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Abstract: A set D of vertices of a connected graph G = (V| F) is a co-connected
dominating set if every vertex not in D is adjacent to some vertex in D and the
subgraph induced (V' — D) is connected. The co-connected domination number
Yee(G) is the minimum cardinality of a co-connected dominating set. A .. - set
is a minimum co-connected dominating set of G. In this paper, we obtain the
Partially Balanced Incomplete Block (PBIB) - designs with m = 1, 2, 3, 4 and | ]
associated classes arising from 7, - sets of some special types of graphs.
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1. Introduction

By a graph G = (V, E) we mean a finite, connected, undirected graph, without
loops or multiple edges. As usual p = |V| and ¢ = |F| denote the number of
vertices and edges of a graph G, respectively. Any undefined term in this paper
may be found in Harary [5].

Bose and Nair [3] introduced a class of binary, equireplicate and proper designs,
which are called Partially Balanced Incomplete Block (PBIB)- Designs. This design
is classified into different types on the basis of their association schemes. In brief,
they can be grouped as PBIB(2)-Designs, PBIB(3)-Designs and higher associate-
class PBIB-Designs. In each of the above mentioned groups there are further sub
groups based on the types of the underlying association scheme.
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Given v objects a relation satisfying the following conditions is said to be an
association scheme with m classes:

(i) Any two objects are either first associates, or second associates, ..., or m'®

associates, the relation of association being symmetric.

th

(ii) Each object a has n; i"* associates, the number n; being independent of a.

(iii) If two objects a and 3 are i'" associates, then the number of objects which

are j'" associates of o and k" associates of 3 is pé-k and is independent of the

i associates a and (. Also pl, = py;.

With the association scheme on v objects, the PBIB - Design is defined as follows.
The PBIB - Designs is an arrangement of v objects into b sets (called blocks)

of size k where k < v such that

(i) Every object is contained in exactly r blocks.

(ii) Each block contains k distinct objects.

(iii) Any two objects which are i associates occur together in exactly \; blocks.
The numbers v, b, 7, k, A1, Ao, ..., Ay, are called the parameters of the first kind,
whereas the numbers ni, no, ..., Ny, pé.k (1, 7, k = 1, 2, ..., m) are called the

parameters of the second kind.

Domination in graphs has been an extensively researched branch of graph the-
ory. The concept of domination has existed and has been studied from a long
time. Books on domination [8] has stimulated sufficient inspiration, leading to the
expansive growth of this field. In a graph, a dominating set is a subset D of the
vertices such that every vertex is either in D or is adjacent to a vertex in D. In
[12], Sampathkumar and Walikar defined a connected dominating set D to be a
dominating set D whose induced subgraph (D) is connected. Analogously, Kulli
and Janakiram [10] initiates the concepts of Nonsplit domination, which we call
Co-connected domination in the following sense. A dominating set D of a con-
nected graph G is said to be co-connected dominating set if the induced subgraph
(V — D) is connected. The co-connected domination number ~..(G) is the mini-
mum cardinality of a co-connected dominating set. This parameter is also known
as outer connected domination and studied by [1] and [4]. For more details on
connected domination and its related parameters, refer [9] and [13].

Harary et al., [6] and [7], considered the relation between isomorphic factor-
ization of regular graphs and PBIB-Designs with 2 - association schemes. In [14],
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Walikar et al. have studied on the number of minimum dominating sets and PBIB-
Designs arising from minimum dominating sets of paths and cycles. In [2] Anwar
et al., have studied PBIB-Designs arising from minimal dominating sets of SRN'T
graphs. Analogously, PBIB-Designs and Association schemes arising from mini-
mum connected dominating sets of a graph was studied by Manjunath et al., [11].
In this paper, we obtain the PBIB-Designs with m = 1, 2, 3, 4 and |5 | associated
classes arising from minimum co-connected dominating sets ( or, simply 7. - sets)
of some special types of graphs.

2. Complete graphs with m = 1 Association Scheme

A complete graph K, is a simple graph in which every pair of vertices is adjacent.

Theorem 2.1. The collection of all v.. - sets of a complete graph K, with p > 2
vertices form PBIB-Designs with 1-association scheme and parameters v =p, b =
p,k=1,r=1, A\ =0.

Proof. Let a complete graph K, be labeled as vy, v, ..., v,. The collection of
all .. - sets are given by {v;}, 1 < i < p. Two vertices u and v are 1% associates
if they are adjacent. For each vertex v; € V(K,,), the vertices v;, 1 < j # i <p
are the 1% associates. The parameters of second kind are given by n; = p — 1 and
P! = [p};] = [p — 2| and the parameters of first kind are given by v = p, b = p,
k=1,r=1, A\ =0.

3. Hypercubes with m = 1, 2, 3 and 4 Association Schemes

The n-dimensional cube or hypercube @, is the simple graph whose vertices
are the n-tuples with entries in 0, 1 and whose edges are the pairs of n-tuples that
differ in exactly one position. Let )y be a hypercube of dimension zero. Then
the order of @)y is one. Clearly, for 7. - sets we consider only hypercube @, with
n > 1. The interest in Hypercube has increased in the field of graph theory and
has found its applications in the advent of massively parallel computers, whose
structure results that of a Hypercube.

Theorem 3.1. The collection of all .. - sets of a hypercube Q)1 form PBIB-Designs
with 1-association scheme and parametersv =2, b=2, k=1, r=1, \y =0.

Proof. By Theorem 2.1, complete graph K5 is isomorphic with ¢);. Thus the
results follows.

Theorem 3.2. The collection of all .. - sets of a hypercube Qo form PBIB-Designs
with 2-association scheme and parametersv =4, b=4, k=2, r=2, \y =1, and

Ay = 0.
Proof. Let a hypercube ()5 be labeled as vy, vo, v3 and vy with the collection of all
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Yee - Sets are given by {vy,va}, {ve,v3}, {vs,v4} and {vy, v1}. Then two vertices u
and v are first associates if d(u,v) = 1 and second associates if there exists a vertex
non-adjacent to any two of the adjacent vertices. Hence, the parameters of second
kind are given by n; = 2 and the parameters of first kind are given by v =4, b = 4,
k=2,r=2 A =1,and Ay = 0.

Theorem 3.3. The collection of all v.. - sets of a hypercube Q3 form PBIB-
Designs with 3-association scheme and parameters v = 8, b =4, k = 2, r = 1,
)\1:0, )\220 aﬂd/\gzl.

Proof. Let a hypercube Q3 be labeled as vy, vs, ..., vg, as shown in Figure—1,
Vv, V,
v, v,
Vs Vg
V4 V3

Figure 1: Hypercube Q3

with the collection of all v.. - sets, given by {vq, v5}, {vs, vs}, {vs,v7} and {vy, vs}.
Then the two distinct vertices u and v are said to be first associates if d(u,v) =

1; second associates if d(u,v) = 2 and third associates if d(u,v) = 3. Hence, the

first, second and third associates of each vertex are shown in the following table.

vertex 18 ond 3rd
U1 V2, U4, Vg | U3, U5, U7 | Ug
U2 U1, U3, U7 | V4, Vg, Ug | Us
U3 U2, U4, Ug | V1, U5, U7 | Vg
V4 U1, Us, Us | U2, Vg, Ug | U7
Us V4, Vg, Ug | U1, U3, U7 | U2
Ve V1, Us, U7 | U2, U4, Ug | U3
U7 V2, Vg, Ug | V1, U3, Us | U4
Ug VU3, Us, U7 | V2, U4, Ug | V1

With this association, the parameters of second kind are given by n; = 3, ny = 3,
ns = 1 and
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Pl P, P4 0 20
Py P, P4 010
P4 PL P 2 01
P} PL P% 100
P Py P 030
pr=| P Py Py =300
P} P}, P 000

and the parameters of first kind are given by v =8, b =4, k=2, r =1, \; =0,
Ay =0 and A3 = 1.

Theorem 3.4. The collection of all .. - sets of a hypercube Q4 form PBIB-
Designs with 4-association scheme and parameters v = 16, b = 40, k = 4, r = 10,
)\1:1, )\2:1, )\3:4 and)\4:4.

Proof. Let a hypercube )4 be labeled as vy, vo, ..., v16, as shown in Figure—2,

¥ Vi

V.

i Vs

\% Vis

Figure 2: Hypercube Q4

with the set of all .. - sets are given by

{1117’03,’01077112}, {U5,U7,Ul4,v16}, {’09,1111,’02,?14}, {U1377}157U67US}7
{113,?147119,?}10}, {U77U87U137U14}; {011,U12,U1,U2}, {U157U167U57U6}7
{’027?137097@12}7 {U67U77U137U16}u {0107?1117711,714}7 {014,?]15,@5,@8},
{Ul,vls,vh?fn}, {013,1}9,07,03}, {09,115,1)3,U15}, {05,017015,011},
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{U2;'U147U8;U12}7 {014,010,7)4,1/8}, {U107U67U47U16}; {U67U27U127016},
{'0871}37013;1}10}7 {U47U157U97U6}7 {016,011,1}5,02}, {012707,01,014}7

{v4, 14, v9, 07}, {16, V10, Vs, U3}, {V12, V6, V1, V15 ), {Vs, V2, V13, V11 },

{v7, v, v16, V9 }, {3, V14, V12, Vs }, {V15, V10, Vs, U1}, {011, Ve, Vs, V13},

{U67U37U137U12}7 {U27U157U97U8}7 {U147011,U5,U4}, {U107U77U17U16}7

{U7,U1,U15709}, {U3,U137U11,U5}, {U87U27U167U10}u {U4;U147U127U6}-

Then two vertices u and v are said to be first associated if d(u,v) = 1, second
associated if d(u,v) = 2, third associated if d(u,v) = 3 and fourth associated if
d(u,v) = 4.

With this association, the parameters of second kind are given by n; = 4, ny = 6,

Py P P113 Py 0300
P! Py Py P213 Py, _ | 3030
—| PL P PL PL T 0301
31 32 33 34
Py P, Pj5 P} 0010
Py P, Pi P} 2020
2 P} Py Py Pj 0401
PP=1 p2 p2 pr p2 | =| 9 g9 g
31 32 33 34
P% P2 P% P2 010 0
P P3, P3, P} 0301
3 P} P}, Py Pj 3030
PP=1ps ps ps pp |=| 0300
31 32 33 34
P} P P3 P} 1000
PY PL PL P 00 4 0
4 P}, Py, Py Py, 06 00
Pi=1 pt pi pt pi |=| 400 0
31 32 33 34
PL PL PL Pl 000 0
and the parameters of first kind are given by v = 16, b =40, k =4, r =10, \; = 1,

)\2:1,)\3:4and)\4:4.

In this section, we pose a following Open problem.
Open Problem: Find the collection of all v, - sets of a hypercube @,, with k > 5
and form PBIB-Designs with m > 5-association schemes (if possible generalize).

4. Cycles with m = |£] Association Schemes

A cycle of length p is the graph C, on p > 3 vertices vq,vg,...,v,_1 with p
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edges (v, v2), (v2,v3), -+, (Up, V7).

Theorem 4.1 The collection of all .. - sets of a cycle C,, p > 3 forms a PBIB-
Designs with |£| association scheme and parameters v = p, b = p, k = p — 2,
r=p—2,AM=p-3and\;=p—4,2<i<|F]

Proof. Let a cycle C), be labeled as v1, v9, ..., v, with the collection of all ~,. -
sets are given by V(Cp) — {vs, Vi1 (mod p)}, 1 < @ < p. Then two vertices v;, v; are
said to be k™ (1 < k < |%]) associated if d(v;,v;) = k. Thus the following cases
are arise:

. th .
Case 1. If p is even, then the 1%, 27¢ 374 P™" associates of each vertex are
given by
. B B Th .
vertex | 1% associates | 2"? associates | k" associates 3—2’ assoclates

U1 Up, V2 Up—-1, U3 Up—(k-1)» Vi+k V1+2

U2 V1, U3 VUp, U4 Up—(k—2), V2+k Va4

Vs V2, U4 V1, Us Up—(k—3)y U3+k Us+l

V4 Vi—1, Vit1 Vi—2, Viy2 Up—(k—i)» Vit+k Vi+ 2 (mod p)

Up Up—1, V1 VUp—2, V2 Up—k, Uk U%

With this association scheme, the parameters

1§i§§—1andng:1and

k k k
Pll P12 . . . Pl%
k k k
P21 P22 PQ%
k _
Pk =
k k k
Pﬁl PBQ PEE
2 2 2 2

with entries given as follows,

Fork‘zl,P%:lforlgigg—l,j:ile

Pézlfori:1+l,1§l§§—1,j:l
For2 <k <r-—2,
Pz-lj-zlforlgigk‘—landj:k‘—i

of second kind are given by n; = 2,
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Pt=1for1<i<r—kandj=k+i
Ig—lforz—r—k—kl 1<I<Ek, j=r—1
g-lforz-k%—l 1<i<r—1—-k, j=1
Fork—r—l
Pk—1f0r1<z<k—1andj:k—z'
'g—lfor1<@<r—k;andj—k+z
Ig—lforz—r E+1L,1<I<k j=r—I
Fork—r
Pk—2for1<2< =1 —1
and the other entries are all zero. Hence the parameters of first kind are given by
v=p b=p k=p—-2,r=p-2 A\=p-3and \;=p—4,2<i<}

. _1th .
Case 2. If p is odd, then the 1%, 274 3rd P5="" associates of each vertex are
given by
—1th .
vertex 18t ond kth ”Tl associates

0 Up, U2 Up—-1, U3 Up—(k—1), Vi+k Ul.;.%*la 1)1_5_%4_1

()] V1, U3 VUp, V4 Up—(k—2)y V2+k 712+pr1, Ug+p2;1+1

U3 Vg, V4 U1, Us VUp—(k-3)y Us+k U3+%a Ug+p2;1+1

Vi Vi1, Vi1 | Vi-2, Vit2 | Up—(k—i)s Vitk | Yipelimod p)» Vit 2L 41(mod p)

Up Up—1, V1 Up—2, V2 Vp—k, Vk Vp 2 , Up— 1Jrl

With this association scheme, the parameters of second kind are given by n; = 2,
1 <i<2land

k k k
P Pl o Pia
k k k
P21 P22 . . . P2PT71
k _—
P =
PE PE, . . . Ph,
B 752 (B34 (53

with entries given as follows,
For k =1,
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Ph=1for1<i<Pr—1 j=i+1
Pl=1fori=1+11<1<tr-1 j=I
Pi=1fori=randj=r
For2<k<r-—1,
Pr=1for1<i<k-—1landj=k—i
Pi=1for1<i<r—kandj=k+i
Pi=1lfori=r—k+1,1<I<k, j=r—(1-1)
Pijzlfori:k—l—l,lglgr—k‘,j:l
For k =r,
Pi=1for1<i<r—1,j=r—i
Pié-:l7 fori=1+1,0<1<r—1,j=r—1and the other entries are all zero.
Hence the parameters of first kind are given by v =p, b=p, k=p—2,r =p — 2,
Alzp—3and)\i:p—4,2§z’§’%1.

For illustration of the above Theorem, we consider the following:

In the Case 1, if we consider an even cycle (g, labeled as vy, vs, ..., v19, then
all .. - sets of (' are given by
{vs, v4, V5, V6, V7, Vg, Vg, V10 }, {V4, Vs, Vs, U7, Vs, Vg, V10, V1 },
{U57U67U7;U87U97U107U17U2}7 {U6aU77U87U97U107U17U27U3}7
{U77U87097010701,712,03,04}, {Us,UQ,U10,111,U2,U37U47U5},
{U97U107U17U27'U37U47U5a1)6}a {Ulo,U1,112,123,U4,U5,U6,U7},
{1117712,?13,114,U5,067U7708}> {02703704,1}5,U6,U77U8>UQ}-
Here, the 1%, 274, 374 4t and 5% associates of each vertex are given by in the
following table

vertex 15¢ ond 3rd Ath 5th
U1 V10, V2 | Vg, Ug | Ug, U4 | VU7, U5 | Vg
V2 V1, Vg | V1o, V4 | Vg, U5 | Ug, Vs | U7
U3 V2, Vg4 | V1, Us | V10, Vs | Vg, U7 | Ug
V4 Vs, Us | V2, Vs | V1, U7 | V10, Us | Vg
Us Vg, Vg | U3, U7 | VU2, Ug | VU1, Vg | V10
Vg Us, U7 | U4, Ug | U3, Vg | U2, V19 | V1
U7 Vg, Ug | Vs, Vg | Vg, V1o | U3, U1 | V2
Ug V7, Vg | Vs, V10 | Us, U1 V4, U3 | U3
Vg Vg, V10 | V7, 1 Ve, U2 | Us, Ug | U4
V10 Vg, U1 Ug, U2 | U7, U3 | Vg, Vs | Us

and
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pP, P, Py P}, Pk 01000
Py, P, P Py, Pk 10100
Pl=| P, P, Py Py, PL |=|01010
P P, P, P}, Pl 00101
Py P, P, P, Pk 00010
Py P P4 Pl P 10100
P} P} P} P} P 00010
P=| P4 PL P34 P PL |=]10001
Py PL P4 P PL 01010
Py PL P%4 P P 00100
Py P P P}, PL 01010
P} Py, P} Pj, P 10001
PP=| P, P Py P}, Po |=|00010
P} P}, P} P} P 10100
P P3 P} P3 P 01000
pPL PL, P4 Pl PL 00101
Py Py, Pj Py, Py 01010
Pi=| P, P, Py P, P |=]110100
Pl Pl PL Pl Pk 01000
Py P, PL P, Pi 100 00
Py P P P, P 00020
P}, Py, Py, Py P 00200
PP=| P P, Py Py P |=|02000
Py P}, Py P), P 20000
Py P P P P> 00 00O
In the Case 2, if we consider an odd cycle Cy, labeled as vy, v9, ..., vg, then

all v.. - sets of Cy are given by

{vs3, vy, 5, Vg, V7, Vs, V9 }, {V4, V5, Vg, U7, Vs, Vg, V1 },

{’U5, Vg, U7, Ug, Ug, U1, ’02}, {’UG, U7, Ug, Vg, U1, Vg, Ug},

{U7, Ug, Vg, U1, U2, U3, U4}7 {’US7 Vg, U1, U9, U3, Uy, U5},

{’Ug, U1, U2, U3, U4, Vs, U6}, {Ul, V9, U3, Vg, U5, Vg, 7)7},

{Ug,Ug,U4,'U5,’U67"U7,Ug}.

Here, the 1%, 274, 374 4th associates of each vertex are given in the following table:



PBIB-Designs with m = 1, 2,

and

P! =

P =

Pt =

8, 4 and | 5] Associated classes arising ...

vertex | 1% ond 3rd 4th

U1 Vg, V2 | Vg, U3 | U7, Vg | Vg, Us

V2 U1, U3 | Vg, U4 | Ug, U5 | U7, Ug

U3 V2, U4 | V1, Us | Vg, Vg | Ug, U7

Uy VU3, Us | U2, Ug | V1, U7 | Vg, Ug

Vs V4, Vg | U3, U7 | U2, Vg | V1, Vg

Vg VUs, U7 | Uy, Ug | U3, Vg | Vg, U1

i Vg, Ug | Us, Ug | Uy, U1 | U3, U2

Ug U7, Vg | Vg, V1 | Us, U2 | U4, U3

Vg vg, V1 | U7, U2 | Vg, U3 | Us, U4
Pll3 P114 01 00
P PLb | | 1010
P313 P314 N 01 01
P413 P414 0 011
P% P2 1010
P223 P224 o 0 0 01
P323 P324 N 1 001
P423 P424 01 10
Pf’3 P134 0101
P233 P234 o 1 001
P:?:), P§4 N 0 010
Pjg Pf4 1100
P143 P144 0 011
]3243 P244 . 01 10
PLPLl 1100
Pf3 Pf4 1 0 00
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