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1. Introduction, Notations and Definitions
In the present paper, we adopt the following notations and definitions. The
g-rising factorial is defined by, for |¢| < 1.

(a;Q)n = (1—a)1—aq)...(1 —ag"™"), n=1,2,3,...

(a;q)o =1
(a; @)oo = [ [(1 — ag")

and
(a1, ag, ..., ar5 Q) = (a1;@)n(a2; Q)n...(ar; @)n-

With theses notations, a basic hypergeometric series (g-series) is defined by,

A1, A2, ..y Qp; Q; 2 - (a1,a2,--~7ar§61)n2n n_ n(n—1)/2
r(I)s = —1 :
b17b27"'7b8 :| Z <Q7b17b27"'7b8;q)n {( ) K }

n=0
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Bailey [3,4] introduced a lemma which is simple but very useful. It states; If

Bn = Z ApUp—rUntr (]-]->
r=0

and

00
Tn = § (5r+nurvr+2n
r=0

then under suitable convergence conditions

(1.2)

Z OnYn = Z ﬁn5n7 (13)
n=0 n=0

where .., d,, u,, v, are arbitrary sequences of r alone.
If we put the value of 3, from (1.1) in (1.3) and apply the identity,

ZZA(n,r) :ZZA(n—i—r,r).

(1.4)
n=0 r=0

n=0 r=0

[5; Lemma (2.1 (2)) p. 100]
Then new form of the equation (1.3) becomes

Z QOpYn = Z Z arun5r+nvn+2r- (15)
n=0 n=0 r=0
. ) 1

In order to make application of the lemma, Bailey choose u, = ﬁ, v =

q;q)r
which gives the following result.
(ag; q)r
Theorem 1
If
o
Bn = , 1.6
; (¢ On—r(aG; Q)rsr (16)

o0

Tn = Z ( 57‘-1—71

: 1.7
— (4 0)(aq; @)rs2n (1.7)
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Then under suitable convergence conditions,

Z Y = Z Z ozr T (1.8)

o i n (003 Dnrar

Taking 6, = (p1, pa; ¢)r (ﬂ) in (1.7) we get

P12
n n n a
(p1,p2;Q)n [ aq p1q", p2q ;q;—q
- - 2(1)1 P1P2 . (19)
<GQ7 Q)2n P£1pP2 aq1+2n

Summing the ,®; series by using [6; App. IV (IV.2)] we have

. (ag/p1, a4/ P33 @)oo (P1, P2 @)n(ag/ prp2)" (1.10)

(aq,aq/prp2;@)so  (aq/p1,aq/p2; @)n

Putting these values of ~,, and §,, in (1.8) we finally get,

(aq/p1,aq/p2; Qoo = (P15 P25 D (aq )"a

(aq, aq/p1p2; @)os 5= (aq/p1, aq/p2; @)n \ p1p2

)r+n

_ ZZ P17P2, 7’+n CLCI/01,02 a, (1_11)

(aq Q)n+2r

n=0 r=0

provided the infinite series are convergent and ay = 1.
Taking p1, po — 00, (1.11) yileds

— ) d¢"a, = - (1.12)
(ag; @)oo = U (@ D)n(ag; @)nar

2. Special cases of (1.12)
In this section we shall establish certain double series identities by making use
of (1.12)

(i) Taking v, =

n (1.12) we find,
(¢ 9)n (1.12)

e q(n+r)2 antr n

(ag; @)oo Y

n,r=0

CL

4
(@ On(; )r(a; Onrar ; (4:9)n 1)
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(ii) Choosing @ = 1 in (2.1) and using [1; (10.1.1) p. 241] we get

JIND e ! 22
q;9)oo - .
o (G DG DG Dnvzr (4,05 6%) 0
(iii) Taking @ = ¢ in (2.1) and using [1; (10.1.2) p. 241] we have,
> (n+r)(nt+r+1) 1
q
4;4)c = 2.3
(&4) H;O (4 D)l O)i(@ Dnvorer (6,6% 6o (23)
iv) Choosing a = 1, a,, = n (1.12) we obtain,
() 7 (¢; D) (112)
0 (n+r)2—r n(n—1)
q C]
4;9)o0
&4) n;() (@ D@ D) (@G Dnrar = (45
1 1
= + 2.4
(0,45 ) (¢%¢% ) 24
(v) Taking a = ¢ and «,, = 1 in (1.12) and using [1; (1.1.7) p. 11] we get,
(¢: @)oo f: g (qi’ 4) (2.5)
n,r=0 (Q7 Q)n(qv Q)n+2r+1 (q 4 )
1
(vi) Taking a =1, = @q) in (1.12) and using [1; (11.2.1) p. 252] we obtain,
q;q)2r
oo (n_i_,r,)Z 1
q
(9) MZZO (¢ Dn(@ Dor (@ Dnrzr (663000 4% ¢%) oo (26)
(vii) For a = ¢,a, = W and by an appeal of the identity [1; (11.2.2) p
) r+
252], (1.12) yields;
0 (n+r)(n+r+1) 1
q
4;4) = . 2.7
(454 WZ:O (@ Onl@ Dnt2r1 (@ Darr1 - (3:6%)o0 (6 =% =¢%)o0 27
1
(viii) Taking o, = T a =1 and using [1; (11.2.3) p. 252] we obtain,
q;q)2r
o] (n_,'_,r)2 1
q
q; q) oo = . 2.8
(@0 2 (@ D@ Dns2rs1 (G D2r - (4367 oo(—a, 4% —07) o0 (28)

n,r=0
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(ix) Taking o, = ,a = ¢* in (1.12) and making use of [1; (11.2.4) p. 252]

(¢ @)2r1
we have,
0 (n4r)(n+r+2) 1
q
q;9) = 2.9
(0 H;O (@ Do (@ Dor1 (@ Dnrarse (456%)o0(0%, 0% 6% (29)
2
(x) Takinga =1,, = % in (1.12) and using [1; (11.3.4) p. 254] we obtain,
q;4)2r
o (n+r)2(_ . 2
2 q (=4 4°)r 6. 12 12, 12
1 4) 0 =(q; 0o ; 0o 2.10
CLEDY (¢ )@ Dnt2r (@ Qo (@50 )la07) (2:10)

n,r=0

(xi) Taking «, = in (1.12) and using [1; (6.2.31), p. 152] we get,

(¢:9)r(agq; @),

= . 2.11
~ (¢ Q)nl@; O)r(aq; @) (aq; Onior  (aq; @)%
n,r=0
For a =1, (2.11) yields
o0 n4r 2
D 212
0 (G D@ DG Dnvar - (G0)%
For a = —1, (2.11) yields
i q(n—;—r)QQ(_l)n-l-r _ 1 _ (213)
2 (@G D% 6)r (=4 Dnrar - (40)%
(xii) Taking o, = (—1)"¢" in (1.12) and using [1; (6.2.29), p. 152] we get,
q n+r n—i—'r q)r
(ag; ¢)o
,;0< n(AG; Q)nvar
1 ag®a(q' - ¢*) ag® a(¢® — ¢*) ag" (2.14)

T+ i+ 1+ 1+ 1+ 14 ...
For a = —1, (2.14) yields

> (_1)nq(n+7’)2+7‘

(_q; (])oo Z (q; q)n(—q3 Q)n+2r

n,r=0
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1 ¢ (¢'—¢*) ¢° (¢®—¢q") ¢

. 2.1
T1-1- 1— 11— 11— 1-.. (2.15)
Similarly, a large number of double series identities can be scored.
3. WP Bailey pair and double series identities
Andrews [1] changed the Bailey lemma by taking u, = w and v, =
q;q)r
(k3 ) in the following form:;
(ag; q)»
Theorem 2 If
g (k/a;Q)n—r(k;q)n+r
Bnla, k) = ay(a, k 3.1
(@, %) ; (¢ @)n—r(a; Qrtr (@) (3.)
and
— (k/a;q)r (K5 @)rron
wla, k) = Oryn(a, k), 3.2
Tl £) ; @ Drlag; D 0 H) (3.2
then under suitable convergence conditions
Zanak%ak Z(S (a,k)Bn(a, k). (3.3)

n=0

Sequence (o, (a, k), B, (a, k)) satisfying (3.1) are called WP-Bailey pair and (v, (a, k)
,0n(a, k)) satisfying (3.2) are called conjugate WP-Bailey pair.
If we put the value of 3, from (3.1) in (3.3) and apply the identity (1.4) we get,

o (ka5 Q) (K @)oo
<~ (¢ Q)n(aG; @t

> an(a, k)ynla k) = Opir(a, k) (a, k) (3.4)

n=0 n—=

Choosing 6,(a, k) = (a’q/k*)" in (3.2) and summing the ,®; series by using [6;
App. IV (IV.2)] we get

(ag/k, a4/ F; @)oo (K; @)an(a®q/K?)"

Yula, k) = 3.5

(@ %) (aq, a?q/k% q)oo(a?q/k; q)2n (3:5)
Putting these values of v, (a, k) and 0, (a, k) in (3.4) we get,

(aq/k,a’q/Fk; qoo (k5 q)an(a®q/E*)"

an(a, k
(aq,a?q/k?;q 2_% (a2q/k; q)an (a, k)

ii ’f/a q (k; @) or (@)Wa (a, k) (3.6)

2(aq; @Q)nior \ K e ’

n=0 r=0



On certain double series identities 53

provided all the infinite series converges and ag(a, k) = 1.
As k — o0, (3.6) yields

> qn 249724201, n+2r

a ar a, k onZ 3
a 7 o0 n a nan 37
( q Q) Z (q;q)n(aq’ Dt Zq ) ( )

n,r=0

4. Special Cases of (3.6) and (3.7)
(i) Taking a = 1, ay(a, k) = in (3.7) and using [1; (10.1.1) p. 241] we get

(4% ¢*)n
> n2+2r2+42nr
q 1
q;q)co - 4.1
(4:9) H;O (4 D)@ Dnr2r(@®6%)r (0% ¢% 000 (1)
1
(ii) Taking a = q,a(a, k) = @ in (3.7) and using [1; (10.1.2) p. 241] we
qa-;q
find
> qn2+2r2+2nr+n+2r 1 ( )
q;4q)oo = 4.2
&) o @G D@ Dngarir (046500
2. A
(iii) Taking a = ¢*, a,.(a, k) = % in (3.7) and using [7; (34)] we get
a9 )r
(q q) 0 qn2+2r2+2nr+2n+4r(_q2; q4)r _ 1 (43)
T (@ D@ D2t ) (6565070
(=a*q")
(iv) Taking a = 1, a,.(a, k) = (4—’4)7“ and using the identity [7; (36)] we have
qaq9)r

> n2+42r24+2nr
q (

(@:9) Y (¢ )n(g; 9)

n,r=0
(o, B;4%),
(7. 4% 4q )

(ag/k,a*q/k; q) o o, | Frke o B; a5 a*q/R?
(aq,a*q/k?; q)o v,a%q/k, a*¢* [k

> (k/a; Q)n(k; @)nyor (a a’q /K2t
:Z(/Q)(Q) (v, 55 4*)r(aq/FZ)"

(@ Dn(d% @) (ag; Onvor(V; G%)r

—a*¢)r 1
nt2r (@40 (%65, 0" ¢'%)

(4.4)

(v) Taking a,.(a, k) = in (3.6) we find,

n,r=0
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2 2 2
(vi) Taking a = %,5 = %,7 = kq in (4.5) we find

i (k/a; @)n(k; @)ns2r(a®a/k, ¢ [k; *) (a®q/ K"
Rt (4 O)nld? ¢*)r(aq; Qnr2r (ks ¢),
_ (ag/k, a?q/k; @)oo (a®q/k; %)
(aq,a*q/k?; q)oc(a?q/k?; ¢*) o
2 2 2
(vii) Taking a = a—kq, 8= ﬂ, v =k in (4.5) we get the summation formula;

k

(4.6)

i (k/a; Q)n(k; Q)nrar(a®q/k, a2 [k; ¢2), (aPq/ k2™
(¢ n (% ¢*)r(aq; @Onyar (ks ¢)r

n,r=0

_ (ag/k, a*q/k; q)oo(a’@ /K ¢%) oo
(agq, a*q/k?; @)oo (a?q/k?; ¢%)

Similar other results can also be scored.

(4.7)
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