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1. Introduction
In 1967, Srivastava[l7,p.428] defined the general triple hypergeometric function
F®) in the following form:

(aa) :: (b); (dp); (er) : (9a); (hu); (Lr);
F®) T, Y, 2
(9Q) == (Tr); (s5); (tr) = (ww); (vv); (ww);
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B i [(@a)]isjn [08)] s [(dp)] i [(e8)] s [(96)]; [(R)]; [(€0)]y, 2" 97 2°

o @)y ()]s [(s9)] 0 ()] (o) [(ov)]; [(ww)] 2t 5t &Y

which is the unification and generalization of Lauricella’s complete fourteen triple
hypergeometric functions of second order Fy, Fy, F3, ---, Fi4 [6, pp. 113-114]
including Saran’s ten triple hypergeometric functions Fg, Fg, Fg, Fx, Fuy, Fy,
Fp, Fgr, Fs, Fr [7;8], extended triple hypergeometric function Fx of Sharma [9,
p. 613(2)] and three additional triple hypergeometric functions H,, Hg, Hc of
Srivastava [16, pp. 99-100; see also 13; 14; 15; 18].

In 1984, Exton [3,p.113(1.2); see also 1, p. 12 (1.7.1)] defined the double hyperge-
ometric function G in the following form:

) Ga): @)
Gpmim LY

(em) : (ha); (mar);

o (@) 110 ((Bs) < 1) [(dp) < 1
= v vy

[(ep) : 1, —1] [(hH) 215 [(mar) < 13

aA bp))il(dp)];x'y"
. Z h)li(mar)] 5! (1.2)

It is the generalization and unification of Horn’s non confluent double hypergeo-
metric functions Gs [2, p. 224(11)], Hy [2, p. 225 (14)] and Horn’s confluent double
hypergeometric functions I'y, I's, Ho, Hs, Hy, Hs, Hyp [2, pp. 226-227(27, 28, 30, 31,
32, 33, 39); see also 4; 5.

The notation Fgﬁﬁ() in (1.2) is due to Srivastava-Daoust [21, pp. 64-65 (1.7.18,
1.7.19, 1.7.20)]. The symbol (a4) denotes the array of A parameters in Slater’s
contracted notation [11, p. 54; see also 12, p. 41] given by ay, as, ..., a4 with simi-
lar interpretations for others.

The Pochhammer’s symbol [(bg)] is defined by:

(1.1)

ng

[(55)]u = (01)u(b2)u--(b)u = [ {(m)u}

B

(b
H{ +“}, if by, £0,—1,-2, -3, ...

m=1
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B
= JT{m) b + 1) (b + 2)- (b +u— 1)}, if u=1,2,3, ..
m=1

and

(b )o =1 (1.3)
with similar interpretations for others. The notation I' is used for Gamma func-
tion. The denominator parameters in (1.1) and (1.2) are neither zero nor negative
integers, numerator parameters may be zero or negative integers.

In our investigation, we shall use the following results:

Z d(m,n,r s) = Z Z S(m,n+rr,s) (1.4)

n=0 r=0 s=0 s=0 r=0 n=0
k k
nl B\ (—k)n L if k=0
Ser(n)=25E =16 & ilias.. 09
where ( n ) is binomial coefficient.
m m-—s W s r m \If p
>y M oy el 19
s=0 r=0 o p=0 p:

The finite triple series identity (1.4) and combinatorial identity (1.5) are due to
Srivastava [20, pp. 95-96 (7.13, 7.14)]. The finite double series identity (1.6) is due
to Srivastava [19, p. 4 (12, 15); see also 10, p. 41 (1)].

The following Pochhammer’s symbols identities used in the derivations of (2.1) and
(2.2), can be proved in view of the definition (1.3) of Pochhammer’s symbol:

(_1)BT[(bB)]n+r

[1—(bp) —n—1], = o)l (1.7)
[1— (er) —n—rlisr = [(QE)]ZZ[;E;SE ien (1.8)
(—n—r), = W (1.9)

(k) +m]—s = 5 _((;j())K_s T (1.10)

[(@a)lmsntp = [(@a)lml(aa) +mlnf(as) +m +nl, (1.11)
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2. Main Finite Summation Formulae

Since Pochhammer symbols are associated with Gamma functions therefore numer-
ator, denominator parameters and arguments are adjusted in such a way that each
side is completely meaningful and defined, then without any loss of convergence,
we have:

(aa):: (dp); —; (ww): —n, (kx); —m +n, (pp); (tr);

Z (=m)n F® T,Y, 2 }
n!

= (bg) = (er); —; (ha) & (€n); (9Q); (uv);
[ (ww) +mz(aa) +m, (tr);

- [(aA)]m[(dD)]m[(wW)]m[(kK)]mxmG}VK?LJJ“_;}(J;LJP
[(b8)]m[(es)]m[(he)]m[(CL)]m 4 ’ (hir) +m :(bg) +m, (uy);

-m,1— (gL) - m, (pP);
2 (~DE-D(

T

(2.1)
- (kK> —m, (QQ);

o (=D)MEEHEED (—m) [ (@a)]n[(dp) ][ (t7)]n (%)
2 n!(gQ)1nl(08)]n[(ep)]n

1—(ep) —n: —n,1—(bp) — n; —m+n, (as) + n; ({1);
x7y72

F®

L—(tr) —n:1—(dp) —n; (q) +n; (kx);

. 1—(ep):(lL); —m, (aa), (dp); ]
= Griais A(CEDE) | @)

T:K;Q+B
1 — (tr):(kx); (90), (bs);
3. Derivations of (2.1) and (2.2)

Expressing Srivastava’s triple hypergeometric function F®) of left hand side of
(2.1), into its power series form, we get;

X

= (mm), [(@a)]rtstil(dD)]ris[(Ww)]igr (—70),
= Z n! Z Z [(b8)]r+s+il(er)]rrs[(he)]ivr

(k)] (=m 4 n)s[(pp)s[(tr) "y 2’
01)]r[(qQ)]s[(uw)]ir!sti!

_m)n+r+s [(aA)]r+s+i [(dD)]r+s [(ww)]l+r
[(08)]r+s+il(€p)lrrs[(ha)livrn!
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X( 1)"[( K)]r[(pp)]s[(tT)]zI’"ysz’
[(C0)]r [(90)]s[(ur)]ir!sta!
NV Ali+s[(dp)]s[(ww)]i[(pp)]s[(tr)] «— (=m+s)
- ;; bB z-‘rs[(eE)]S[( )li[(40)]s[(uv)] 18'2' [; (bg) + i+ ¢,

[(aa) + i+ s} [(dp) + slel(ww) + (ki) [ (=m + s + 1),
g [(ex) + sl [(hu) + 4] [(€0)]rr! { Z }] (3.1)

When r varies from 0 to m — s — 1, corresponding terms of surly bracket in (3.1)
are zero in the light of combinatorial identity (1.5). When r = m — s in (3.1), we
get:

[(@)]m[(dD) ] [(wis) ] [(Fi)m™ = <o~ [(wiw) + mi—s[(aa) +ml;
[(b8)]m[(er)]m|(he)]m[(CL)]m ZZ

" [(t)];(—m)s[1 = (£1) — m]s[(pp)]s2'(—1) KD <y>s
[(u)]i[l = (k) — m]s[(gq)]sils!

Now expressing above double power series into corresponding hypergeometric form,
we get the right hand side of (2.1).

Similarly expressing F'® of left hand side of (2.2) into its power series form, we get

X

N )]n+8[(d )]n[(tT)]n[( )]T-I-S[l (eE)_n]i-i-r
=3 e e e e )

(=n)e[1 — (bg) — n].[(CL)]sx" "yt a (—1)MUB+DHELT)
[1— (dp) — n],[(kx)]ir!stil

X

— [1 - ep)lil(f izi ol M )s1r[\GA)|s4r s+ry(—y)"
:Z[[l (es)lil( )].;Z O{( )str[(@a)]s4r[(96)]s4+y° (=)

[(aQ)]s+r[(htr)]srs!r!

(et s+ al(aa) + sl | (L (o) + dal(@dp)ln(~ DM E )"
1= ) + d-[0s)ls
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Now putting r + s = p and applying identity (1.6), we get;

X

N = (ep)llln)izt g (Em)pl(aa)ll(ga)lol(y) + (=9))”
- ZO ki )]i! 2 [(gQ)]p[(ha)]pp!

p=0

mp

N A phal(aa) £ plall = (er) +i]-al(dp)]n(=1)" " (3

nl(gQ) + plull = (tr) + i -u[(bp)]n

Since argument corresponding to summation index p is zero, therefore we have

)"

8 [

n=0

S [e)izt <~ (Em)al(aa)la[l = (ep) + i]-a[(dp)]a(=1)"#+2 ()"
2; tT kK)]i“; n!(gQ)ln[l = (tr) + il -n[(b5)]n

oo [ (en)liallali(=m)al(an)]nl(dp)]nz (~1)" P (4)"
> (1= ()il (ki) Lil(a@) ]l il

Now expressing above double power series into its hypergeometric form, we get the
right hand side of (2.2).
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