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Abstract: Let G be a connected graph with vertex set V(G) and edge set E(G).
The first and second K Banhatti indices of G are defined as By(G) = >, [da(u) +
da(e)] and By(G) =Y, lda(u)de(e)], where ue means that the vertex u and edge
e are incident in G. The first and second K hyper-Banhatti indices of G are defined
as HB(G) =Y, lda(u) + dg(e)]? and HBy(G) =Y, [de(u)de(e)]?, respectively.
In this paper, we compute the first and second K Banhatti indices of windmill
graphs. In addition, the first and second K hyper-Banhatti indices of dutch and
french windmill graphs are determined.
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1. Introduction

All graphs considered in this paper are finite, connected, undirected without
loops and multiple edges. Any undefined term in this paper may be found in Kulli
[5].

Let G be a connected graph with vertex set V(G) and edge set E(G). The
degree dg(v) of a vertex v is the number of vertices adjacent to v. The edge
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connecting the vertices v and v will be denoted by uv. Let dg(e) denote the degree
of an edge e in G, which is defined by dg(e) = dg(u) + dg(v) — 2 with e = uw.

A molecular graph is a graph such that its vertices correspond to the atoms
and the edges to the bonds. In Chemical Science, the physico- chemical properties
of chemical compounds are often modeled by means of molecular graph based
structure descriptors, which are also referred to as topological indices, see [3].

The first and second K Banhatti indices of G are defined as B1(G) =Y [da(u)+
da(e)] and B2 (G) =Y, [da(u)dg(e)], where ue means that the vertex u and edge e
are incident in G. The K Banhatti indices were introduced by Kulli in [6]. Recently
many other indices were studied, for example, in [1], [4], [7], [8] and [10].

The first and second K hyper-Banhatti indices of G are defined as HB,(G) =
Y ouelda(u) + dg(e)]? and HBy(G) = Y, [da(u)dg(e)]*. The K hyper-Banhatti
indices were introduced by Kulli in [9].

In this paper, we consider dutch and french windmill graphs and determine
their K Banhatti indices and also their K hyper-Banhatti indices.

2. Dutch windmill graph

The dutch windmill graph D™ is the graph obtained by taking m > 1 copies
of the cycle C),; n > 3 with a vertex in common. This graph is shown in Figure-1.
The dutch windmill graph Dém) is called a friendship graph. For more details on
windmill graph, see [2].
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Figure 1: Dutch windmill graph of D{™.
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2.1. K Banhatti indices of D™

Theorem 2.1. The first K Banhatti index of a dutch windmill graph is 4m(3m +
2n — 3).

Proof: Let G = Dém), where D™ is a dutch windmill graph. By algebraic method,
we get |[V(G)| = m(n —1)+ 1 and |E(G)| = mn. We have two partitions of the
vertex set V(G) as follows:

Vo ={v e V(G) :dg(v) =2}, |Va| =m(n —1), and

Vo = {v € V(G) : dg(v) = 2m}, |Van| = 1.

Also we have two partitions of the edge set E(G) as follows:

E,=E; ={w € E(GQ) : dg(u) = 2,dg(v) = 2m}, |Ey| = |E}| = m(n — 2), and
Eomio = By, = {uv € E(G) : dg(u) = dg(v) = 2}, [Eanya| = |E5p,,| = 2m.
The edge degree partition of the dutch windmill graph G is given in table-1.

dg(u),dg(v) re=uwv € E(G) | (2,2) | (2,2m)
2

dg(e)
Number of edges m(n — 2) 2m

2m

Table 1: Edge degree partition of D™,

Now Bi(G) = >, [do(u) + da(e)] = D _pen,[(do(u) + dale)) + (da(v) +
da(€))] + D emuve o, (da(w) +da(e)) + (da(v) + da(e))]
=m(n—2)[(2+2)+ (24 2)] + 2m[(2 + 2m) + (2m + 2m)]
= 8m(n — 2) +2m(2 + 6m)
= 4m(3m + 2n — 3).

Corollary 2.1. The first K Banhatti index of a friendship graph Dém) is 12m(m+
1).

Theorem 2.2. The second K Banhatti index of a dutch windmill graph is 8m(m?+
m+n—2).

Proof: Let G = D{™, where D{™ is a dutch windmill graph. Now By (G) =
Ywelda(u)da(e)] = 3o ep;[(da(u)da(e)) + (da(v)da(e))] +

S, [(d6(u)dg(e)) + (da(0)de(e))]

=m(n — 2)[(2 x 2) + (2 x 2)] + 2m[(2 x 2m) + (2m x 2m)]

= 8m(n — 2) + 2m(4m + 4m?)

= 8m(m?*+m+n —2).
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Corollary 2.2. The second K Banhatti index of a friendship graph Dém) 18
8m(m? +m+1).

2.2. K hyper - Banhatti indices of D{™

Theorem 2.3. The first K hyper-Banhatti index of a dutch windmill graph is
8m(5m? +2m +4n — 7).

Proof: Let G = DY™, where D{™ is a dutch windmill graph. Now HBi(G) =
Youelda(u) + da(€)]? = 3 pep, [(da(u) + da(e)? + (da(v) + da(e))?] +

Y emuve Byl (da(w) + da(e))® + (da(v) + da(e))’]

=m(n—2)[(2+2)* + (24 2)%] + 2m[(2 4+ 2m)* + (2m + 2m)?|

= 32m(n — 2) + 2m(4 + 8m + 4m? + 16m?)

= 8m(5m? + 2m +4n — 7).

Corollary 2.3. The first K hyper-Banhatti index of a friendship graph Dém) 18
8m(5m? + 2m + 5)

Theorem 2.4. The second K hyper-Banhatti index of a dutch windmill graph is
32m(m* +m? +n — 2).

Proof: Let G = D{™, where D{™ is a dutch windmill graph. Now H By(G) =
2uelda(u)da(e)]* = 3o ep; [(da(u)da(e))” + (da(v)da(e))] +

> e, [(d6(u)d(©) + (da(v)dae))?)

=m(n—2)[(2 x 2)2+ (2 x 2)}] + 2m[(2 x 2m)? + (2m x 2m)?|
= 32m(n — 2) + 2m(16m? + 16m*)

= 32m(m* + m? + n — 2).

Corollary 2.4. The second K hyper-Banhatti index of a friendship graph Dém) 18
32m(m* +m? +1).
3. French windmill graph

The french windmill graph F™ s the graph obtained by taking m > 2 copies
of the complete graph K, ;n > 2 with a vertex in common. This graph is shown
in Figure-2. The french windmill graph F2(m) is called a star graph, the french
windmill graph Fg(m) is called a friendship graph and the french windmill graph
F? is called a butterfly graph. Further, note that F\™ is same as D{™.
3.1. K Banhatti indices of F\"

Theorem 3.1. The first K Banhatti index of a french windmill graph is m(n* —
3n+2)3n—5)+ (n—1)m[3(n—1)(m+1) —4].

Proof: Let G = FT(Lm), where F\™ is a french windmill graph.
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mn(n — 1)

Clearly, we get |[V(G)| =m(n—1)+ 1 and |E(G)| = 5

Figure 2: French windmill graph of E™.

We have two partitions of the vertex set V(G) as follows:
Voo ={v € V(G) : dg(v) =n — 1}, |V,—1| = m(n — 1), and
Vin-iym = {v € V(G) : da(v) = (n — I)m}, [Vip—1ym| = L.
Also we have two partitions of the edge set F(G) as follows:
Esyn-1) = B3, 1y = {uv € E(G) : da(u) = da(v) =n — 1},

i n(n—1) m(n? — 3n + 2)
| Ean-1)| = |E2(n—1)| =m[———(n—-1)] = B , and
Esg-tym = B3, 1y = {wv € E(G) 1 da(u) = n—1,da(v) = (n — 1)m},
| Ea(n-1)m| = |E;(n71)m| = (n—1)m.

The edge degree partition of the french windmill graph G is given in table-2. Now

da(u),dg(v):e=uw e E(G) | (n—1,n—1) | (n—1),(n—1)m)

dg(e) 2n — 4 (n—1)(m+1)—2

m(n® — 3n + 2)
2

Number of edges (n—1)m

Table 2: Edge degree partition of £,

Bi(G) =2 lda(w) +da(e)] = X emvue,,_, [(do(u) + da(e)) + (da(v) + da(e))] +
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D e By 1y (da(w) +da(e)) + (da(v) + da(e))]

_ m(n? _23n+2) (n—1)+2n—4)+n—-1D+2n—4)]+n—1)m[n—1)+

(n—1)(m+1)—24+Mn—-1)m+(n—-1)(m+1) -2

=m(n*—3n+2)3n—5)+ (n—1)m[3(n — 1)(m+1) — 4].
Corollary 3.1. The first K Banhatti index of a star graph Fz(m) is m(3m —1).
Corollary 3.2. The first K Banhatti index of a butterfly graph FFEQ) 15 72.

Theorem 3.2. The second K Banhatti index of a french windmill graph is m(n —
1)2{2(n—2)*+(n—1)(m+1)2=2(m+1)}.
Proof: Let G = F\™, where F™ is a french windmill graph. Now By(G) =
Yovelda(u)da(e)] = Y ier,, , [(da(u)da(e)) + (da(v)da(e))]

ety [da(w)da(e)) + (da(v)de(e))

_ min _23” +2) [(n—1)(2n — 4) + (n — 1)(2n — 4)]

+m=1m{(n—D[n—-1)(m+1)—=2]+ (n—1)m[(n—1)(m+1) — 2|}

=2m(n* —3n+2)(n—1)(n —2)
+ (n—1m[n—1){(n—=1)(m+1) =24+ m[(n—1)(m+1) — 2]}

=mn—-12{2n -2+ n-1)(m+1)*=2(m+1)}.
Corollary 3.3. The second K Banhatti index of a star graph Fz(m) ism(m—1)(m+
1).
Corollary 3.4. The second K Banhatti index of a butterfly graph F3(2) 15 112.
3.2. K hyper - Banhatti indices of F\"”

Theorem 3.3. The first K hyper-Banhatti index of a french windmill graph is
(n—1m[(n—2)3n—5)2+ (n — 1)2(bm* + 8m +5) + 8 — 12(n — 1)(m + 1)].
Proof: Let G = F\™, where F™ is a french windmill graph. Now HB(G) =
Duelda(u) +da(e)]® = 3 _yuep,,, , [(da(u) +da(e))* + (da(v) + da(e))?] +
St (o) + do(€)? 1 (de(v) + do(e))?

m(n® — 3n + 2)

= 5 {l(n=1)+2n =4 +[(n - 1) + (2n - 4]}
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+n=1m{{(n=1)+n-1(m+1)=2P+[n—1m+ (n—1)(m+1)— 2%}

=mn—1)n-2)Bn-=52%+n—1)m[(n—1>*(m+2)*>+4—4(n—1)(m+
2)+(n—122m+1)*+4—4(n—-1)(2m+1)]

=(n—=1m[n-2)3n =52+ (n—1)2(5m? +8m +5) +8 —12(n — 1)(m + 1)].
Corollary 3.5. The first K hyper-Banhatti index of a star graph F2(m) is m[5bm? —
4m + 1].
Corollary 3.6. The first K hyper-Banhatti index of a butterfly graph F§2) 15 464.

Theorem 3.4. The second K hyper-Banhatti index of a french windmill graph is
m(n —1)3{4(n — 2)> + (m* + 1)(mn + n — m — 3)*}.

Proof: Let G = Fn(m), where Fém) is a french windmill graph. Now HBy(G) =
P, (WO = X e, [[da(u)de(c))?
+Hda(v)da(€))] + Xemwep, o, [(de(w)da(e))? + (da(v)da(e))?]

_min _23n 2 (- 1)(@2n — P + [(n - 120 — D)

+ (n = Dm{[(n = D[(n = 1)(m + 1) = 2] + [(n = Dm((n — 1)(m + 1) — 2)]*}

=m(n—1)(n—2)4(n—1)2(n—2)*+(n—1)m(n—1)%[(n—1)(m+1)—2]*(m?*+1)
=4m(n —1)3(n — 2>+ (n — 1)>m(m* + 1)[mn +n —m — 3]?

=m(n—1)*4(n—2)>+ (m*+1)(mn+n—m— 3)*}.

Corollary 3.7. The second K hyper-Banhatti index of a star graph FZ(m) is m(m?*+
1)(m —1)2

Corollary 3.8. The second K hyper-Banhatti index of a butterfly graph F§2) S
1344.
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