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Abstract: A set D of vertices of a connected graph G = (V,E) is a co-connected
dominating set if every vertex not in D is adjacent to some vertex in D and the
subgraph induced 〈V − D〉 is connected. The co-connected domination number
γcc(G) is the minimum cardinality of a co-connected dominating set. A γcc - set
is a minimum co-connected dominating set of G. In this paper, we obtain the
Partially Balanced Incomplete Block (PBIB) - designs with m = 1, 2, 3, 4 and bp

2
c

associated classes arising from γcc - sets of some special types of graphs.
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1. Introduction
By a graph G = (V,E) we mean a finite, connected, undirected graph, without

loops or multiple edges. As usual p = |V | and q = |E| denote the number of
vertices and edges of a graph G, respectively. Any undefined term in this paper
may be found in Harary [5].

Bose and Nair [3] introduced a class of binary, equireplicate and proper designs,
which are called Partially Balanced Incomplete Block (PBIB)- Designs. This design
is classified into different types on the basis of their association schemes. In brief,
they can be grouped as PBIB(2)-Designs, PBIB(3)-Designs and higher associate-
class PBIB-Designs. In each of the above mentioned groups there are further sub
groups based on the types of the underlying association scheme.
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Given ν objects a relation satisfying the following conditions is said to be an
association scheme with m classes:

(i) Any two objects are either first associates, or second associates, . . ., or mth

associates, the relation of association being symmetric.

(ii) Each object α has ni i
th associates, the number ni being independent of α.

(iii) If two objects α and β are ith associates, then the number of objects which
are jth associates of α and kth associates of β is pijk and is independent of the

ith associates α and β. Also pijk = pikj.

With the association scheme on ν objects, the PBIB - Design is defined as follows.
The PBIB - Designs is an arrangement of ν objects into b sets (called blocks)

of size k where k < ν such that

(i) Every object is contained in exactly r blocks.

(ii) Each block contains k distinct objects.

(iii) Any two objects which are ith associates occur together in exactly λi blocks.

The numbers v, b, r, k, λ1, λ2, . . ., λm are called the parameters of the first kind,
whereas the numbers n1, n2, . . ., nm, pijk (i, j, k = 1, 2, . . ., m) are called the
parameters of the second kind.

Domination in graphs has been an extensively researched branch of graph the-
ory. The concept of domination has existed and has been studied from a long
time. Books on domination [8] has stimulated sufficient inspiration, leading to the
expansive growth of this field. In a graph, a dominating set is a subset D of the
vertices such that every vertex is either in D or is adjacent to a vertex in D. In
[12], Sampathkumar and Walikar defined a connected dominating set D to be a
dominating set D whose induced subgraph 〈D〉 is connected. Analogously, Kulli
and Janakiram [10] initiates the concepts of Nonsplit domination, which we call
Co-connected domination in the following sense. A dominating set D of a con-
nected graph G is said to be co-connected dominating set if the induced subgraph
〈V − D〉 is connected. The co-connected domination number γcc(G) is the mini-
mum cardinality of a co-connected dominating set. This parameter is also known
as outer connected domination and studied by [1] and [4]. For more details on
connected domination and its related parameters, refer [9] and [13].

Harary et al., [6] and [7], considered the relation between isomorphic factor-
ization of regular graphs and PBIB-Designs with 2 - association schemes. In [14],
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Walikar et al. have studied on the number of minimum dominating sets and PBIB-
Designs arising from minimum dominating sets of paths and cycles. In [2] Anwar
et al., have studied PBIB-Designs arising from minimal dominating sets of SRNT
graphs. Analogously, PBIB-Designs and Association schemes arising from mini-
mum connected dominating sets of a graph was studied by Manjunath et al., [11].
In this paper, we obtain the PBIB-Designs with m = 1, 2, 3, 4 and bp

2
c associated

classes arising from minimum co-connected dominating sets ( or, simply γcc - sets)
of some special types of graphs.

2. Complete graphs with m = 1 Association Scheme

A complete graphKp is a simple graph in which every pair of vertices is adjacent.

Theorem 2.1. The collection of all γcc - sets of a complete graph Kp with p ≥ 2
vertices form PBIB-Designs with 1-association scheme and parameters ν = p, b =
p, k = 1, r = 1, λ1 = 0.

Proof. Let a complete graph Kp be labeled as v1, v2, . . ., vp. The collection of
all γcc - sets are given by {vi}, 1 ≤ i ≤ p. Two vertices u and v are 1st associates
if they are adjacent. For each vertex vi ∈ V (Kp), the vertices vj, 1 ≤ j 6= i ≤ p
are the 1st associates. The parameters of second kind are given by n1 = p− 1 and
P 1 = [p111] = [p − 2] and the parameters of first kind are given by ν = p, b = p,
k = 1, r = 1, λ1 = 0.

3. Hypercubes with m = 1, 2, 3 and 4 Association Schemes

The n-dimensional cube or hypercube Qn is the simple graph whose vertices
are the n-tuples with entries in 0, 1 and whose edges are the pairs of n-tuples that
differ in exactly one position. Let Q0 be a hypercube of dimension zero. Then
the order of Q0 is one. Clearly, for γcc - sets we consider only hypercube Qn with
n ≥ 1. The interest in Hypercube has increased in the field of graph theory and
has found its applications in the advent of massively parallel computers, whose
structure results that of a Hypercube.

Theorem 3.1. The collection of all γcc - sets of a hypercube Q1 form PBIB-Designs
with 1-association scheme and parameters ν = 2, b = 2, k = 1, r = 1, λ1 = 0.

Proof. By Theorem 2.1, complete graph K2 is isomorphic with Q1. Thus the
results follows.

Theorem 3.2. The collection of all γcc - sets of a hypercube Q2 form PBIB-Designs
with 2-association scheme and parameters ν = 4, b = 4, k = 2, r = 2, λ1 = 1, and
λ2 = 0.

Proof. Let a hypercube Q2 be labeled as v1, v2, v3 and v4 with the collection of all
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γcc - sets are given by {v1, v2}, {v2, v3}, {v3, v4} and {v4, v1}. Then two vertices u
and v are first associates if d(u, v) = 1 and second associates if there exists a vertex
non-adjacent to any two of the adjacent vertices. Hence, the parameters of second
kind are given by n1 = 2 and the parameters of first kind are given by ν = 4, b = 4,
k = 2, r = 2, λ1 = 1, and λ2 = 0.

Theorem 3.3. The collection of all γcc - sets of a hypercube Q3 form PBIB-
Designs with 3-association scheme and parameters ν = 8, b = 4, k = 2, r = 1,
λ1 = 0, λ2 = 0 and λ3 = 1.

Proof. Let a hypercube Q3 be labeled as v1, v2, . . ., v8, as shown in Figure−1,

Figure 1: Hypercube Q3

with the collection of all γcc - sets, given by {v2, v5}, {v3, v6}, {v4, v7} and {v1, v8}.
Then the two distinct vertices u and v are said to be first associates if d(u, v) =

1; second associates if d(u, v) = 2 and third associates if d(u, v) = 3. Hence, the
first, second and third associates of each vertex are shown in the following table.

vertex 1st 2nd 3rd

v1 v2, v4, v6 v3, v5, v7 v8
v2 v1, v3, v7 v4, v6, v8 v5
v3 v2, v4, v8 v1, v5, v7 v6
v4 v1, v3, v5 v2, v6, v8 v7
v5 v4, v6, v8 v1, v3, v7 v2
v6 v1, v5, v7 v2, v4, v8 v3
v7 v2, v6, v8 v1, v3, v5 v4
v8 v3, v5, v7 v2, v4, v6 v1

With this association, the parameters of second kind are given by n1 = 3, n2 = 3,
n3 = 1 and
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P 1 =

 P 1
11 P 1

12 P 1
13

P 1
21 P 1

22 P 1
23

P 1
31 P 1

32 P 1
33

 =

 0 2 0
2 0 1
0 1 0



P 2 =

 P 2
11 P 2

12 P 2
13

P 2
21 P 2

22 P 2
23

P 2
31 P 2

32 P 2
33

 =

 2 0 1
0 2 0
1 0 0



P 2 =

 P 3
11 P 3

12 P 3
13

P 3
21 P 3

22 P 3
23

P 3
31 P 3

32 P 3
33

 =

 0 3 0
3 0 0
0 0 0


and the parameters of first kind are given by ν = 8, b = 4, k = 2, r = 1, λ1 = 0,
λ2 = 0 and λ3 = 1.

Theorem 3.4. The collection of all γcc - sets of a hypercube Q4 form PBIB-
Designs with 4-association scheme and parameters ν = 16, b = 40, k = 4, r = 10,
λ1 = 1, λ2 = 1, λ3 = 4 and λ4 = 4.

Proof. Let a hypercube Q4 be labeled as v1, v2, . . ., v16, as shown in Figure−2,

Figure 2: Hypercube Q4

with the set of all γcc - sets are given by
{v1, v3, v10, v12}, {v5, v7, v14, v16}, {v9, v11, v2, v4}, {v13, v15, v6, v8},
{v3, v4, v9, v10}, {v7, v8, v13, v14}, {v11, v12, v1, v2}, {v15, v16, v5, v6},
{v2, v3, v9, v12}, {v6, v7, v13, v16}, {v10, v11, v1, v4}, {v14, v15, v5, v8},
{v1, v13, v7, v11}, {v13, v9, v7, v3}, {v9, v5, v3, v15}, {v5, v1, v15, v11},
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{v2, v14, v8, v12}, {v14, v10, v4, v8}, {v10, v6, v4, v16}, {v6, v2, v12, v16},
{v8, v3, v13, v10}, {v4, v15, v9, v6}, {v16, v11, v5, v2}, {v12, v7, v1, v14},
{v4, v14, v9, v7}, {v16, v10, v5, v3}, {v12, v6, v1, v15}, {v8, v2, v13, v11},
{v7, v2, v16, v9}, {v3, v14, v12, v5}, {v15, v10, v8, v1}, {v11, v6, v4, v13},
{v6, v3, v13, v12}, {v2, v15, v9, v8}, {v14, v11, v5, v4}, {v10, v7, v1, v16},
{v7, v1, v15, v9}, {v3, v13, v11, v5}, {v8, v2, v16, v10}, {v4, v14, v12, v6}.
Then two vertices u and v are said to be first associated if d(u, v) = 1, second
associated if d(u, v) = 2, third associated if d(u, v) = 3 and fourth associated if
d(u, v) = 4.
With this association, the parameters of second kind are given by n1 = 4, n2 = 6,
n3 = 4, n4 = 1 and

P 1 =


P 1
11 P 1

12 P 1
13 P 1

14

P 1
21 P 1

22 P 1
23 P 1

24

P 1
31 P 1

32 P 1
33 P 1

34

P 1
41 P 1

42 P 1
43 P 1

44

 =


0 3 0 0
3 0 3 0
0 3 0 1
0 0 1 0



P 2 =


P 2
11 P 2

12 P 2
13 P 2

14

P 2
21 P 2

22 P 2
23 P 2

24

P 2
31 P 2

32 P 2
33 P 2

34

P 2
41 P 2

42 P 2
43 P 2

44

 =


2 0 2 0
0 4 0 1
2 0 2 0
0 1 0 0



P 3 =


P 3
11 P 3

12 P 3
13 P 3

14

P 3
21 P 3

22 P 3
23 P 3

24

P 3
31 P 3

32 P 3
33 P 3

34

P 3
41 P 3

42 P 3
43 P 3

44

 =


0 3 0 1
3 0 3 0
0 3 0 0
1 0 0 0



P 4 =


P 4
11 P 4

12 P 4
13 P 4

14

P 4
21 P 4

22 P 4
23 P 4

24

P 4
31 P 4

32 P 4
33 P 4

34

P 4
41 P 4

42 P 4
43 P 4

44

 =


0 0 4 0
0 6 0 0
4 0 0 0
0 0 0 0


and the parameters of first kind are given by ν = 16, b = 40, k = 4, r = 10, λ1 = 1,
λ2 = 1, λ3 = 4 and λ4 = 4.

In this section, we pose a following Open problem.
Open Problem: Find the collection of all γcc - sets of a hypercube Qn with k ≥ 5
and form PBIB-Designs with m ≥ 5-association schemes (if possible generalize).

4. Cycles with m = bp
2
c Association Schemes

A cycle of length p is the graph Cp on p ≥ 3 vertices v1, v2, . . . , vp−1 with p
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edges (v1, v2), (v2, v3), · · · , (vp, v1).
Theorem 4.1 The collection of all γcc - sets of a cycle Cp, p ≥ 3 forms a PBIB-
Designs with bp

2
c association scheme and parameters ν = p, b = p, k = p − 2,

r = p− 2, λ1 = p− 3 and λi = p− 4, 2 ≤ i ≤ bp
2
c.

Proof. Let a cycle Cp be labeled as v1, v2, . . ., vp with the collection of all γcc -
sets are given by V (Cp)− {vi, vi+1 (mod p)}, 1 ≤ i ≤ p. Then two vertices vi, vj are
said to be kth (1 ≤ k ≤ bp

2
c) associated if d(vi, vj) = k. Thus the following cases

are arise:
Case 1. If p is even, then the 1st, 2nd, 3rd, . . ., p

2
th associates of each vertex are

given by

vertex 1st associates 2nd associates kth associates p
2
th associates

v1 vp, v2 vp−1, v3 vp−(k−1), v1+k v1+ p
2

v2 v1, v3 vp, v4 vp−(k−2), v2+k v2+ p
2

v3 v2, v4 v1, v5 vp−(k−3), v3+k v3+ p
2

. . . . .

. . . . .
vi vi−1, vi+1 vi−2, vi+2 vp−(k−i), vi+k vi+ p

2
(mod p)

. . . . .

. . . . .
vp vp−1, v1 vp−2, v2 vp−k, vk v p

2

With this association scheme, the parameters of second kind are given by ni = 2,
1 ≤ i ≤ p

2
− 1 and n p

2
= 1 and

P k
ij =



P k
11 P k

12 . . . P k
1 p

2

P k
21 P k

22 . . . P k
2 p

2

. .

. .

. .
P k

p
2
1 P k

p
2
2 . . . P k

p
2

p
2


with entries given as follows,
For k = 1, P 1

ij = 1 for 1 ≤ i ≤ p
2
− 1, j = i+ 1

P 1
ij = 1 for i = 1 + l, 1 ≤ l ≤ p

2
− 1, j = l

For 2 ≤ k ≤ r − 2,
P k
ij = 1 for 1 ≤ i ≤ k − 1 and j = k − i
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P k
ij = 1 for 1 ≤ i ≤ r − k and j = k + i
P k
ij = 1 for i = r − k + l, 1 ≤ l ≤ k, j = r − l
P k
ij = 1 for i = k + l, 1 ≤ l ≤ r − 1− k, j = l

For k = r − 1,
P k
ij = 1 for 1 ≤ i ≤ k − 1 and j = k − i
P k
ij = 1 for 1 ≤ i ≤ r − k and j = k + i
P k
ij = 1 for i = r − k + l, 1 ≤ l ≤ k, j = r − l

For k = r,
P k
ij = 2, for 1 ≤ i ≤ p−2

2
, j = r − i

and the other entries are all zero. Hence the parameters of first kind are given by
ν = p, b = p, k = p− 2, r = p− 2, λ1 = p− 3 and λi = p− 4, 2 ≤ i ≤ p

2
.

Case 2. If p is odd, then the 1st, 2nd, 3rd, . . ., p−1
2

th
associates of each vertex are

given by

vertex 1st 2nd kth p−1
2

th
associates

v1 vp, v2 vp−1, v3 vp−(k−1), v1+k v1+ p−1
2

, v1+ p−1
2

+1

v2 v1, v3 vp, v4 vp−(k−2), v2+k v2+ p−1
2

, v2+ p−1
2

+1

v3 v2, v4 v1, v5 vp−(k−3), v3+k v3+ p−1
2

, v3+ p−1
2

+1

. . . . .

. . . . .
vi vi−1, vi+1 vi−2, vi+2 vp−(k−i), vi+k vi+ p−1

2
(mod p), vi+ p−1

2
+1(mod p)

. . . . .

. . . . .
vp vp−1, v1 vp−2, v2 vp−k, vk v p−1

2
, v p−1

2
+1

With this association scheme, the parameters of second kind are given by ni = 2,
1 ≤ i ≤ p−1

2
and

P k
ij =



P k
11 P k

12 . . . P k
1 p−1

2

P k
21 P k

22 . . . P k
2 p−1

2

. .

. .

. .
P k

p
2
1 P k

p
2
2 . . . P k

( p−1
2

) ( p−1
2

)


with entries given as follows,
For k = 1,
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P 1
ij = 1 for 1 ≤ i ≤ p−1

2
− 1, j = i+ 1

P 1
ij = 1 for i = 1 + l, 1 ≤ l ≤ p−1

2
− 1, j = l

P 1
ij = 1 for i = r and j = r

For 2 ≤ k ≤ r − 1,
P k
ij = 1 for 1 ≤ i ≤ k − 1 and j = k − i
P k
ij = 1 for 1 ≤ i ≤ r − k and j = k + i
P k
ij = 1 for i = r − k + l, 1 ≤ l ≤ k, j = r − (l − 1)
P k
ij = 1 for i = k + l, 1 ≤ l ≤ r − k, j = l

For k = r,
P k
ij = 1, for 1 ≤ i ≤ r − 1, j = r − i
P k
ij = 1, for i = 1 + l, 0 ≤ l ≤ r− 1, j = r− l and the other entries are all zero.

Hence the parameters of first kind are given by ν = p, b = p, k = p− 2, r = p− 2,
λ1 = p− 3 and λi = p− 4, 2 ≤ i ≤ p−1

2
.

For illustration of the above Theorem, we consider the following:
In the Case 1, if we consider an even cycle C10, labeled as v1, v2, . . ., v10, then

all γcc - sets of C10 are given by
{v3, v4, v5, v6, v7, v8, v9, v10}, {v4, v5, v6, v7, v8, v9, v10, v1},
{v5, v6, v7, v8, v9, v10, v1, v2}, {v6, v7, v8, v9, v10, v1, v2, v3},
{v7, v8, v9, v10, v1, v2, v3, v4}, {v8, v9, v10, v1, v2, v3, v4, v5},
{v9, v10, v1, v2, v3, v4, v5, v6}, {v10, v1, v2, v3, v4, v5, v6, v7},
{v1, v2, v3, v4, v5, v6, v7, v8}, {v2, v3, v4, v5, v6, v7, v8, v9}.
Here, the 1st, 2nd, 3rd, 4th and 5th associates of each vertex are given by in the
following table

vertex 1st 2nd 3rd 4th 5th

v1 v10, v2 v9, v3 v8, v4 v7, v5 v6
v2 v1, v3 v10, v4 v9, v5 v8, v6 v7
v3 v2, v4 v1, v5 v10, v6 v9, v7 v8
v4 v3, v5 v2, v6 v1, v7 v10, v8 v9
v5 v4, v6 v3, v7 v2, v8 v1, v9 v10
v6 v5, v7 v4, v8 v3, v9 v2, v10 v1
v7 v6, v8 v5, v9 v4, v10 v3, v1 v2
v8 v7, v9 v6, v10 v5, v1 v4, v2 v3
v9 v8, v10 v7, v1 v6, v2 v5, v3 v4
v10 v9, v1 v8, v2 v7, v3 v6, v4 v5

and
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P 1 =


P 1
11 P 1

12 P 1
13 P 1

14 P 1
15

P 1
21 P 1

22 P 1
23 P 1

24 P 1
25

P 1
31 P 1

32 P 1
33 P 1

34 P 1
35

P 1
41 P 1

42 P 1
43 P 1

44 P 1
45

P 1
51 P 1

52 P 1
53 P 1

54 P 1
55

 =


0 1 0 0 0
1 0 1 0 0
0 1 0 1 0
0 0 1 0 1
0 0 0 1 0



P 2 =


P 2
11 P 2

12 P 2
13 P 2

14 P 2
15

P 2
21 P 2

22 P 2
23 P 2

24 P 2
25

P 2
31 P 2

32 P 2
33 P 2

34 P 2
35

P 2
41 P 2

42 P 2
43 P 2

44 P 2
45

P 2
51 P 2

52 P 2
53 P 2

54 P 2
55

 =


1 0 1 0 0
0 0 0 1 0
1 0 0 0 1
0 1 0 1 0
0 0 1 0 0



P 3 =


P 3
11 P 3

12 P 3
13 P 3

14 P 3
15

P 3
21 P 3

22 P 3
23 P 3

24 P 3
25

P 3
31 P 3

32 P 3
33 P 3

34 P 3
35

P 3
41 P 3

42 P 3
43 P 3

44 P 3
45

P 3
51 P 3

52 P 3
53 P 3

54 P 3
55

 =


0 1 0 1 0
1 0 0 0 1
0 0 0 1 0
1 0 1 0 0
0 1 0 0 0



P 4 =


P 4
11 P 4

12 P 4
13 P 4

14 P 4
15

P 4
21 P 4

22 P 4
23 P 4

24 P 4
25

P 4
31 P 4

32 P 4
33 P 4

34 P 4
35

P 4
41 P 4

42 P 4
43 P 4

44 P 4
45

P 4
51 P 4

52 P 4
53 P 4

54 P 4
55

 =


0 0 1 0 1
0 1 0 1 0
1 0 1 0 0
0 1 0 0 0
1 0 0 0 0



P 5 =


P 5
11 P 5

12 P 5
13 P 5

14 P 5
15

P 5
21 P 5

22 P 5
23 P 5

24 P 5
25

P 5
31 P 5

32 P 5
33 P 5

34 P 5
35

P 5
41 P 5

42 P 5
43 P 5

44 P 5
45

P 5
51 P 5

52 P 5
53 P 5

54 P 5
55

 =


0 0 0 2 0
0 0 2 0 0
0 2 0 0 0
2 0 0 0 0
0 0 0 0 0


In the Case 2, if we consider an odd cycle C9, labeled as v1, v2, . . ., v9, then
all γcc - sets of C9 are given by
{v3, v4, v5, v6, v7, v8, v9}, {v4, v5, v6, v7, v8, v9, v1},
{v5, v6, v7, v8, v9, v1, v2}, {v6, v7, v8, v9, v1, v2, v3},
{v7, v8, v9, v1, v2, v3, v4}, {v8, v9, v1, v2, v3, v4, v5},
{v9, v1, v2, v3, v4, v5, v6}, {v1, v2, v3, v4, v5, v6, v7},
{v2, v3, v4, v5, v6, v7, v8}.
Here, the 1st, 2nd, 3rd, 4th associates of each vertex are given in the following table:



PBIB-Designs with m = 1, 2, 3, 4 and bp
2
c Associated classes arising ... 79

vertex 1st 2nd 3rd 4th

v1 v9, v2 v8, v3 v7, v4 v6, v5
v2 v1, v3 v9, v4 v8, v5 v7, v6
v3 v2, v4 v1, v5 v9, v6 v8, v7
v4 v3, v5 v2, v6 v1, v7 v9, v8
v5 v4, v6 v3, v7 v2, v8 v1, v9
v6 v5, v7 v4, v8 v3, v9 v2, v1
v7 v6, v8 v5, v9 v4, v1 v3, v2
v8 v7, v9 v6, v1 v5, v2 v4, v3
v9 v8, v1 v7, v2 v6, v3 v5, v4

and

P 1 =


P 1
11 P 1

12 P 1
13 P 1

14

P 1
21 P 1

22 P 1
23 P 1

24

P 1
31 P 1

32 P 1
33 P 1

34

P 1
41 P 1

42 P 1
43 P 1

44

 =


0 1 0 0
1 0 1 0
0 1 0 1
0 0 1 1



P 2 =


P 2
11 P 2

12 P 2
13 P 2

14

P 2
21 P 2

22 P 2
23 P 2

24

P 2
31 P 2

32 P 2
33 P 2

34

P 2
41 P 2

42 P 2
43 P 2

44

 =


1 0 1 0
0 0 0 1
1 0 0 1
0 1 1 0



P 3 =


P 3
11 P 3

12 P 3
13 P 3

14

P 3
21 P 3

22 P 3
23 P 3

24

P 3
31 P 3

32 P 3
33 P 3

34

P 3
41 P 3

42 P 3
43 P 3

44

 =


0 1 0 1
1 0 0 1
0 0 1 0
1 1 0 0



P 4 =


P 4
11 P 4

12 P 4
13 P 4

14

P 4
21 P 4

22 P 4
23 P 4

24

P 4
31 P 4

32 P 4
33 P 4

34

P 4
41 P 4

42 P 4
43 P 4

44

 =


0 0 1 1
0 1 1 0
1 1 0 0
1 0 0 0


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