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Abstract: In this work, we introduce Lupas-Kumar-Pathan -type operators and
then study its convergence properties by using Cauchy-Schwarz inequalities of in-
tegration and summation and Chebyshev inequality of integration. We obtain the
recurrence relations and some properties of these operators. These results are then
applied with a view to obtaining some characteristic relations on central moments.
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1. Introduction

Lupas proposed a family of linear positive operators mapping C10,00) into
C'[0,00), the class of all bounded and continuous functions on C10,00), namely
(see Derriennic [1])

Valf,2) = ipn.k(w)f (E) V€ C[0,00), Poylz) = ( Z+ k-1 ) ( o+

P n 1+ x)n-&-k'

(1)
Later on Sahai and Prasad [5] proposed a modification of Lupas type operators
defined for functions integrable on C0, 00) in the form

Bulfi) = (1= D)3 Puala) [ Pas(orf0)e @)

k=0
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P, 1(x) is given in equation (1).
Recently, Kumar and Pathan [3] defined a transformation formula for a bounded
uniformly continuous function f: R — R such that

mfo) =1 [ s (“55) au ®)

[e.9]

where k£ > 0, and g(x) be a probability density function defined by / g(x)dx =1,
otherwise g(z) = 0. B
Here, in this work we have defined a family of linear positive operators for the

functions integrable on [0, 00) in the form

H W) = Y- Cato) [ " G0 @,y f () dy, ()

n=0 0

where C%P (1) = ( §+ (B+Dn ) (1;;% and

Gz”@(%’y) =(a+pn+1)(1+2)"(1+ y)—oc—,Bn—QX

Ty
F|-na+pfn+21—d
: [ et <1+x><1+y>}

defined Vy € [0,00), and otherwise, G%?(z,y) = 0 and / G (z,y)dy = 1,
0

: x B8
provided that @ > 0,0 < ’(1 o) < ‘(ﬁ 1y | Vo > 0. Here, the hyperge-
ometric polynomial of degree n is given by
" (=n).(a), .
D s 5)
r=0 r

and the Pochhammer symbol is
(a), =ala+1)(a+2)...(a+r—1) and (a)o =1 (see Rainville [4])

Put f(z) =1 in Eqn. (4), and then use the result of Srivastava and Manocha [6,
p. 355, Eqn. (5)] and Riordan array proofs of identities in Goulds book [Renzo
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Sprugnoli, Dipartimento di Sistemi e Informatica, Viale Morgagni, 65 Firenze
(Italy), February, 2006], under the conditions given in Eqns. (5), it reduces to

[e.e]

H 1)) = 3 Cp%(w) [ Gy = K (o)
n=0 0
= 1+ u(x))>!
=Y C¥ (1) = K% (z) = <—,
2 Cia) =K = S50
x u(z) x B°
h = = .
wtore (S = (a0 =0 || < [
(6)
. .8 x B8
Agam, K (27) > 0, YVa > 0, m W and z > 0 Hence, the
operator H*P{f(y)}(z) is a family of linear positive operators for the functions
integrable on [0, c0) (see, Yuankwei and Shunsheng [8]). (7)

Further, put « = N — 1 and § = 0 in Eqn. (4) and use Eqns. (1), (2), (5) and (6)
to get relation with Derriennic [1] and Sahai and Prasad [5] operators

oo

HY1001}(2) = 3 O 10(0) = By(1,2) = ——— (s)

N
— (14 x)

Hence due to Eqns. (7) and (8), with the conditions given in Eqn. (5), the operator
given in Eqn. (4), may be defined by Lupas-Kumar-Pathan type operators.

In this work, we study the convergence properties and applications to obtain some
characteristic results on approximations.

2. The Convergence Properties of the Operator H**{f(y)}(x)

In this section, on using Cauchy Schwarz inequalities of integration and summation
(see Steele [7]) and Chebyshev inequality of integration , defined in the form (see
Devore and Berk [2] and Steele [7])

Let Y be a real continuous random variables with the mean p = ffooo yg(y)dy and
the variance V(y) = o® = [*_(y — 1)*g(y)dy here, g(y) is a probability density
function deﬁned Yy 6 (—o0 oo)

Then, f” (y—p)2g(y)dy+ [ rs(y—1)%g(y)dy < 0, and again, P(|Y —p| > 0) < ‘g—j

which implies that

u—3a 00 2

/ g(y)dy+/ g(y)dy < % 5 (9)
—00 ut+o
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we obtain the convergence properties of the operator H*?{ f(y)}(x) given in Eqn.
(4). The mean p of given distribution is defined in Eqn. (9).
Consider the inequality

[HOPF ()} ) = F()] < THP{F () ) = HOP L ()} @) [+ HO P f (1)} @)= £ ()]

<D Caf(a) /OOO G2 (@, ) {f(y) = F()dy| + [ f ) {E*(x) =1} (10)

Now use Cauchy-Schwarz inequality of integration in inequality (10) to get that
[H*{f(y)}zx) — f(p)]

ggmﬂ (/ Gaﬂxydy) (/ G2, ) {f () <u>}2dy)é

H ()| K7 () - 1 (11)
But [;° G2 (x,y)dy =1 (see Eqn. (6)), so that on using Cauchy-Schwarz inequal-
ity of summation in inequality (11), it becomes

[HP{f ()} (@) = f(w)]

(Z Cr? (fE)) (Z G () /0 TGy ) - (u)}Qdy)

([ K (@) = 1] (12)
Now, let | f(y) — f(p)| < € for |y — u| < d, then the inequality (12) may be written

[HOP{f(y) ) = f(u)]

(Z CS’W%)) (; > Ol )/OO ly - MIZG%’B(x,y)dy>

2

=

<
n=0 n=0 0
1o :

IR 11 { 5 [l PG (e (13)

Again, making an application of the inequality (9) and Eqn. (6) in Eqn. (13), (as
B
o,B ﬁ

K*"(z) >0 Ya >0, '(1+$)5+1 < S and x > 0, we get

H2 ()} ) = F0) < IR @)+ 1 () I () — 1} 35
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EC | 0 o Mo  eo Mo
Now ¢ is arbitrary and then set ¢ — 0, |f(y)| < M and choose § >> Mo in Eqn.
(14), H*P{f(y)}z) converges to f(u)Vy € [0,00) and & > 0. We may say that

under the conditions of Eqn. (5), e — 0, |f(y)| < M and 6 >> Mo, there exists
H?{f(y)}(x) = f(u), Yye [0,00) and x> 0. (15)

3. The Characteristic Relations of Operator H*?{f(y)}(z) with Central
Moments due to density G%#(z,y) Auxiliary Relations

On using the formula of mean given in Eqn. (9) due to density G (x,y) defined
in Eqn. (5), we have

(1+z)" T 1
=" R |-n21; = 1-
() (atpn) 2! R (Oz—l—ﬁn)[ nl,
such that
1 (2)" 1
0)=——and u(l) = ————2F, |—n,2:1; |, fi In=0,1,2, ..
,U() (Oé—i-ﬁn)an ,U() (a+ﬂn)21|:n7772:|aoran 5 Ly 4y
(16)

Again, the m — th central moment due to density G (z,y) is defined by

M) = [ = w)" G e )y (17)

0

Therefore, making use of Eqns. (4) and (5) in Eqn. (17), we find the relation of
the operator H*?{ f(y)}(z) with central moment due to density G®?(x,y) in the

form
o0

H P {(y — p(@))" Ha) = Y CoP (@) M (a () (18)

n=0

Further, from Eqn. (17), we may write
m -1
M) =Y (0 () s
s=0

T

X o F} [—n,s +1;1;

} ()™ (19)

-1 e — )]
Here, for all n =0,1,2, ..., and x > 0,( an = s.(a—'s).’ the hypergeometric
a!

polynomial of degree n is given by Eqn. (5).
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Now, put m = 1,2,3,4 in Eqn. (19) and use the result (16), we may com-
pute the first, second, third and fourth moments respectively by following formula

vy =3 (1) (257 vy

S

x
1+

X oF7 [—n,s +1;1; ] (—p(2))* =0, (always),

vy =33 (2) (257 sy

T
1+2x

X9 F1 [—n, s+ 1;1;

|ty

- [+ - e
vy =32 (2) (257 vy
oy [—n,s+ 11 1%} (—p(w))>~

— | (u())? — )2  3u(s (n(n — 1)z? — 4nz + 2)
— [ = 2t B g G e 2
(6 —18nx + 9In(n — 1)z? —n(n — 1)(n — 2)x3)]

(a+ pn)(a+ pn—1)(a+ pn —2) ’

and M3 i) = g (1) (47 ) (142

S S

afi | s 1t | (o)

_ z))? T 5 (ne —1) T o (n(n — 1a? — dnw + 2)
— [(,u( ))* +4(p(x)) (o 1 Bn) + 6(u(x)) (a+ Bn)(a+ Bn —1)

(n(n—1)(n —2)2® — 9n(n — 1)z* + 18nx — 6)
(a+ pn)(a+ pn—1)(a+ pn — 2)

+4p(z)
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N (n(n —1)(n—2)(n—3)z* —16n(n — 1)(n — 2)2 + 72n(n — 1)z% — 96nx + 24)
(a+ pn)(a+ pn—1)(a+ pn—2)(a+ pfn — 3)

(20)
4. Main relations
Theorem 1 If a,b,c € R (the set of real numbers) such that b* > 4ac, a > 0 and

—b+ \/ b2 — 4ac

set (y — p(z)) > , Vo > 0, then following inequalities hold

(i) My (@ () > (ﬁ)2
(i) @My (2 () + 2abM35) (23 () + (0% + 2ac) Myl (a; () + ¢ > 0.
(iid)

M (s () M) (s () M) (2 ()
Mg (s () M) (s () 0 > 0. (21)
M35 (s () 0 1

Here, for the consistency conditions, it should be 0 < M;f(%,u(x)) < 00, Mff
(w; () > (Mg (@ p()))? and M7 (w5 (@) Mgy, (@3 () > (Mg (; ().

b+ /P2
Proof: (i) Since (y —pu(z)) > b+ 2(; dac , Vo >0,a > 0, thus a(y — p(x))* +
b(y — p(x)) +¢ = 0.
Therefore,
/ {aly — p(@))® + by — p(x)) + ¢} G2 7 (2, y)dy > 0. (22)
0

Now, use Eqns. (16), (17) and (20) in inequality (22) and then apply Chauchy-
Schwarz inequality (Steele [7]) we get,

0o 00 1/2
0< / {aly — p(2))* + bly — p(x)) + ¢} G2 (z, y)dy < {/ G%’B(xay)dy}
0 0

oo{a(y—u( )2+ b(y — u(2)) + ¢}’ G2P(w, y)dy - (23)
{/0 |

and then using above consistency condition and Eqn. (22), we get the result

(21, (1)).

(i) Again, use Eqns. (5),(16), (17) and (20) in inequality (23), we get the result
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(21, (ii)).

(iii) Further, the result (21,(ii)) is second order homogeneous equation in (a,b,c)
hence applying one of the properties of second order homogeneous equation in it,
we find the result (21,(iii)). On solving above determinant given in Eqn. (21,(iii)),
we also find above consistency conditions.

Theorem 2. If the given data are consistence, then it is followed that M’ Cne)
> (Mg (s p(@)))* and M5 (2 p(a)) My (a0 p(x)) > (M35 (w3 p(x)))* and thus

(e o]

> Ol (a) (M) (s pl)))? < H{(y — pl(@))*}H(z) (24)

n=0

o0

> Caf(a) (Mg (a5 u(x)))? < [HP{(y — p(@)*} (@) P IH{(y — () ()],

n=0
(25)
Proof. Use the result (M;f(:v,,u(a:)))Q < Mff(x, p(x)) and multiply both of its
sides by C%#(x) and then sum them from n = 0 to n = oo, and again using
Chauchy-Schwarz inequality of summation, we get the result (24).
Further, use the result (M;f(:c, wu(x)))? < Mf‘f(w, u(:c))M;f(x, w(zx)), and ap-
ply same techniques to get the result (25).

5. Applications
In this section, we apply above results to obtain following approximations,
Let «, 8 be given in Eqn. (5) and a and ¢ be arbitrary given by Eqn. (21).
Then applying Eqns. (16), (20) and (22) .we get the inequalities

X 1 T 2
Fy |—n,3:1; —1 Fil—-n,2:1; ——
ok [958 2+ (G~ 1) o [z )

> —§(a+ﬁn—1)(a+ﬁn)(1+x)" (26)

Again, let «, § be given in Eqn. (5), a and ¢ be arbitrary given by Eqn. (21)
and A, be any bounded sequence. Then form Eqn. (26), for |[t| < 1, we find the
inequality

;Angﬂ[ n,3; 15 ¢ ]t’“rZ)\ <oz+ﬁn 1)

{2F1 {—n, 2152 i I} }Qt” + g ni;o Al + B — 1)(a+ Bn){(1 +2)t}" > 0. (27)
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By theory of generating functions and application of the Eqns. (26) and (27),
we can obtain various inequalities for known and less known summation formulas
involving various polynomials.

1]

2]

[7]

8]
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