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Abstract: Significant result is obtained in the present study in terms of reduc-
tion formulas of Srivastava’s function F (3) into a combination of Exton’s double
hypergeometric function XA:B;D

E:G;H . We then make use of our main result to derive a
number of known and new transformation and reduction formulas for some Srivas-
tava’s triple hypergeometric series, Exton double hypergeometric function, Appell
function etcetera.

Keywords: Whittaker function, Preece result, Appell’s, Exton and Srivastava’s
triple hypergeometric series and Pochhammer symbol.

2010 Mathematics Subject Classification: 33C20, 33C65, 33C70, 33C80,
33C90.

1. Introduction

Saran [16], Sivastava [11], Exton [9], Srivastava and Karlsson [14] have dis-
cussed many transformations and interesting instances of the reducibility of triple
hypergeometric functions. These results are obtained mainly by manipulations of
the series. The study of transformation and reduction formulae have occupied the
attention of many authors. The searching technique of the manipulations of the
series has classically found wide application in this field. It is now employed to-
gether with Preece result in the present paper to obtain the main reduction formula
of Srivastava’s function F (3) into a combination of Exton’s double hypergeometric
function X1:2;1

0:3;1 . Some deduction from this formula lead us to a number of known
and new transformation and reduction formulas for some Exton’s double hyperge-
ometric function and Appell function F2.
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In the literature of special functions [11, 5, 15, 14, 13], the Kummer’s formula
related with single Gaussian hypergeometric function play an important role in the
study of transformations and reduction formula of multiple Gaussian hypergeomet-
ric functions and some integrals are include in section (2.2).

A natural generalization of the hypergeometric function 2F1 is the generalized
hypergeometric function, so called pFq which is defined as

pFq

 a1, . . . . . . , ap;
z

b1, · · · · · · , bq;

 =
∞∑
n=0

(a1)n · · · (ap)n
(b1)n · · · (bq)n

zn

n!
(1.1)

where, as usual

(ai)n =
Γ(ai + n)

Γ(ai)
and [(a)]n =

p∏
i=1

(ai)n.

Here p and q are positive integers or zero, the numerator parameters a1, · · · , ap
and the denominator parameters b1, . . . , bq take on complex values, provided that
bj 6= 0,−1,−2, . . . ; j = 1, 2, . . . q.
Thus, if a numerator parameter is a negative integer or zero, the pFq series termi-
nates. Suppose that none of the numerator parameters is zero or a negative integer
(otherwise the question of convergence will not arise), then the pFq series in (1.1)

(a) converges for | z |<∞ if p ≤ q,

(b) converges for | z |< 1 if p ≤ q, and

(c) diverges for all z, z 6= 0, if p > q + 1.

(d) if p = q + 1, the series in (1.1) is absolutely convergent on the circle | z |= 1,
if

Re

(
q∑

j=1

bj −
p∑

i=1

ai

)
> 0.

The general triple hypergeometric function F (3) of Srivastava [12; p. 428] is the
unification and generalization of Lauricella’s fourteen hypergeometric functions of
three variables and the additional functions HA, HB, HC was introduced by Sri-
vastava in the form of a general triple hypergeometric series F (3)[x, y, z] defined
as:

F (3)

 (aA) :: (bB); (dD); (eE) : (gG); (hH); (lL);
x, y, z

(mM) :: (nN); (pP ); (qQ) : (rR); (sS); (tT );


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=
∞∑

i,j,k=0

[(aA)]i+j+k[(bB)]i+j[(dD)]j+k[(eE)]k+i[(gG)]i[(hH)]j[(lL)]k
[(mM)]i+j+k[(nN)]i+j[(pP )]j+k[(qQ)]k+i[(rR)]i[(sS)]j[(tT )]k

xiyjzk

i!j!k!
. (1.2)

In 1982, Exton [8; p. 137 (1.2)] defined the following double hypergeometric func-
tion

XA:B:D
E:G:H

 (aA); (bB); (dD);

(eE); (gG); (hH);
x, y

 =
∞∑
m=0

∞∑
n=0

[(aA)]2m+n[(bB)]m[(dD)]n
[(eE)]2m+n[(gG)]m[(hH)]n

xm

m!

yn

n!
,

(1.3)
which is the generalization and unification of Horn’s non confluent double hyper-
geometric function H4 [2; p. 225 (16)] and Horn’s confluent double hypergeometric
function H7 [2; p. 226 (35)].

2. Some Useful Standard Results

Here we mention the following standard results, which are used to obtained our
main result.
(i) The integrals representations with Whittaker’s function [1; p. 215(11)], [3; p.
255(1)]∫ ∞

0

e−pttA−1Mk,µ(αt) dt

=
Γ(A+ µ+ 1

2
)αµ+

1
2

(p+ α
2
)A+µ+

1
2

2F1

 A+ µ+ 1
2
, µ− k + 1

2
;

α

(p+ α
2
)

2µ+ 1 ;

 (2.1)

=
Γ(A+ µ+ 1

2
)2A+µ+

1
2αµ+

1
2

(2p− α)A+µ+
1
2

2F1


A+ µ+ 1

2
, µ+ k + 1

2
;

2α

(α− 2p)
2µ+ 1 ;

 , (2.2)

where Re(A + µ) > −1
2
; 2Re(p) >| α | or Re(ρ− A), 2Re(p) = Re(α) > 0, and

Mk,µ(x) is a whittaker function [5] defined as

Mk,µ(x) = xµ+1/2e(−1/2)x 1F1

 1
2

+ µ− k;

2µ+ 1;
x

 . (2.3)
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(ii) Preece result [4; p. 378(11)]

1F1(α; ρ;x) 1F1(α− ρ+ 1; 2− ρ;−x) = 2F3


1
2
− ρ

2
+ α, 1

2
+ ρ

2
− α ;

x2

4
1
2

+ ρ
2
, 1

2
, 3

2
− ρ

2
;



+
(2α− ρ)(1− ρ)x

(2− ρ)ρ
2F3

 1− ρ
2

+ α, 1 + ρ
2
− α ;

x2

4
1 + ρ

2
, 2− ρ

2
, 3

2
;

 . (2.4)

(iii) Kummer’s first formula [12; p. 37(7)]

1F1

 a ;
x

c ;

 = ex 1F1

 c− a ;
−x

c ;

 , c 6= 0,−1,−2, .... (2.5)

3. Main reduction formula and its proof.
This section deals with main reduction formula of Srivastava’s triple hypergeo-

metric series F (3) into a combination of Exton’s double hypergeometric function:

F (3)


a :: ; ; ; ρ− α ; 1− α; c− b ;

2z

1 + y
,
−2z

1 + y
,

2y

1 + y
:: ; ; ; ρ; 2− ρ; a− b+ 1 ;



=

(
1 + y

1− y

)a  X1:2:1
0:3:1


a :: 1+ρ−2α

2
, 1−ρ+2α

2
, a− c+ 1 ;

z2

(1− y)2
,

2y

y − 1
:: 1

2
, 1+ρ

2
, 3−ρ

2
; a− b+ 1 ;


+

4ayz(ρ− 1)(ρ− 2α)

(1− y)ρ(2− ρ)

X1:2:1
0:3:1


a+ 1 :: 2−ρ+2α

2
; 2+ρ−2α

2
; a− c+ 2 ;

z2

(1− y)2
,

2y

y − 1
:: 3

2
, 2+ρ

2
, 4−ρ

2
; a− b+ 2 ;


 . (3.1)
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Proof of (3.1).
In order to obtain the main reduction formula of this paper, we establish an

integral in the following form:

I =

∞∫
0

e−ttbMk,µ(pt)dt 1F1

[
ρ− α;
ρ;

−xt
]

1F1

[
1− α;
2− ρ;

xt

]
dt. (3.2)

In the above integral expanding both 1F1 into power series and using the result
(2.1), we get

I =
Γ(b+ µ+ 3/2)pµ+1/2

(1 + p/2)b+µ+3/2

F 3

 b+ µ+ 3/2 :: −;−;−; ρ− α; 1− α;µ− k + 1
2
;

− :: −;−;−; ρ; 2− ρ; 2µ+ 1;

−2x

2 + p
,

2x

2 + p
,

2p

2 + p

 , (3.3)

by the application of Kummer’s first formula (2.4) and preece result (2.3), equation
(3.2) reduces to

I =

∞∫
0

e−ttbMk,µ(pt) 2F3

 1+ρ−2α
2

, 1−ρ+2α
2

;

1
2
, 1+ρ

2
, 3−ρ

2
;

x2t2

4

 dt

+
(ρ− 1)(ρ− 2α)x

ρ(2− ρ)

∞∫
0

e−ttbMk,µ(pt) 2F3

 2−ρ+2α
2

, 2+ρ−2α
2

;

3
2
, 2+ρ

2
, 4−ρ

2
;

x2t2

4

 dt. (3.4)

On expanding 2F3 in a power series and then using the result (2.2), we get

I = 2b+µ+3/2Γ(b+ µ+ 3/2)pµ+
1
2

(2− p)b+µ+ 3
2

X1:2:1
0:3:1

 b+ µ+ 3
2

: 1+ρ−2α
2

, 1−ρ+2α
2

;µ+ k + 1
2
;

− :: 1
2
, 1+ρ

2
, 3−ρ

2
, 2µ+ 1;

x2

(2− p)2
,

2p

p− 2


+
x(ρ− 1)(ρ− 2α)Γ(b+ µ+ 5

2
)2b+µ+

5
2pµ+

3
2

ρ(2− ρ) (2− p)b+µ+ 5
2
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X1:2:1
0:3:1

 b+ µ+ 5/2 : 2−ρ+2α
2

, 2+ρ−2α
2

;µ+ k + 3/2;

: − : 3
2
, 2+ρ

2
, 4−ρ

2
; 2µ+ 2;

x2

(2− p)2
,

2p

p− 2

 . (3.5)

Equating (3.3) and (3.5), adjusting the parameters and replacing µ, b, k, x and

p by
a− b

2
,
a+ b− 3

2
,
a+ b− 2c+ 1

2
, 2z and 2y, respectively, we get the main

reduction formula (3.1).

4. Special Cases.

In this section, we deduce some known and new reduction formulas for hyperge-
ometric function, Appell function F2 and Exton’s double hypergeometric function.
(i) Taking y = 0 and z is replace by z

2
in (3.1), we get

F2 [a, ρ− α, 1− α; ρ, 2− ρ; z,−z] = 4F3

 a
2
, a+1

2
, 1+ρ−2α

2
, 1−ρ+2α

2
;
z2

1
2
, 1+ρ

2
, 3−ρ

2
;

 .
(4.1)

where F2 is Appell’s function of second kind [12].
(ii) Taking ρ = 2α in (3.1), we get

F (3)

 a :: −;−;−;α, 1− α; c− b;

− :: −;−;−; 2α, 2− 2α; a− b+ 1;

2z

1 + y
,
−2z

1 + y
,

2y

1 + y



=

(
1 + y

1− y

)a
X1:1:1

0:2:1

 a, 1
2
, a− c+ 1;

− :: 1+2α
2
, 3−2α

2
; a− b+ 1;

z2

(1− y)2
,

2y

y − 1

 . (4.2)

(iii) Taking ρ = 2α in (4.1), we get

F2 [a, α, 1− α; 2α, 2− 2α; z,−z] = 3F2

 a
2
, a+1

2
, 1

2
;
z2

1+2α
2
, 3−2α

2
;

 . (4.3)

(iv) Taking z = 1 in (4.3), we get

F2 [a, α, 1− α; 2α, 2− 2α; 1,−1] = 3F2

 a
2
, a+1

2
, 1

2
;

1
(1+2α)

2
, (3−2α)

2
;

 . (4.4)
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(v) Taking z = 0 in (4.2), we get a known Euler’s transformation [13; p. 33(19)]

(
1 + y

1− y

)−a
2F1


a, c− b ;

2y

1 + y
a− b+ 1 ;

 = 2F1


a, a− c+ 1 ;

2y

y − 1
a− b+ 1 ;

 .

(4.5)
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