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Abstract: This paper consists representations of different order of mock theta
functions and relations and expansions of partial mock theta functions, mock theta
functions of tenth, third, fifth and sixth order. Using a simple identity, we connect
the tenth order mock theta functions with partial tenth order mock theta functions
of third, fifth, and sixth order. In this paper, we study relations between fifth order
mock theta functions and third order mock theta functions and their partial sums.
we have studied expansions of a tenth order mock theta functions in terms of partial
mock theta function of tenth order also.
In this paper, we have established some new relations between mock theta functions
and partial mock theta functions using tenth, third, fifth, and sixth order mock
theta functions.
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1. Introduction
Ramanujan’s definition of a mock theta function and notations The
following q-notations have been used. For |q| < 1 and |qk| < 1,

(a; q)n =
n−1∏
j=0

(1− aqj), n ≥ 1

(a; qk)n =
n−1∏
j=0

(1− aqkj), n ≥ 1
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(a; q)0 = (a; qk)0 = 1

(a; qk)∞ =
∞∏
j=0

(1− aqkj)

(a)n = (a; q)n

A generalized basic hypergeometric series with base q1 is defined as

jφk(a1, a2, ..., aj; b1, ..., bk; q; z)

jφk

[
a1, a2, ..., aj
b1, b2, ..., bk

; q, z

]
=
∞∑
n=0

(a1, a2, ..., aj; q)n
(b1, b2, ..., bk, q; q)n

(−1)nq

 n
2


1+k−j

zn

with

(
n
2

)
= n(n− 1)/2, where q 6= 0 when j > k + 1.

In his famous ”deathbed letter, Ramanujan introduced the notion of a mock
theta function.

Following Andrews and Hickerson and Zwegers we give the following version of
Ramanujan’s definition.

A mock theta function is a function f of the complex variable q, defined by a q-series
of a particular type (Ramanujan calls this the Eulerian form), which converges for
|q| < 1 and satisfies the following conditions:

(1) infinitely many roots of unity are exponential singularities,

(2) for every root of unity ξ there is a theta function θξ(q) such that the difference
f(q)− θξ(q) is bounded as q tends to ξ radially,

(3) f is not the sum of two functions, one of which is a theta function and the other
a function which is bounded radially toward all roots of unity.

If M(q) =
∞∑
n=0

Ωn is a mock theta function, then the corresponding partial mock

theta function is denoted by the terminating series,

Mr(q) =
r∑

n=0

Ωn

The complete list of mock theta functions of order 3 are

f(q) =
∞∑
n=0

qn
2

(1 + q)2(1 + q2)2...(1 + qn)2
(1.1)
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Φ(q) =
∞∑
n=0

qn
2

(1 + q2)(1 + q4)2...(1 + q2n)
(1.2)

Ψ(q) =
∞∑
n=1

qn
2

(1− q)(1− q3)2...(1 + q2n)
(1.3)

χ(q) =
∞∑
n=0

qn
2

(1− q + q2)(1− q2 + q4)...(1− qn + q2n)
(1.4)

ω(q) =
∞∑
n=0

q2n(n−1)

(1− q)2(1− q3)2...(1− q2n+1)2
(1.5)

υ(q) =
∞∑
n=0

qn(n+1)

(1 + q)(1 + q3)...(1− q2n+1)
(1.6)

ρ(q) =
∞∑
n=0

q2n(n+1)

(1 + q + q2)(1 + q3 + q5)...(1 + q2n+1 + q4n+2)
(1.7)

Ramanujan gave 10 mock theta functions of order five which are given by

f0(q) =
∞∑
n=0

qn
2

(−q)n
(1.8)

1 + 2Ψ0(q) =
∞∑
n=0

(−1; q)nq

 n+ 1
2


(1.9)

F0(q) =
∞∑
n=0

q2n
2

(q; q2)∞
(1.10)

Φ0(q) =
∞∑
n=0

(−q; q2)nqn
2

(1.11)

f1(q) =
∞∑
n=0

qn
2+n

(−q)n
(1.12)

F1(q) =
∞∑
n=0

q2n
2+2n

(q; q2)n+1

(1.13)



78 J. of Ramanujan Society of Math. and Math. Sc.

Φ1(q) =
∞∑
n=0

(−q; q2)nq(n+1)2 (1.14)

Ψ1(q) =
∞∑
n=0

(−q)nq

 n+ 1
2


(1.15)

χ0(q) = 2F0(q)− Φ0(−q) (1.16)

χ1(q) = 2F1(q) + q−1Φ1(−q) (1.17)

Ramanujan gave seven mock theta functions of order six, given by

Φ(q) =
∞∑
n=0

(−1)nqn
2
(q; q2)n

(−q)2n
(1.18)

Ψ(q) =
∞∑
n=0

(−1)nq(n+1)2(q; q2)n
(−q)2n+1

(1.19)

ρ(q) =
∞∑
n=0

q

 n+ 1
2


(−q)n

(q; q2)n+1

(1.20)

σ(q) =
∞∑
n=0

q

 n+ 2
2


(−q)n

(q; q2)n+1

(1.21)

λ(q) =
∞∑
n=0

(−1)nqn(q; q2)n
(−q)n

(1.22)

µ(q) =
∞∑
n=0

(−1)n(q; q2)n
(−q)n

(1.23)

γ(q) =
∞∑
n=0

qn
2
(q)n

(q3; q3)n
(1.24)

(Andrews and Hickerson 1991).
Complete list of Tenth order mock theta functions are given by

ΦR(q) =
∞∑
n=0

qn(n+1)/2

(q; q2)n+1

(1.25)
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ΨR(q) =
∞∑
n=0

q(n+1)(n+1)/2

(q; q2)n+1

(1.26)

XR(q) =
∞∑
n=0

(−1)nqn
2

(−q; q)2n
(1.27)

χR(q) =
∞∑
n=0

(−1)nq(n+1)2

(−q; q)2n+1

(1.28)

2. Main Identity
We give a proof of the following identity

p∑
j=0

αjβj = βp+1

p∑
j=0

αj +

p∑
m=0

(βm − βm+1)
m∑
j=0

αj (2.1)

Proof: The above identity can be proved by simply rearrangement of series

p∑
m=0

(βm − βm+1)
m∑
j=0

αj = (β0 − β1)α0 + (β1 − β2)
1∑
j=0

αj + (β2 − β3)
2∑
j=0

αj

+...+ (βp − βp+1)

p∑
j=0

αj

⇒ α0β0 + α1β1 + ...+ αpβp − βp+1(α0 + α1 + ...+ αp)

⇒
p∑
j=0

αjβj − βp+1

p∑
j=0

αj

which proves (2.1). Now, we’ll derive and show some partial relations using different
order of mock theta functions

3. Results
3(a). Results Using Tenth Order Mock Theta Functions

(i) Taking αj =
q(j+1)(j+2)/2

(q; q2)j+1

, βj = (q; q2)j+1 in (2.1), we get

Φ1(q) = (q; q2)p+2ΨRp(q) +

p∑
m=0

q2m+3(q; q2)m+1ΨRm(q) (3.1)
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where Φ1(q) =
∑p

j=0 q
(j+1)(j+2)/2.

(ii) Letting p→∞ in (i), we get

Φ1(q) = (q; q2)∞ΨR(q) +
∞∑
m=0

q2m+3(q; q2)m+1ΨRm(q) (3.2)

(iii) Taking αj =
(−1)jqj

2

(−q; q)2j+1

, βj =
q2j+1

(1 + q2j+1)
in (2.1) we get

χRp(q) =
q2p+3

(1 + q2p+3)
XRp(q) +

p∑
m=0

[
q2m+1(1− q2)
(1 + q2m+1)

]
XRm(q) (3.3)

(iv) Letting p→∞ in (iii), we get

χR(q) =
∞∑
m=0

[
q2m+1(1− q2)
(1 + q2m+1)

]
XRm(q) (3.4)

(v) Taking αj =
(−1)jq(j+1)2

(−q; q)2j+1

, βj =
1 + q2j+1

q2j+1
in (2.1) we get

XRp(q) =
1 + q2p+3

q2p+3
χRp(q) +

p∑
m=0

[
(q2 − 1)

q2m+3

]
χRm(q) (3.5)

(vi) Letting p→∞ in (v), we get

XR(q) =
∞∑
m=0

[
(q2 − 1)

q2m+3

]
χRm(q) (3.6)

3(b). Results Using Tenth and Sixth Order Mock Theta Functions

(i) Taking αj =
(−1)jqj

2
(q; q2)j

(−q; q)2j
, βj =

q2j+1

(1 + q2j+1)(q; q2)j
in (2.1), we get

χRp(q) =
q2p+3

(1 + q2p+3)(q; q2)p+1

ΦLp(q)

+

p∑
m=0

q2m+1

(q; q2)m+1

(
1− q2m+1 − q4m+4 − q2

(1 + q2m+1)(1 + q2m+3)

)
ΦLm(q) (3.7)
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(ii) Letting p→∞ in (i), we get

χR(q) =
∞∑
m=0

q2m+1

(q; q2)m+1

(
1− q2m+1 − q4m+4 − q2

(1 + q2m+1)(1 + q2m+3)

)
ΦLm(q) (3.8)

(iii) Taking αj =
(−1)jq(j+1)2(q; q2)j

(−q; q)2j+1

, βj =
(1 + q2j+1)

q2j+1(q; q2)j
in (2.1), we get

χLp(q) =
(1 + q2p+3)

(q2p+3)(q; q2)p+1

ΨLp(q)

+

p∑
m=0

1

q2m+1(q; q2)m+1

[
q2 − q4m+4 − 1− q2m+3

q2

]
ΨLm(q) (3.9)

(iv) Letting p→∞ in (iii), we get

XL(q) =
∞∑
m=0

1

q2m+1(q; q2)m+1

[
q2 − q4m+4 − 1− q2m+3

q2

]
ΨLm(q) (3.10)

(v) Taking αj =
qj(j+1)/2(−q; q)j

(q; q2)j+1

, βj =
qj+1

(−q; q)j
in (2.1), we get

ΨRp(q) =
qp+2

(−q; q)p+1

ρLp(q) +

p∑
m=0

qm+1

(−q; q)m+1

[1 + qm+1 − q]ρLm(q) (3.11)

(vi) Letting p→∞ in (v), we get

ΨR(q) =
∞∑
m=0

qm+1

(−q; q)m+1

[1 + qm+1 − q]ρLm(q) (3.12)

(vii) Taking αj =
qj(j+1)(j+2)/2(−q; q)j

(q; q2)j+1

, βj =
1

(−q; q)j+1

in (2.1), we get

ΦRp(q) =
1

qp+2(−q; q)p+1

σLp(q) +

p∑
m=0

1

qm+1(−q; q)m+1

[
1 + qm+1 − 1

q

]
σLm(q)

(3.13)
(viii) Letting p→∞ in (vii), we get

ΦR(q) =
∞∑
m=0

1

qm+1(−q; q)m+1

[
1 + qm+1 − 1

q

]
σLm(q) (3.14)
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3(c). Results Using Fifth and Third Order Mock Theta Functions

(i) Taking αj =
q2j

2

(q; q2)j
, βj =

1

qj2
in (2.1), we get

ΨP (q) =
1

q(p+1)2
Ψp(q) +

p∑
m=0

(q2m+1 − 1)

q(m+1)2
Ψm(q) (3.15)

(ii) Letting p→∞ in (i), we get

Ψ(q) =
∞∑
m=0

(q2m+1 − 1)

q(m+1)2
Ψm(q) (3.16)

4. Proof of the above results
Proof of (3.1 and 3.2)

Taking αj =
q(j+1)(j+2)/2

(q; q2)j+1

, βj = (q; q2)j+1 in (2.1), we get

p∑
j=0

q(j+1)(j+2)/2

(q; q2)j+1

(q; q2)j+1 = (q; q2)p+2

p∑
j=0

q(j+1)(j+2)/2

(q; q2)j+1

+

p∑
m=0

(
(q; q2)m+1 − (q; q2)m+2

) m∑
j=0

q(j+1)(j+2)/2

(q; q2)j+1

⇒
p∑
j=0

q(j+1)(j+2)/2 = (q; q2)p+2ΨRp(q) +

p∑
m=0

(q; q2)m+1(1− 1 + q2m+2+1)ΨRm(q)

⇒ Φ1(q) = (q; q2)p+2ΨRp(q) +

p∑
m=0

q2m+3(q; q2)m+1ΨRm(q)

where φ1(q) =

p∑
j=0

q(j+1)(j+2)/2 and letting p→∞ we get

Φ1(q) = (q; q2)p+2ΨR(q) +
∞∑
m=0

q2m+3(q; q2)m+1ΨRm(q).

Proof of (3.3 and 3.4)
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Taking αj =
(−1)jqj

2

(−q; q)2j+1

, βj =
q2j+1

(1 + q2j+1)
in (2.1), we get

p∑
j=0

(−1)jqj
2

(−q; q)2j+1

q2j+1

(1 + q2j+1)
=

q2p+3

(1 + q2p+3)

p∑
j=0

(−1)jqj
2

(−q; q)2j+1

+

p∑
m=0

(
q2m+1

(1 + q2m+1)
− q2m+3

(1 + q2m+3)

) m∑
j=0

(−1)jqj
2

(−q; q)2j+1

⇒
p∑
j=0

(−1)jq(j+1)2

(−q; q)2j+1

=
q2p+3

(1 + q2p+3)
XRp(q)

+

p∑
m=0

[
q2m+1 + q4m+4 − q2m+3 − q4m+6

(1 + q2m+1)(1 + q2m+3)

]
XRm(q)

⇒ χRp(q) =
q2p+3

(1 + q2p+3)
XRp(q) +

p∑
m=0

[
(1− q2)(q2m+1 + q4m+4)

(1 + q2m+1)(1 + q2m+3)

]
XRm(q)

and letting p→∞ in above we get

χR(p) =
∞∑
m=0

[
q2m+1(1− q2)
(1 + q2m+1)

]
XRm(q)

Proof of (3.5 and 3.6)

Taking αj =
(−1)jq(j+1)2

(−q; q)2j+1

, βj =
(1 + q2j+1)

q2j+1
in (2.1), we get

p∑
j=0

(−1)jq(j+1)2

(−q; q)2j+1

(1 + q2j+1)

q2j+1
=

(1 + q2p+3)

q2p+3

p∑
j=0

(−1)jq(j+1)2

(−q; q)2j+1

+

p∑
m=0

(
(1 + q2m+1)

q2m+1
− (1 + q2m+3)

q2m+3

) m∑
j=0

(−1)jq(j+1)2

(−q; q)2j+1

⇒
p∑
j=0

(−1)jqj
2

(−q; q)2j
=

(1 + q2p+3)

q2p+3
χRp(q)

+

p∑
m=0

[
q2m+3 + q4m+4 − q2m+1 − q4m+4

q2m+1q2m+3

]
χRm(q)
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⇒ XRp(q) =
(1 + q2p+3)

q2p+3
χRp(q) +

p∑
m=0

[
q2m+3 − q2m+1

q2m+1q2m+3

]
χRm(q)

⇒ XRp(q) =
(1 + q2p+3)

q2p+3
χRp(q) +

p∑
m=0

[
(q2 − 1)

q2m+3

]
χRm(q)

and letting p→∞ in (xii), we get

XR(q) =
∞∑
m=0

[
(q2 − 1)

q2m+3

]
XRm(q).

Proof of (3.7) and (3.8)

Taking αj =
(−1)jqj

2
(q; q2)j

(−q; q)2j
, βj =

q2j+1

(1 + q2j+1)(q; q2)j
in (2.1), we get

p∑
j=0

(−1)jqj
2
(q; q2)j

(−q; q)2j
q2j+1

(1 + q2j+1)(q; q2)j
=

q2p+3

(1 + q2p+3)(q; q2)p+1

p∑
j=0

(−1)jqj
2
(q; q2)j

(−q; q)2j

+

p∑
m=0

(
q2m+1

(1 + q2m+1)(q; q2)m
− q2m+3

(1 + q2m+3)(q; q2)m+1

) m∑
j=0

(−1)jqj
2
(q; q2)j

(−q; q)2j

⇒
p∑
j=0

(−1)jq(j+1)2

(−q; q)2j+1

=
q2p+3

(1 + q2p+3)(q; q2)p+1

ΦLp(q)

+

p∑
m=0

q2m+1

(q; q2)m+1

[
(1− q2m+1)

(1 + q2m+1)
− q2

(1 + q2m+3)

]
ΦLm(q)

⇒ χRp(q) =
q2p+3

(1 + q2p+3)(q; q2)p+1

ΦLp(q)

+

p∑
m=0

q2m+1

(q; q2)m+1

[
(1− q2m+1)(1 + q2m+3)− q2(1 + q2m+1)

(1 + q2m+1)(1 + q2m+3)

]
ΦLm(q)

⇒ χRp(q) =
q2p+3

(1 + q2p+3)(q; q2)p+1

ΦLp(q)

+

p∑
m=0

q2m+1

(q; q2)m+1

[
1− q2m+1 − q4m+4 − q2

(1 + q2m+1)(1 + q2m+3)

]
ΦLm(q)
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and letting p→∞, we get

χR(q) =
∞∑
m=0

q2m+1

(q; q2)m+1

[
1− q2m+1 − q4m+4 − q2

(1 + q2m+1)(1 + q2m+3)

]
ΦLm(q)

Proof of (3.9) and (3.10)

Taking αj =
(−1)jq(j+1)2(q; q2)j

(−q; q)2j+1

, βj =
(1 + q2j+1)

q2j+1(q; q2)j
in (2.1), we get

p∑
j=0

(−1)jq(j+1)2(q; q2)j
(−q; q)2j+1

(1 + q2j+1)

q2j+1(q; q2)j
=

(1 + q2p+3)

q2p+3(q; q2)p+1

p∑
j=0

(−1)jq(j+1)2(q; q2)j
(−q; q)2j+1

+

p∑
m=0

(
(1 + q2m+1)

q2m+1(q; q2)m
− (1 + q2m+3)

q2m+3(q; q2)m+1

) m∑
j=0

(−1)jq(j+1)2(q; q2)j
(−q; q)2j+1

⇒
p∑
j=0

(−1)jqj
2

(−q; q)2j
=

(1 + q2p+3)

q2p+3(q; q2)j+1

ΨLp(q)

+

p∑
m=0

1

q2m+1(q; q2)m+1

[
(1 + q2m+1)(1− q2m+1)− (1 + q2m+3)

q2

]
ΨLm(q)

⇒ XLp(q) =
(1 + q2p+3)

q2p+3(q; q2)p+1

ΨLp(q)

+

p∑
m=0

1

q2m+1(q; q2)m+1

[
q2 − q4m+4 − 1− q2m+3

q2

]
ΨLm(q)

and letting p→∞, we get

XL(q) =
∞∑
m=0

1

q2m+1(q; q2)m+1

[
q2 − q4m+4 − 1− q2m+3

q2

]
ΨLm(q)

Proof of 3.11 and 3.12 Taking αj =
(−1)jqj(j+1)/2(−q; q)j

(q; q2)j+1

, βj =
qj+1

(−q; q)j
in

(2.1), we get

p∑
j=0

qj(j+1)/2(−q; q)j
(q; q2)j+1

qj+1

(−q; q)j
=

qp+2

(−q; q)p+1

p∑
j=0

qj(j+1)/2(−q; q)j
(q; q2)j+1
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+

p∑
m=0

[
qm+1

(−q; q)m
− qm+2

(−q; q)m+1

] m∑
j=0

qj(j+1)/2(−q; q)j
(q; q2)j+1

⇒
p∑
j=0

q(j+1)(j+2)/2

(q; q2)j+1

=
qp+2

(−q; q)p+1

ρLp(q) +

p∑
m=0

qm+1

(−q; q)m+1

[1 + qm+1 − q]ρLm(q)

⇒ ΨRp(q) =
qp+2

(−q; q)p+1

ρLp(q) +

p∑
m=0

qm+1

(−q; q)m+1

[1 + qm+1 − q]ρLm(q)

and letting p→∞, we get

ΨR(q) =
∞∑
m=0

qm+1

(−q; q)m+1

[1 + qm+1 − q]ρLm(q)

Proof of 3.13 and 3.14 Taking αj =
q(j+1)(j+2)/2(−q; q)j

(q; q2)j+1

, βj =
1

qj+1(−q; q)j
in

(2.1), we get

p∑
j=0

q(j+1)(j+2)/2(−q; q)j
(q; q2)j+1

1

qj+1(−q; q)j
=

1

qp+2(−q; q)p+1

p∑
j=0

q(j+1)(j+2)/2(−q; q)j
(q; q2)j+1

+

p∑
m=0

[
1

qm+1(−q; q)m
− 1

qm+2(−q; q)m+1

] m∑
j=0

q(j+1)(j+2)/2(−q; q)j
(q; q2)j+1

⇒
p∑
j=0

qj(j+1)/2

(q; q2)j+1

=
1

qp+2(−q; q)p+1

σLp(q) +

p∑
m=0

1

qm+1(−q; q)m
[1 + qm+1 − 1

q
]σLm(q)

⇒ ΦRp(q) =
1

qp+2(−q; q)p+1

σLp(q) +

p∑
m=0

1

qm+1(−q; q)m

[
q + qm+2 − 1

q

]
σLm(q)

and letting p→∞, we get

ΦR(q) =

p∑
m=0

1

qm+1(−q; q)m

[
q + qm+2 − 1

q

]
σLm(q)

Proof of (3.15) and (3.16)

Taking αj =
q2j

2

(q; q2)j
, βj =

1

qj2
in (2.1), we get

p∑
j=0

q2j
2

(q; q2)j

1

qj2
=

1

q(p+1)2

p∑
j=0

q2j
2

(q; q2)j
+

p∑
m=0

[
1

qm2 −
1

q(m+1)2

] m∑
j=0

q2j
2

(q; q2)j
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⇒
p∑
j=0

qj
2

(q; q2)j
=

1

q(p+1)2
Ψp(q) +

p∑
m=0

(
q(m+1)2 − qm2

qm2q(m+1)2

)
Ψm(q)

⇒ Ψp(q) =
1

q(p+1)2
Ψp(q) +

p∑
m=0

q(2m+1) − 1

q(m+1)2
Ψm(q)

Letting p→∞, we get

Ψ(q) =
∞∑
m=0

(q2m+1 − 1)

q(m+1)2
Ψm(q)
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