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1. Introduction
In 1967, Srivastava[17,p.428] defined the general triple hypergeometric function

F (3) in the following form:

F (3)

 (aA) :: (bB); (dD); (eE) : (gG); (hH); (`L);
x, y, z

(qQ) :: (rR); (sS); (tT ) : (uU); (vV ); (wW );


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=
∞∑

i,j,k=0

[(aA)]i+j+k [(bB)]i+j [(dD)]j+k [(eE)]k+i [(gG)]i [(hH)]j [(`L)]k xi yj zk

[(qQ)]i+j+k [(rR)]i+j [(sS)]j+k [(tT )]k+i [(uU)]i [(vV )]j [(wW )]k i! j! k!
(1.1)

which is the unification and generalization of Lauricella’s complete fourteen triple
hypergeometric functions of second order F1, F2, F3, · · · , F14 [6, pp. 113-114]
including Saran’s ten triple hypergeometric functions FE, FF , FG, FK , FM , FN ,
FP , FR, FS, FT [7;8], extended triple hypergeometric function FK of Sharma [9,
p. 613(2)] and three additional triple hypergeometric functions HA, HB, HC of
Srivastava [16, pp. 99-100; see also 13; 14; 15; 18].
In 1984, Exton [3,p.113(1.2); see also 1, p. 12 (1.7.1)] defined the double hyperge-
ometric function G in the following form:

GA:B;D
E:H;M

 (aA) : (bB); (dD);

(eE) : (hH); (mM);
x; y



= FA:B;D
E:H;M

 [(aA) : 1,−1] : [(bB) : 1]; [(dD) : 1];

[(eE) : 1,−1] : [(hH) : 1]; [(mM) : 1];
x; y


=

∞∑
i,j=0

[(aA)]i−j[(bB)]i[(dD)]jx
iyi

[(eE)]i−j[(hH)]i[(mM)]ji!j!
(1.2)

It is the generalization and unification of Horn’s non confluent double hypergeo-
metric functions G2 [2, p. 224(11)], H2 [2, p. 225 (14)] and Horn’s confluent double
hypergeometric functions Γ1,Γ2, H2, H3, H4, H5, H11 [2, pp. 226-227(27, 28, 30, 31,
32, 33, 39); see also 4; 5].

The notation FA:B;D
E:H;M(·) in (1.2) is due to Srivastava-Daoust [21, pp. 64-65 (1.7.18,

1.7.19, 1.7.20)]. The symbol (aA) denotes the array of A parameters in Slater’s
contracted notation [11, p. 54; see also 12, p. 41] given by a1, a2, ..., aA with simi-
lar interpretations for others.

The Pochhammer’s symbol [(bB)] is defined by:

[(bB)]u = (b1)u(b2)u...(bB)u =
B∏

m=1

{(bm)u}

=
B∏

m=1

{
Γ(bm + u)

Γ(bm)

}
, if bm 6= 0,−1,−2,−3, ...



Some Finite Sums Involving Multiple Gaussian Hypergeometric Functions... 59

=
B∏

m=1

{(bm)(bm + 1)(bm + 2)...(bm + u− 1)}, if u = 1, 2, 3, ...

and
(bm)0 = 1 (1.3)

with similar interpretations for others. The notation Γ is used for Gamma func-
tion. The denominator parameters in (1.1) and (1.2) are neither zero nor negative
integers, numerator parameters may be zero or negative integers.

In our investigation, we shall use the following results:

m∑
n=0

n∑
r=0

m−n∑
s=0

Φ(m,n, r, s) =
m∑
s=0

m−s∑
r=0

m−s−r∑
n=0

Φ(m,n + r, r, s) (1.4)

k∑
n=0

(−1)n
(

k
n

)
=

k∑
n=0

(−k)n
n!

=

{
1; if k = 0
0; if k = 1, 2, 3, · · · (1.5)

where

(
k
n

)
is binomial coefficient.

m∑
s=0

m−s∑
r=0

Ψ(r + s)xsyr

s!r!
=

m∑
p=0

Ψ(p)(x + y)p

p!
(1.6)

The finite triple series identity (1.4) and combinatorial identity (1.5) are due to
Srivastava [20, pp. 95-96 (7.13, 7.14)]. The finite double series identity (1.6) is due
to Srivastava [19, p. 4 (12, 15); see also 10, p. 41 (1)].

The following Pochhammer’s symbols identities used in the derivations of (2.1) and
(2.2), can be proved in view of the definition (1.3) of Pochhammer’s symbol:

[1− (bB)− n− r]r =
(−1)Br[(bB)]n+r

[(bB)]n
(1.7)

[1− (eE)− n− r]i+r =
[(eE)]n+r[1− (eE)]i−n

(−1)E(n+r)
(1.8)

(−n− r)r =
(−1)r(n + r)!

n!
(1.9)

[(kK) + m]−s =
(−1)Ks

[1− (kK)−m]s
(1.10)

[(aA)]m+n+p = [(aA)]m[(aA) + m]n[(aA) + m + n]p (1.11)
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2. Main Finite Summation Formulae

Since Pochhammer symbols are associated with Gamma functions therefore numer-
ator, denominator parameters and arguments are adjusted in such a way that each
side is completely meaningful and defined, then without any loss of convergence,
we have:

m∑
n=0

(−m)n
n!

F (3)

 (aA):: (dD);−; (wW ):− n, (kK);−m + n, (pP ); (tT );
x, y, z

(bB) :: (eE);−; (hH) : (`L); (qQ); (uU);


=

[(aA)]m[(dD)]m[(wW )]m[(kK)]mx
m

[(bB)]m[(eE)]m[(hH)]m[(`L)]m
GW :A+T ;1+L+P

H:B+U ;K+Q

 (wW ) + m:(aA) + m, (tT );

(hH) + m :(bB) + m, (uU);

−m, 1− (`L)−m, (pP );
z, (−1)(K−L)( y

x
)

1− (kK)−m, (qQ);

 (2.1)

m∑
n=0

(−1)n(B+D+E+T )(−m)n[(aA)]n[(dD)]n[(tT )]n( y
x
)n

n![(qQ)]n[(bB)]n[(eE)]n
F (3)

 −::(gG);−;

− ::(hH);−;

1− (eE)− n:− n, 1− (bB)− n;−m + n, (aA) + n; (`L);
x, y, z

1− (tT )− n : 1− (dD)− n; (qQ) + n; (kK);


= GE:L;1+A+D

T :K;Q+B

 1− (eE):(`L);−m, (aA), (dD);
z, (−1)(B+D)( y

x
)

1− (tT ):(kK); (qQ), (bB);

 (2.2)

3. Derivations of (2.1) and (2.2)

Expressing Srivastava’s triple hypergeometric function F (3) of left hand side of
(2.1), into its power series form, we get;

V1 =
m∑

n=0

(−m)n
n!

n∑
r=0

m−n∑
s=0

∞∑
i=0

[(aA)]r+s+i[(dD)]r+s[(wW )]i+r(−n)r
[(bB)]r+s+i[(eE)]r+s[(hH)]i+r

×

× [(kK)]r(−m + n)s[(pP )]s[(tT )]ix
ryszi

[(`L)]r[(qQ)]s[(uU)]ir!s!i!

=
∞∑
i=0

m∑
s=0

m−s∑
r=0

m−r−s∑
n=0

(−m)n+r+s[(aA)]r+s+i[(dD)]r+s[(wW )]i+r

[(bB)]r+s+i[(eE)]r+s[(hH)]i+rn!
×



Some Finite Sums Involving Multiple Gaussian Hypergeometric Functions... 61

×(−1)r[(kK)]r[(pP )]s[(tT )]ix
ryszi

[(`L)]r[(qQ)]s[(uU)]ir!s!i!

=
∞∑
i=0

m∑
s=0

(−m)s[(aA)]i+s[(dD)]s[(wW )]i[(pP )]s[(tT )]iy
szi

[(bB)]i+s[(eE)]s[(hH)]i[(qQ)]s[(uU)]is!i!

[
m−s∑
r=0

(−1)r(−m + s)r
[(bB) + i + s]r

×

× [(aA) + i + s]r[(dD) + s]r[(wW ) + i]r[(kK)]rx
r

[(eE) + s]r[(hH) + i]r[(`L)]rr!

{
m−s−r∑
n=0

(−m + s + r)n
n!

}]
(3.1)

When r varies from 0 to m − s − 1, corresponding terms of surly bracket in (3.1)
are zero in the light of combinatorial identity (1.5). When r = m− s in (3.1), we
get:

V1 =
∞∑
i=0

m∑
s=0

(−m)m[(aA)]m+i[(dD)]m[(wW )]i+m−s(−1)m−s

[(bB)]m+i[(eE)]m[(hH)]i+m−s
×

× [(kK)]m−s[(pP )]s[(tT )]ix
m−syszi

[(`L)]m−s[(qQ)]s[(uU)]i(m− s)!s!i!

=
[(aA)]m[(dD)]m[(wW )]m[(kK)]mx

m

[(bB)]m[(eE)]m[(hH)]m[(`L)]m

∞∑
i=0

m∑
s=0

[(wW ) + m]i−s[(aA) + m]i
[(hH) + m]i−s[(bB) + m]i

×

× [(tT )]i(−m)s[1− (`L)−m]s[(pP )]sz
i(−1)(K−L)s

[(uU)]i[1− (kK)−m]s[(qQ)]si!s!

(y
x

)s
Now expressing above double power series into corresponding hypergeometric form,
we get the right hand side of (2.1).

Similarly expressing F (3) of left hand side of (2.2) into its power series form, we get

V2 =
∞∑
i=0

m∑
n=0

n∑
r=0

m−n∑
s=0

(−m)n+s[(aA)]n+s[(dD)]n[(tT )]n[(gG)]r+s[1− (eE)− n]i+r

n![(qQ)]n+s[(bB)]n[(eE)]n[(hH)]r+s[1− (tT )− n]i+r

×

×(−n)r[1− (bB)− n]r[(`L)]ix
r−nys+nzi(−1)n(B+D+E+T )

[1− (dD)− n]r[(kK)]ir!s!i!

=
∞∑
i=0

[1− (eE)]i[(`L)]iz
i

[1− (tT )]i[(kK)]ii!

m∑
s=0

m−s∑
r=0

{
(−m)s+r[(aA)]s+r[(gG)]s+ry

s(−y)r

[(qQ)]s+r[(hH)]s+rs!r!
×

×
m−s−r∑
n=0

(−m + s + r)n[(aA) + s + r]n
n![(qQ) + s + r]n

}
[1− (eE) + i]−n[(dD)]n(−1)n(B+D)( y

x
)n

[1− (tT ) + i]−n[(bB)]n
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Now putting r + s = p and applying identity (1.6), we get;

V2 =
∞∑
i=0

[1− (eE)]i[`L]iz
i

[1− (tT )]i[(kK)]ii!

m∑
p=0

(−m)p[(aA)]p[(gG)]p[(y) + (−y)]p

[(qQ)]p[(hH)]pp!
×

×
m−p∑
n=0

(−m + p)n[(aA) + p]n[1− (eE) + i]−n[(dD)]n(−1)n(B+D)( y
x
)n

n![(qQ) + p]n[1− (tT ) + i]−n[(bB)]n

Since argument corresponding to summation index p is zero, therefore we have

V2 =
∞∑
i=0

[1− (eE)]i[`L]iz
i

[1− (tT )]i[(kK)]ii!

m∑
n=0

(−m)n[(aA)]n[1− (eE) + i]−n[(dD)]n(−1)n(B+D)( y
x
)n

n![(qQ)]n[1− (tT ) + i]−n[(bB)]n

=
∞∑
i=0

m∑
n=0

[1− (eE)]i−n[`L]i(−m)n[(aA)]n[(dD)]nz
i(−1)n(B+D)( y

x
)n

[1− (tT )]i−n[(kK)]i[(qQ)]n[(bB)]ni!n!

Now expressing above double power series into its hypergeometric form, we get the
right hand side of (2.2).

References

[1] Chaudhary, Wali Mohammad; On expansions and transformations of multiple
hypergeometric series, Ph.D. Thesis, Department of Mathematics, Aligarh
Muslim University, Aligarh, U.P., India, 1986.
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