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Abstract: Recently Kushwah et al [1] have provided closed-form expressions for
a number of general integrals involving the I-function of two variables. Motivated
by this recent work, we establish several multiples integrals involving the products
of the generalized multivariable I-function in terms of multiple Mellin-Barnes type
contour integral. Some attractives integrals involving the product of orthogonal
polynomials and generalized hypergeometric function have also been obtained as
particular cases of the main results.
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1. Introduction and preliminaries
The object of this document is to study a number of a general integrals involving

the generalized multivariable I-function. These function generalize the multivari-
able I-function recently study by C.K. Sharma and Ahmad [4]. The generalized
multivariable I-function is an a generalisation of G and H-functions of multiple
variables. The multiple Mellin-Barnes integral occurring in this paper will be re-
ferred to as the generalized multiple I-function throughout our present study and
will be defined and represented as follows.

For convenience, we will ask.

Ri = pi, qi;R;Ri′ = pi′ , qi′ ;R : ... : Ri(r) = pi(r) , qi(r) ;R (1.1)

A(r) = {(aj;α(1)
j , ..., α

(r)
j )1,n}, {(aji;α(1)

ji , ..., α
(r)
ji )n+1,pi} (1.2)

B(r) = {(bj; β(1)
j , ..., β

(r)
j )1,m}, {(bji; β(1)

ji , ..., β
(r)
ji )m+1,qi} (1.3)
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C(1) = {(c(1)j ; γ
(1)
j )1,n1}, {(c

(1)
ji ; γ

(1)
ji )n1+1,pi′

} (1.4)

C(r) = {(c(r)j ; γ
(r)
j )1,nr}, {(c

(r)

ji(r)
; γ

(r)

ji(r)
)nr+1,p

i(r)
} (1.5)

D(1) = {(d(1)j ; δ
(1)
j )1,m1}, {(d

(1)
ji′ ; δ

(1)
ji′ )m1+1,qi′

} (1.6)

D(r) = {(d(r)j ; δ
(r)
j )1,mr}, {(d

(r)

ji(r)
; δ

(r)

ji(r)
)mr+1,q

i(r)
} (1.7)

dx1...dxr = dxj and ds1...dsr = dsj (1.8)

We have

I(x1, ..., xr) = Im,n:m1,n1;...;mr,nr

Ri:Ri′ ;...;Ri(r)


x1
.
.
.
xr

∣∣∣∣∣∣∣∣∣∣
A(r) : C(1); ...;C(r)

B(r) : D(1); ...;D(r)


=

1

(2πω)r

∫
L1

...

∫
Lr

ψ(s1, ..., sr)
r∏
j=1

φ(sj)x
sj
j ds1...dsr (1.9)

where

ψ(s1, ..., sr) =

m∏
j=1

Γ(bj −
r∑

k=1

β
(k)
j sk)

n∏
j=1

Γ(1− aj +
r∑

k=1

α
(k)
j sk)

R∑
i=1

[
pi∏

j=n+1

Γ(aji −
r∑

k=1

α
(k)
ji sk)

qi∏
j=m+1

Γ(1− bji +
r∑

k=1

β
(k)
ji sk)

] (1.10)

and

φj(sj) =

mj∏
l=1

Γ(d
(j)
l − δ

(j)
l sj)

nj∏
l=1

Γ(1− c(j)l + γ
(j)
l sj)

r∑
i=1

 qi∏
l=mj+1

Γ(1− d(j)lj + δ
(j)
lj sj)

pi∏
l=nj+1

Γ(c
(j)
lj − γ

(j)
li sj)

 (1.11)

where j = 1 to r and k=1 to r.
Suppose, as usual, that the parameters ai, j = 1, ..., n; aji, j = n+ 1, ..., pi; bji, j =

1, ..., qi; c
(k)
j , j = 1, ..., n cji(k) , j = nk + 1, ..., qi(k) ; d

(k)
j , j = 1, ...,mk; d

(k)

ji(k)
, j =

mk + 1, ..., qi(k) ; with k=1 to r, i=1 to R, i(k) = 1 to R are complex numbers, and
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the α′s, β′s, γ′s and are assumed to be positive real numbers for standardization
purpose such that

Uk =
n∑
j=1

α
(k)
j +

m∑
j=1

β
(k)
j +

pi∑
j=n+1

α
(k)
ji +

nk∑
j=1

γ
(k)
j −

p
(k)
i∑

j=nk+1

γ
(k)

ji(k)

−
qi∑
j=1

β
(k)
ji −

mk∑
j=1

δ
(k)
j −

q
(k)
i∑

j=mk+1

δ
(k)

ji(k)
≤ 0 (1.12)

The contour Lk is in the sk-plane and run from σ − i∞ to σ + i∞ where σ is a

real number with loop , if necessary ,ensure that the poles of Γ(bj −
r∑
i=1

β
(k)
j sk)

with j = 1 to m, Γ(d
(k)
j − δ

(k)
j sk) with j = 1 to mk lie to the right and the poles

of Γ(1 − aj +
r∑
i=1

α
(k)
j sk) with j = 1 to n, Γ(1 − c

(k)
j + γ

(k)
j sk) with to j = 1 to

nk the left of the contour Lk. The condition for absolute convergence of multiple
Mellin-Barnes type contour (1.9) can be obtained by extension of the corresponding

conditions for multivariable H-function given by as: | arg xk| <
1

2
Ai(k)π, where

A
(k)
i =

n∑
j=1

α
(k)
j −

pi∑
j=n+1

α
(k)
ji +

m∑
j=1

β
(k)
j −

qi∑
j=m+1

β
(k)
ji +

nk∑
j=1

γ
(k)
j

−
p
(k)
i∑

j=nk+1

γ
(k)

ji(k)
+

mk∑
j=1

δ
(k)
j −

q
(k)
i∑

j=mk+1

δ
(k)

ji(k)
> 0, with k=1 to r, i=1 to R, i(k) = 1 to R

(1.13)
Throughout this document, we assume the existence and absolute convergence
conditions of the generalized multivariable I-function.

2. Multiples integrals with algebraic functions

(i) ∫ 1

0

...

∫ 1

0

r∏
j=1

x
ρj−1
j (1− xj)σj−1I(α1x1, ..., αrxr)dx1...dxr =

∫ 1

0

...

∫ 1

0

×

×
r∏
j=1

x
ρj−1
j (1− xj)σj−1

(
1

(2πω)r

∫
L1

...

∫
Lr

ψ(s1, ..., sr)
r∏
j=1

φ(sj)(αjxj)
sjdsj

)
dxj
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Now using the definition of beta function.∫ 1

0

xρ+s−1(1− x)σ−1dx =
Γ(ρ+ s)Γ(σ)

Γ(ρ+ σ + s)
(2.1)

Putting value of (2.1) in equation (1.1) , we get the following result :∫ 1

0

...

∫ 1

0

r∏
j=1

x
ρj−1
j (1− xj)σj−1I(α1x1, ..., αrxr)dx1...dxr =

r∏
j=1

Γ(ρj)Γ(σj)

Γ(ρj + σj)
×

Im,n:m1,n1+1;...;mr,nr+1

Ri:R11
i′ ;...;R

11

i(r)


α1

.

.

.
αr

∣∣∣∣∣∣∣∣∣∣
A(r) : (1− ρ1; 1), C(1); ...; (1− ρr; 1), C(r)

B(r) : (1− ρ1 − σ1; 1), D(1); ...; (1− ρr − σr; 1), D(r)


(2.2)

with R11
i′ = pi′ + 1, qi′ + 1; R, ..., R22

i(r)
= pi(r) + 1, qi(r) + 1; R

(ii) ∫ 1

0

...

∫ 1

0

r∏
j=1

x
ρj−1
j (1− xj)σj−1I(α1x1(1− x1), ..., αrxr(1− xr))dx1...dxr

=
r∏
j=1

Γ(ρj)Γ(σj)

Γ(ρj + σj)
Im,n:m1,n1+2;...;mr,nr+2

Ri:R11
i′ ;...;R

11

i(r)

×

×


α1

.

.

.
αr

∣∣∣∣∣∣∣∣∣∣
A(r) : (1− ρ1; 1), (1− σ1; 1), C(1); ...; (1− ρr; 1), (1− σr; 1), C(r)

B(r) : (1− ρ1 − σ1; 2), D(1); ...; (1− ρr − σr; 2), D(r)


(2.3)

with R11
i′ = pi′ + 1, qi′ + 1; R, ..., R22

i(r)
= pi(r) + 1, qi(r) + 1; R because∫ 1

0

xρ+s−1(1− x)σ+ρ−1dx =
Γ(ρ+ s)Γ(σ + s)

Γ(ρ+ σ + 2s)
(2.4)
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3. Simple integrals of multivariable I-function with orthogonals polyno-
mials
(a) Jacobi polynomial
(i)∫ 1

−1
...

∫ 1

−1

r∏
j=1

x
λj
j (1 + xj)

δj(1− xj)αjP (αj ,βj)
nj

(xj)I(z1(1 + x1)
h1 , ..., zr(1 + xr)

hr)dxj

=

∫ 1

−1
...

∫ 1

−1

r∏
j=1

x
λj
j (1 + xj)

δj(1− xj)αjP (αj ,βj)
nj

(xj)

(
1

(2πω)

∫
L1

...

∫
Lr

ψ(s1, ..., sr)
r∏
j=1

φ(sj)z
sj
j (1 + xj)

sjhjdsj

)
dxj

=
1

(2πω)

∫
L1

...

∫
Lr

ψ(s1, ..., sr)
r∏
j=1

φ(sj)z
sj
j

(∫ 1

−1
x
λj
j (1− xj)αj

(1 + xj)
δj+hjsjPαj ,βj

nj
(xj)dxj

)
dsj

Use the following formula : see V.P. Saxena , page 52 [3].∫ 1

−1
xλ(1− x)α(1 + x)δP (α,β)

n (x)dx = (−1)n2α+δ+1×

× Γ(δ + 1)Γ(n+ α + 1)Γ(δ + β + 1)

n!Γ(δ + β + n+ 1)Γ(δ + α + n+ 2)
3F2

(
−λ, δ + β + 1, δ + 1
δ + β + n+ 1, δ + α + n+ 2

)
(3.1)

Provided α > 1 and β > 1.
Further simplifying the hypergeometric function in terms of serie summation and
applied the definition of the Aleph function of two variables , we get the following
result.∫ 1

−1
...

∫ 1

−1

r∏
j=1

x
λj
j (1 + xj)

δj(1− xj)αjP (αj ,βj)
nj

(xj)I(z1(1 + x1)
h1 , ..., zr(1 + xr)

hr)dxj

=
r∏
j=1

(−)nj
2αj+δj+1Γ(αj + nj + 1)

nj!

∞∑
k1=1

...

∞∑
kr=1

∏
j = 1r

(−λj)kj2kj
kj!

×
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×Im,n:m1,n1+2;...;mr,nr+2

Ri:R22
i′ ;...;R

22

i(r)


z1
.
.
.
zr

∣∣∣∣∣∣∣∣∣∣
A(r) : (β1 − δ1 − k1;h1), (−δ1 − k1;h1),

B(r) : (β1 − δ1 + n1 − k1;h1), (−δ1 − α1 − n1

C(1); ...; (βr − δr − kr;hr), (−δr − kr;hr), C(r)

−k1 − 1;h1)D
(1); ...; (βr − δr + nr − kr;hr), (−δr − αr − nr − kr − 1;hr), D

(r)


(3.2)

with R22
i′ = pi′ + 2, qi′ + 2; R, ..., R22

i(r)
= pi(r) + 2, qi(r) + 2; R

(ii)∫ 1

−1
...

∫ 1

−1

r∏
j=1

(1− xj)ρj(1 + xj)
σjI(z1(1− x1)h1(1 + x1)

k1 , ..., zr(1− xr)hr(1 + xr)
kr)

×Pαj ,βj
nj (xj)dx1...dxr = 2

∑r
j=1(ρj+σj)+r

∞∑
l1=0

...
∞∑
lr=0

r∏
j=1

(−nj)lj(αj + βj + nj + 1)lj
(αj + 1)lj lj!

×

×Im,n:m1,n1+2;...;mr,nr+2

Ri:R21
i′ ;...;R

21

i(r)


2h1+k1z1
.
.
.
2hr+krzr

∣∣∣∣∣∣∣∣∣∣
A(r) : (−σ1, k1), (−ρ1 − l1;h1), C(1)

B(r) : (−1− ρ1 − σ1 − l1;h1 + k1), D
(1)

; ...; (σr; kr), (−ρr − lr;hr), C(r)

; ...; (−1− ρr − σr − lr;hr + kr), D
(r)

 (3.3)

with R21
i′ = pi′ + 2, qi′ + 1; R, ..., R21

i(r)
= pi(r) + 2, qi(r) + 1; R

(iii)∫ 1

−1
...

∫ 1

−1

r∏
j=1

(1−xj)δj(1+xj)
βjPαj ,βj

nj
(xj)P

ρj ,σj
mj

(xj)I(z1(1−x1)h1 , ..., zr(1−xr)hr)×
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×dx1...dxr =
r∏
j=1

2βj+δj+1Γ(βj + nj + 1)Γ(ρj +mj + 1)

mj!nj!
×

×
∞∑
k1=1

...
∞∑
kr=1

r∏
j=1

(−mj)kjΓ(ρj + σj +mj + 1)

kj!Γ(ρj + kj + 1)
×

Im,n:m1+1,n1+3;...;mr+1,nr+3

Ri:R44
i′ ;...;R

44

i(r)


2h1z1
.
.
.
2hrzr

∣∣∣∣∣∣∣∣∣∣
A(r) : (α1 − δ1 − k1;h1), (−δ1 − k1;h1), C(1)

B(r) : (−β1 − δ1 − k1 − n1 − 1;h1), D
(1)

, (α1 + n1 − δ1;h1), (α1 − δ1;h1); ...;C(r), (−δr − kr;hr),

, (α1 − δ1;h1), (α1 + n1 − δ1 − k1;h1), (α1 − δ1 + n1;h1); ...;D
(r), (αr − δr

, (αr + nr − δr;hr), (αr − δr − kr;hr), (αr − δr;hr)

+nr;hr), (αr − δr;hr), (αr + nr − δr − kr;hr), (−βr − δr − kr − nr − 1;hr)


(3.4)

with R44
i′ = pi′ + 4, qi′ + 4; R, ..., R44

i(r)
= pi(r) + 4, qi(r) + 4; R

(b) Legendre Polynomial

We have∫ 1

−1
...

∫ 1

−1

r∏
j=1

(1 + xj)
ρj+1Pνj(xj)I(α1(1 + x1)

γ1 , ..., αr(1 + xr)
γr)dx1...dxr

= 2
∑r

j=1 ρj ×Im,n:m1,n1+2;...;mr,nr+2

Ri:R22
i′ ;...;R

22

i(r)


α12

γ1

.

.

.
αr2

γr

∣∣∣∣∣∣∣∣∣∣
A(r) : (1− ρ1; γ1), (1− ρ1; γ1),

B(r) : (ρ1 − ν1; γ1), (1− ρ1 + ν1; γ1),
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, C(1); ...; (1− ρr; γr), (1− ρr; γr), C(r)

, D(1); ...; (ρr − νr; γr), (1− ρr + νr; γr), D
(r)

 (3.5)

with <(ρ) > 0, R22
i′ = pi′ + 2, qi′ + 2; R, ..., R22

i(r)
= pi(r) + 2, qi(r) + 2; R

(c) Hermite Polynomial∫ ∞
−∞

...

∫ ∞
−∞

r∏
j=1

e−x
2
jx

2ρj
j H2µj(xj)I(α1x

2a1
1 , ..., αrx

2ar
r )dx1...dxr =

∫ ∞
−∞

...

∫ ∞
−∞

r∏
j=1

×e−x2jx2ρjj H2µj(xj)

(
1

(2πω)r

∫
L1

...

∫
Lr

r∏
j=1

ψ(s1, ..., sr)φ(sj)[αjx
2aj
j ]sjdsj

)
dxj

=
1

(2πω)r

∫
L1

...

∫
Lr

ψ(s1, ..., sr)
r∏
j=1

φ(sj)α
sj
j

(∫ ∞
−∞

...

∫ ∞
−∞

r∏
j=1

e−x
2
j×

×x2(ρj+ajsj)H2µj(xj)dxj
)
dsj

Using the following formula∫ ∞
−∞

x2ρe−x
2

H2µ(x)dx =
π

1
2 2µ−ρΓ(2ρ+ 1)

Γ(ρ− µ+ 1)
(3.6)

We have ∫ ∞
−∞

...

∫ ∞
−∞

r∏
j=1

e−x
2
jx

2ρj
j H2µj(xj)I(α1x

2a1
1 , ..., αrx

2ar
r )dx1...dxr

= π
1
2 22

∑r
j=1(µj−ρj) × Im,n:m1+1,n1;...;mr+1,nr

Ri:R11
i′ ;...;R

11

i(r)


α12

−2a1

.

.

.
αr2

−2ar

∣∣∣∣∣∣∣∣∣∣
A(r) : (−2ρ1; 2a1),

B(r) : (µ1 − ρ1; a1),

, C(1); ...; (−2ρr; ar), C
(r)

, D(1); ...; (µr − ρr; ar), D(r)

 (3.7)
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with R11
i′ = pi′ + 1, qi′ + 1; R, ..., R11

i(r)
= pi(r) + 1, qi(r) + 1; R

(4) Generalized Hypergeometric Function

We note f (j)(kj) =

∏pj
l=1(gl)kj∏qj
l=1(hl)kj

×
a
kj
j

kj!
for j = 1 to r

∫ t1

0

...

∫ tr

0

r∏
j=1

x
ρj−1
j (tj − xj)σj−1 pjFqj [(gpj); (hqj);αjx

µj
j (tj − xj)ηj ]×

×I(α1x
µ1
1 (t1 − x1)ν1 , ..., αrxµrr (tr − xr)νr)dx1...dxr =

r∏
j=1

t
ρj+σj−1
j ×

×
∞∑
k1=1

...

∞∑
kr=1

r∏
j=1

f (j)(kj)t
(µj+ηj)kj
j Im,n:m1,n1+2;...;mr,nr+2

Ri:R11
i′ ;...;R

11

i(r)


α1t

µ1+ν1
1

.

.

.
αrt

µr+νr
r

∣∣∣∣∣∣∣∣∣∣
A(r) : C(1),

B(r) : D(1),

, (1− ρ1 − µ1k1;µ1), (1− σ1 − ν1k1; ν1); ...; (1− ρr − µrkr;µr),

, (1− ρ1 − σ1 − µ1k1 − ν1k1;µ1 + ν1); ...; (1− ρr − σr − µrkr − νrkr;µr + νr)

, (1− σr − νrkr; νr), C(r)

, D(r)

 (4.1)

with R11
i′ = pi′ + 1, qi′ + 1; R, ..., R11

i(r)
= pi(r) + 1, qi(r) + 1; R

5. conclusion
On specializing the parameters , the generalized multivariable I-function may

be reduced to I-function of two variables , see C.K.Sharma et al [5] , multivariable
H-function and generalized multivariable hypergeometric function and several other
higher transcendental functions .
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