copy of C4. Let H2 be a graph obtained from H1

by adding a copy of star K1,a−1 with leaves x1, x2, . . . , xa−1 and the support vertex
c2. Let H3 be the graph obtained from H1 by subdivide the edges xxi, where
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1 ≤ i ≤ c− b, calling the new vertices y1, y2, . . . , yc−b where xi is adjacent to yi. We
then introduce three set of b−a−1 vertices u1, u2, . . . , ub−a−1 and v1, v2, . . . , vb−a−1

and w1, w2, . . . , wb−a−1.
Also each vertex ui (1 ≤ i ≤ b− a− 1) is adjacent with vi and each vi (1 ≤

i ≤ b −a − 1) is adjacent with wi. Let G be the graph obtained by joining each
ui (1 ≤ i ≤ b− a− 1) to a new vertex u and joining each wi (1 ≤ i ≤ b− a− 1) to
xa−1 as shown in the Figure 02.

G Figure 02

Let S1 = {x1, x2, . . . , xa−1, u}. Then S1 is a minimum edge geodetic set and there-
fore ge(G) = (a− 1) + 1 = a. Let S2 = S1 ∪ {c2, u1, u2, . . . , ub−a−1}. Then S2 is a
minimum edge geodetic dominating set and hence γge(G) = a+(b− a− 1)+1 = b.
Let S3 = S2 ∪{y1, y2, . . . , yc−b}. Clearly S3 is a minimum total edge geodetic dom-
inating set and hence γget(G) = b+ c− b = c.

Theorem 22. For every pair k, p of integers with 3 ≤ k ≤ p, there exists a con-
nected graph of order p such that γget(G) = k.

Proof. Let u, v, w, z be a path on four vertices. Take k−3 new vertices u1, u2, . . . ,
uk−3 and join each ui with w and z. Also take p−k−1 new vertices v1, v2, . . . , vp−k−1

and join each vi with the two vertices u and w, we get the connected graph G (see
Figure 03). Clearly |V (G)| = (k − 3) + 4 + (p− k − 1) = p.
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G Figure 03

The set of extreme vertices S1 = {u1, u2, . . . , uk−3} is not an edge geodetic domi-
nating set of G. Clearly S2= S1∪{u, z} is a minimum edge geodetic dominating set
of G. Let S3 = S2 ∪ {v}. Clearly S3 is a minimum total edge geodetic dominating
set of G and |S3| = k − 3 + 3 = k. Hence γget(G) = k.
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