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Abstract: This paper consists representations of different order of mock theta
functions and relations and expansions of partial mock theta functions, mock theta
functions of tenth, third, fifth and sixth order. Using a simple identity, we connect
the tenth order mock theta functions with partial tenth order mock theta functions
of third, fifth, and sixth order. In this paper, we study relations between fifth order
mock theta functions and third order mock theta functions and their partial sums.
we have studied expansions of a tenth order mock theta functions in terms of partial
mock theta function of tenth order also.

In this paper, we have established some new relations between mock theta functions
and partial mock theta functions using tenth, third, fifth, and sixth order mock
theta functions.
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1. Introduction
Ramanujan’s definition of a mock theta function and notations The
following g-notations have been used. For |g| < 1 and |¢*] < 1,

n—1

(a;q)n = [[(1 —ag), n>1
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(a:q)o = (a;¢")o =1

(a;¢")0 = H(l —ag")
(a)n = (a;q)n

A generalized basic hypergeometric series with base ¢; is defined as

j¢k(a17 az, ..., aj; bla ) bka q; Z)

ai,ag, ..., a

. J .
i { b by by 7

n 1+k—j
:| :Z (a1,a2,...,aj;Q)n (_1>nq< 2 ) Zn

(b17 an ) bk7 q; q)n

n=0

with ( g ) =n(n —1)/2, where ¢ # 0 when j > k + 1.

In his famous ”deathbed letter, Ramanujan introduced the notion of a mock
theta function.

Following Andrews and Hickerson and Zwegers we give the following version of
Ramanujan’s definition.

A mock theta function is a function f of the complex variable ¢, defined by a g-series
of a particular type (Ramanujan calls this the Eulerian form), which converges for
lg| < 1 and satisfies the following conditions:

(1) infinitely many roots of unity are exponential singularities,

(2) for every root of unity £ there is a theta function ¢(q) such that the difference
f(q) — 0¢(q) is bounded as q tends to £ radially,

(3) fis not the sum of two functions, one of which is a theta function and the other
a function which is bounded radially toward all roots of unity.

If M(q) = Z 2, is a mock theta function, then the corresponding partial mock

n=0
theta function is denoted by the terminating series,

My(q) =)

The complete list of mock theta functions of order 3 are

o0 TL2

. q
fla) = — (1+¢)*(1 +¢*)*..(1 +¢")? (1.1)

n
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B oo qn2
la) = nz:; (14+¢*)(1+q*)%..(1+¢*) (12)
B oo an
) = ; T IR (13)
B o an
xa) _nzzo (1-=g+¢)(1—g*+qg")...(1-q"+¢™) (14)
B & q2n(n71)
wiq) = HZ:O (1—q)2(1 — g3)2...(1 — g2n+1)2 (1.5)
B o qn(n+1)
vla) = HZ:O (T+q)(1+¢%)..(1 —g¢>*) (16)
_ © q2n(n+1) Lo
= ; 1+q+ @)1+ +¢°)..(1+ ¢+ + g*+2) (17)
Ramanujan gave 10 mock theta functions of order five which are given by
_ o0 qn2
- ( n+1 >
L 200(g) = Y (~Lighug \ (1.9)
n=0
o0 2n2
Folg) = ; (q?q2)oo (1.10)
Do(q) =Y (—a;4*)nq” (1.11)
0 qn2+n
1(q) = 1.12
fi(a) HZ:O - (1.12)
- 0 q2n2+2n
Fi(g)=) T (1.13)



78 J. of Ramanujan Society of Math.

oo

®1(q) = Y (=¢;¢*)ng™""

n=0

Vi(q) = i(—q)nq< ?QH 1 )

Xo(q) = 2Fo(q) — Po(—q)

x1(q) = 2F1(q) + ¢ ' ®1(—q)

Ramanujan gave seven mock theta functions of order six, given by

n+2
ola) = i q< 2(q; q2)> -

n=0

n

n+1

nn

M) = i (=1"¢"(¢:¢")n

(Andrews and Hickerson 1991).
Complete list of Tenth order mock theta functions are given by

n(n+1)/2

Pr(g) =) vk

= (¢;4*)n+1

and Math. Sc.

(1.14)

(1.20)

(1.21)

(1.22)

(1.23)

(1.24)

(1.25)
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0 (nt1)(nt1)/2
Uplg) =) q(q'qﬁ (1.26)
Xa(q) =) E:?—S; (1.27)
o i\, (n+1)?
Xr(q) =) % (1.28)

2. Main Identity
We give a proof of the following identity

Z ;B = Bp+1 Z a; + Z ~ Bmi1) Z a; (2.1)
J=0 s

Proof: The above identity can be proved by simply rearrangement of series

p m 1 2
Z(/Bm — Bmt1) Zaj = (8o — Br)ag + (B1 — o) Z%‘ + (B2 — B3) Za]
m=0 =0 =0 =0

to b (B = Bpin) @y
=0

= aoBo + 181 + ... + @By — Bpii(ao + 1 + ... + )

p p
=D =B )y
j=0 J=0

which proves (2.1). Now, we’ll derive and show some partial relations using different
order of mock theta functions

3. Results
3(a). Results Using Tenth Order Mock Theta Functions

N G+1G+2)/2 .
(i) Taking a; = . Bj = (¢;¢7)j+1 in (2.1), we get

(4:6%)j+1

©1(q) = (¢ *)pr2¥rp(a) + > " (61 VR (9) (3.1)
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where q)l( ) Zp ]+1 (+2)/2.
(ii) Letting p — oo in (i), we get

®1(q) = (") Vr(0) + > " (G ¢ m1 Y rm(9)

. (—1)¢” gt
(lll) Taklng ij = m, = m mn (21) we get
2p+3 p 2m—+1 2
q ¢ (1 —q)
(1 + g%13) — | (14+¢>t)

(iv) Letting p — oo in (iii), we get

i |: 2m+1 q2):|
XRm(Q)
2m—+1
m=0 1 + q i
(_1)jq(j+1)2 L4t

v) Taking a; = —F————, B, = :
) ! (=4 q)2541 7 g+

in (2.1) we get

1 + q2p+3 q _ 1
XRp(Q) q2p+3 XRp + Z 2m+3 XRm(Q)

(vi) Letting p — oo in (v), we get

Xol) = 3 {(f;,;?} Xm(0)

m=0

3(b). Results Using Tenth and Sixth Order Mock Theta Functions

. . (—1)jqj2(q;q2)j g2+ .
i) Taking a; = , B = - in (2.1), we get
X ] (=6 2)2j T+ ) (6, 21)
A
xmld) = D1,(0)

(14 ¢®3)(q; ¢*)psa

P 2m+1 1 — 2m+l _ gAmta _ 2
+§: q2 < q2 +1q 2+§)@Lm(q)
(G0 mer \ (L4 @)1+ g7 49)

(3.5)

(3.6)
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(ii) Letting p — oo in (i), we get

o0 2m+1 1 2m+1 _ Am+4 2
q q q
Drm 3.8
mzo 4 )it ( 1+q2m+1)(1+q2m+3)) Lm(9) (3:8)
1V gUtD? (e g2) . 1 4 g2+
(i) Taking o, = T @T) 5 % in (2.1), we get
(=4 @)2j11 ¢+ (q; ¢%);
XLp(q) = Vrn(q
() (¢27*3)(¢; %) ps1 »(4)
p 2 4m—+4 2m—+3
1 ¢ —q"mt—1—q ]
+ Urnlg 3.9
7;)612"1“((1;612)%1 { ¢ @ (39)
iv) Letting p — oo in (iii), we get
(iv) g g
0 1 q2 o q4m+4 . q2m+3
Xuq) = [ Vinle)  (310)
7;0 "G P )men ¢
JGHD/2(_ g o). j+1
(v) Taking a; = a 2( q’q>j, = a n (2.1), we get
(46%)j+1 (—4¢;9);
p+2 p qm+1 L
Upp(q) = ———pp() + ) ———[1+ """ = dlprm(q) 3.11)
g (= @)p1 " ~ (=@ Dt | | (

(vi) Letting p — oo in (v), we get

oo qm+1 .
Ur(g) =) — 1 +¢"" —qlpmlq 3.12)
(9) n;)<_q;q>m+1[ JoLm(q) (
3 _ FUDG/2(— g g), 1
vii) Taking o; = , Bi = —— in (2.1), we get
(vid) ’ (¢;:¢%)j+1 T (—¢0)m 21)
1 & 1 1
Or,(q) = orp(q) + [1+qm+1——]omq
rrld) " (=43 @)p1 (@) ; "N (=G D q] " @
(3.13)
(viii) Letting p — oo in (vii), we get
o) = Y. e [+ = Lot (3.14)
" (¢ Ot q

m=0
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3(c). Results Using Fifth and Third Order Mock Theta Functions
2] 1

(i) Taking a; = , Bj = —5 in (2.1), we get
¢

(q 7*);
1 p (q2m+1 _ 1)
Vp(g) = q(pT)z‘I’p(Q) + Z_O P Win(q) (3.15)
(ii) Letting p — oo in (i), we get
> <q2m+1 _ 1)
V(g) =) W‘I’m((ﬁ (3.16)

4. Proof of the above results
Proof of (3.1 and 3.2)

U+DG+2)/2
Taking o = —————, 3; = (¢; q*)j+1 in (2.1), we get
(45 ¢%)j+1
q(j+1)(j+2)/2 (@ q2) = q2) ) P q(j+1)(j+2)/2
oy \Y +1 — ) + N
= (G ! = (@GP
P ) T UG/
+ ) (@ Pt — (66 me2 Z
m=0 = (66
p p
= U = (470U hp(0) + D (¢ I (1= 14+ ¢ ) T gy (g)
j=0 m=0

p
= ®1(q) = (¢ )pr2Vrp(0) + > (¢3¢ m+1 ¥ (9)
m=0

where ¢1(q Z gUTDU+2/2 and letting p — co we get

D1(q) = (4;¢*)p+2¥r(q) + qu% 0 4 )m1Vrm(q)-
m=0

Proof of (3.3 and 3.4)
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_ (_1)jqj2 i _
Taklng Oéj = m, = m m (21), we get
Xp: (D" ¢ T s (e
s (=5 @)2j1 (L+¢¥*h) (1 + %) = (—=q;0)2j41

Jj=

2m+1 2m+3 m
+Z( +q2m+l B 1+q2m+3 )Z

= —q; C] 2j+1
P y+1)2 2p+3
q
= X
JZ:; R e R
N p q2m+1 + q4m+4 _ q2m+3 _ q4m+6 x (q)
. (14 @2+1)(1 + ¢2m+3) Rm
2p+3 p 2m—+1 4m+4
q (@ + gt )
= xrpla) = () )+ Z { 1+ f12m+1 )(1+ g*m+3) 1 Al

=0

and letting p — oo in above we get

-5 [

m=0

Proof of (3.5 and 3.6)

—1)igl+1? 1 2j+1
Taking O{j = ((—q)'ﬁ’ = (—;_2]# in (21), we get
14)2j
i J+1 (1 + q2j+1) 1+ q2p+3 i J+1
s Q)2j+1 g g3 s q)2j+1
1 + q2m+1) (1 + q2m+3 m ]+1)
+z( e~ ) X e
j= Jj+1
= XRp\4
= (=602 grts W
b 2m-+3 4m—+4 2m+1 4m+4
q +4q —q —dq
+ Z [ g2t lg2m+3 } Xrm(2)

m=0

83
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(1 + q2p+3 p 2m+3 2m+1
= Xpp(q) = WXRP )+ Z { Tl 2m+3 } Xrm(q)
(1+¢**9) (¢* 1)
= Xpp(q) = W )+ Z Tt Xrm (2)

and letting p — oo in (xii), we get

Proof of (3.7) and (3.8)

Vg (g o?). 2j+1

Taking a; = (=D'q" (¢ )J, ;= 2q.+1 5o in (2.1), we get
(= q)2; (1+q¥+)(q; 4%);
¢ (_1)jqj2(q;€72)j A _ g3 i (—l)jqu(q;QQ)j
= 6dy A+ )(e?);  (I+aP) 6P < (—6 )y
+ Z ( s _ ) Xm: (=1)7¢" (¢: 4*);
1+ qzm*1 (@GP m (L) (@GP ) = (—a50)
J,G+1)2 2p+3
)q q
= = Pr,(q)
; ~¢i Qo1 (L) (G P)per
p q2m+1 |:<1 _ q2m+1) B q2 :| (I)L (q)
() mn L1+ g2 (14 g3y "
q2p+3
= Xrp(q) = Pr,(q)
g (1+¢>3) (¢ ¢%)psr "
p q2m+1 |:(1 _ q2m+1)(1 + q2m+3) _ q2(1 + q2m+1):| CI)L (q)
= (¢;4%)m+1 (1+g#m)(1 + ¢2m+3) "
q2p+3
= Xrp(q) = ®r,(q
p( ) <1+q2p+3)(q’ q2)p+1 P( )
q4m+4 -

+Z

2m+1 [1 _ q2m+1 -

g

m+1 1 _|_q2m+1>(1 + q2m+3)
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and letting p — oo, we get

o 2m+1 1 — q2m+1 . q4m+4 o q2
Z 2m+1 2m+3 Prm(q)
@ P LT @00 )
Proof of (3.9) and (3.10)
Taking a; = (=147 (4:0°); ;= (1+—q2j+l) in (2.1), we get
& (D21 7 e ¢?); s

Ep:(—l)jq@“)2(q;q2)j (L+¢¥™) (4™ =~ D9 (467,
= CGDyn @), PP GPhn s (CG D0

p 2m+1 2m+3 m JoG+D2 (. ,2) .
1 + 1+ ;
2 : ( q ) ( q ) 2 : q (q q )]

=\ GP)m PGP ) 4 q)2541

P 3 2p+3
1)’ 1+ g%
= ( .)q - 2§g+3?2) Vip(q)
= (69 PG P)n
p 2m—+3
1 (1+¢ )
n 14 @M+ (1 — @2ty — } Uy nlq
W;)qm“(q;q?)mﬂ {( ) ) q? @
= Xp(0) = 55— Yip(a)
: G ) p T
p 2 4m—+4 2m+3
1 e ]
+ \I’Lm q
%qm“(q;f)mﬂ { ¢ @
and letting p — oo, we get
> 1 q2 . q4m+4 —1= q2m+3
Xr(q) = [ Vrm(q
@) mzzoqgm“(q; @) m+1 ¢ )
(=1 gV (—g; q), g+
Proof of 3.11 and 3.12 Taking o; = 5 = B = ——in
(¢:¢2)j+1 (—¢;9)
(2.1), we get
P qj(j+1)/2(_q;q)j ¢t B g2 p qj(j+1)/2(_q;q)j

~ () (Cee; (el s (@P)in
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p m+1 J(G+1 /2
q q 1 q);
_l’_
mz::O {(—q; Dm  (—¢:9) m+1:| 2_: ¢ q%)j+1
P g+ 1)(+2)/2 p+2
q q m+1
= = pLp(q) + [1+¢™" = qlom(q)
= (@GP (G Z —4:q) m+1
p+2 m+1 1
= Urplq) = 7——~— [1+¢™ —qlprm(q
Rp( ) (_q;Q)erlpr mz —q; @)mt1 Jorm(4)
and letting p — oo, we get
e qm+1 .
Ve(g) =)  ———[1+¢"" —dprm(a)
m;) (=@ D1
GHDGHD/2(_ g ). 1
Proof of 3.13 and 3.14 Taking o = . a5 — —in
(¢:0%)j+1 ¢ (=q;9);
(2.1), we get
qUHIUR(—g;q); 1 1 — U2 (g ),
= (G 6, gD = (¢;¢°)j+1
p
1 (5+1) 9-1-2)/2 q);
M et }zq S
TG Om g Dm1] 4= 4 ¢%)j+1
P iG+1)/2
¢’ 1 b 1
= = )+ [1 +q"" = ~loLm(q)
jz:; G G Z " (—gq:q q
1 q + qm+2 _ 1:|
= o q) = + |: Orm\4q
7(4) T Z g™ ( q zn(4)
and letting p — oo, we get
p
1 q + qm+2 -1
Pal) = 3" { 71 (a)
m+1(__ -
=" (4 @)m q
Proof of (3.15) and (3.16)
252
q

1
———, B, =— in (2.1), we get
(4%, 7 ¢

P q2j2 1 1 m
Z ((], q )J qj q(erl)2 Z + mZo |: m2z q(m+1 :| Z

]:0 )i

Taking o; =
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q] 1 d q(m+1)2 _ qm2
= Z T2 Uy(q) + Z T Wi (q)
&4 0

m=

1 p q(2m+1) -1
W‘I’m(Q)
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