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Abstract: In this paper, we obtain an interesting finite combinations of Srivas-
tava’s general triple hypergeometric function F (3) as a bilateral generating function
for Gauss’s ordinary hypergeometric function of one variable 2F1 and Exton’s dou-
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1. Introduction
In 1967, Srivastava[17,p.428] defined the general triple hypergeometric function

F (3) in the following form:

F (3)

 (aA) :: (bB); (dD); (eE) : (gG); (hH); (`L);
x, y, z

(mM) :: (nN); (pP ); (qQ) : (rR); (sS); (tT );


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=
∞∑

i,j,k=0

[(aA)]i+j+k [(bB)]i+j [(dD)]j+k [(eE)]k+i [(gG)]i [(hH)]j [(`L)]k x
i yj zk

[(mM)]i+j+k [(nN)]i+j [(pP )]j+k [(qQ)]k+i [(rR)]i [(sS)]j [(tT )]k i! j! k!
(1.1)

The triple power series (1.1) is the unification and generalization of Lauricella’s
fourteen complete triple hypergeometric functions of second order F1, F2, F3, · · · ,
F14 [6, pp. 113-114] including Saran’s ten triple hypergeometric functions FE, FF ,
FG, FK , FM , FN , FP , FR, FS, FT [8;9], extended triple hypergeometric function
FK of Sharma [10, p. 613(2)] and three additional triple hypergeometric functions
HA, HB, HC of Srivastava [16, pp. 99-100; see also 13; 14; 15; 18].
In 1982, Exton [3,p.137(1.2)] defined the general double hypergeometric function
in the following form:

XA:B;D
E:G;H

 (aA) : (bB) ; (dD) ;
x, y

(eE) : (gG) ; (hH) ;

 =
∞∑

m,n=0

[(aA)]2m+n [(bB)]m [(dD)]n x
m yn

[(eE)]2m+n [(gG)]m [(hH)]nm!n!

(1.2)
The double power series (1.2) is the generalization and unification of Horn’s non-
confluent double hypergeometric function H4 [1, p. 225 (16)], Horn’s confluent
double hypergeometric function H7 [4; 5; see also 1, p. 226(35)]. In another
notation of Exton [2, p. 339(13)], (1.2) is also denoted by XA:B;D

E:G;H ≡H A:0;B;D
E:0;G;H .

For the sake of convenience the symbol (aA) denotes the array of A parameters given
by a1, a2, a3, · · · , aA in the contracted notation of Slater [11, p.54; see also 12, p.41].
The symbol ∆(N ; b) denotes the array ofN parameters (N ≥ 1) given by (b)/N, (b+
1)/N, (b+2)/N, · · · , (b+N−1)/N . The symbol ∆[N ; (aA)] denotes the array of NA
parameters given by ∆(N ; a1),∆(N ; a2), · · · ,∆(N ; aA) i.e. ∆[N ; (aA)] represents
the array of NA parameters given by (a1)/N, (a1 + 1)/N, (a1 + 2)/N, · · · , (a1 +
N − 1)/N, (a2)/N, (a2 + 1)/N, (a2 + 2)/N, · · · , (a2 + N − 1)/N, · · · (aA)/N, (aA +
1)/N, (aA + 2)/N, · · · , (aA +N − 1)/N .
The asterisk in ∆∗(N ; j + 1) represents the fact that the (denominator) parameter
N/N obtained from ∆(N ; j + 1) is always omitted if 0 ≤ j ≤ (N − 1) so that the
set ∆∗(N ; j + 1) obviously contains only (N − 1) parameters.
The Pochhammer’s symbol [(aA)]u is defined by:

[(aA)]u =
A∏

m=1

{(am)u} =


A∏

m=1

{
Γ(am+u)

Γ(am)

}
; if am 6= 0,−1,−2, · · ·

A∏
m=1

{(am)(am + 1) · · · (am + u− 1)}; if u = 1, 2, 3, · · ·

(1.3)
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with similar interpretation for others and the symbol Γ stands for Gamma function.

[∆(N ; a)]j =
( a
N

)
j

(a+ 1

N

)
j
· · ·
(a+N − 1

N

)
j

=
N∏
k=1

{(a+ k − 1

N

)
j

}
=

(a)Nj

NNj

(1.4)

[∆[N ; (bB)]]j =
N∏

m=1

{[(bB) +m− 1

N

]
j

}
=

(b1)Nj(b2)Nj · · · (bB)Nj

NBNj
=

[(bB)]Nj

NBNj

(1.5)
The identities (1.4) and (1.5) can be verified in view of the definition of Pochham-
mer’s symbol [20, p. 21(14)] and Gauss’s multiplication theorem [20, p. 23(26);
see also 7].
In our investigations, we shall use the following results

2F1

 A, B ;
z

C ;

 = (1− z)−A2F1

 A, C −B ;
− z

1−z
C ;

 (1.6)

(
c /∈ {0,−1,−2, . . . } and | arg(1− z)| < π

)
∞∑
n=0

2j+k≤ n∑
j,k=0

Φ(n, j, k) =
∞∑
n=0

∞∑
j,k=0

Φ(n+ 2j + k, j, k) (1.7)

(−n− 2j − k)2j+k =
(−1)k (n+ 2j + k)!

n!
(1.8)

∞∑
n=0

(a)n t
n

n!
= (1− t)−a , |t| < 1 (1.9)

∞∑
i=0

∞∑
j=0

∞∑
k=0

Ψ(i, j, k) =
2W−1∑
p=0

W−1∑
q=0

2W−1∑
u=0

∞∑
i=0

∞∑
j=0

∞∑
k=0

Ψ(2Wi+ p,Wj + q, 2Wk + u)

(1.10)
The set ∆(0; a) is empty.

In the literature, the equation (1.6) is known as Euler’s first linear transformation
[20, p. 33 (19, 20); see also 7, p. 60(4)], the equation (1.9) is known as Binomial
theorem. The triple series identity (1.7) is due to Srivastava and Manocha [20,
p. 102 (17)]. The triple series identity (1.10) is also due to Srivastava [19, pp.
196-197; see also 20, p. 217 (12)].
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2. Bilateral Generating Relation

Since Pochhammer’s symbol is associated with Gamma function and Gamma func-
tion is undefined for zero and negative integers therefore arguments, numerator and
denominator parameters are adjusted in such a way that each term of the following
series is completely defined and meaningful, then without any loss of convergence,
we obtain

∞∑
n=0

(a)n t
n

n!
2F1

 b− n, c ;
x

a+ b ;

XD+1:L;R
E:M ;S

 −n, (dD): (`L);(rR);
y, z

(eE):(mM);(sS);


= (1− t)−a(1− x)−c×

2W−1∑
p=0

W−1∑
q=0

2W−1∑
u=0

(a)p+2q+u(c)p[(dD)]2q+u[(`L)]q[(rR)]u

(
x

(x−1)(1−t)

)p(
y t2

(1−t)2

)q(
z t

(t−1)

)u
p!q!u!(a+ b)p[(eE)]2q+u[(mM)]q[(sS)]u

×

×F (3)

 ∆(2W ; a+ p+ 2q + u):: ;∆[2W ; (dD) + 2q + u]; :

:: ; ∆[2W ; (eE) + 2q + u]; :∆∗(2W ; p+ 1),∆(2W ; a+ b+ p);

∆(2W ; c+ p) ; ∆[W ; (`L) + q] ; ∆[2W ; (rR) + u] ;

; ∆∗(W ; q + 1),∆[W ; (mM) + q] ; ∆∗(2W ;u+ 1),∆[2W ; (sS) + u] ;

(
x

(x−1)(1−t)

)2W

, (2W )2W (1+D−E)

WW (1+M−L)

(
y t2

(1−t)2

)W
, (2W )2W (D−E+R−S)

(
z t
t−1

)2W


(2.1)

3. Proof of (2.1)
Suppose the left hand side of (2.1) is denoted by S, then it can be represented

as

S = (1− x)−c
∞∑
n=0

(a)n t
n

n!
2F1

 a+ n, c ;
x

x−1

a+ b ;

×
XD+1:L;R

E:M ;S

 −n, (dD) : (`L) ; (rR) ;
y, z

(eE) : (mM) ; (sS) ;


= (1− x)−c

∞∑
n=0

(a)n t
n

n!

∞∑
i=0

(c)i(a+ n)i(
x

x−1
)i

i! (a+ b)i
×
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2j+k≤ n∑
j,k=0

(−n)2j+k[(dD)]2j+k[(`L)]j[(rR)]k y
j zk

[(eE)]2j+k[(mM)]j[(sS)]k j! k!

= (1− x)−c
∞∑
n=0

∞∑
j=0

∞∑
k=0

(a)n+2j+k t
n+2j+k

(n+ 2j + k)!

∞∑
i=0

(c)i(a+ n+ 2j + k)i(
x

x−1
)i

(a+ b)i i!
×

×(−n− 2j − k)2j+k [(dD)]2j+k [(`L)]j[(rR)]k y
j zk

j! k! [(eE)]2j+k [(mM)]j [(sS)]k

= (1− x)−c
∞∑
i=0

∞∑
j=0

∞∑
k=0

(a)i+2j+k (c)i [(dD)]2j+k [(`L)]j[(rR)]k( x
x−1

)i(yt2)j (−zt)k

i! j! k!(a+ b)i[(eE)]2j+k[(mM)]j[(sS)]k

×
∞∑
n=0

(a+ i+ 2j + k)n t
n

n!

= (1− t)−a (1− x)−c×

∞∑
i=0

∞∑
j=0

∞∑
k=0

(a)i+2j+k(c)i[(dD)]2j+k[(`L)]j[(rR)]k

(
x

(x−1)(1−t)

)i(
yt2

(1−t)2

)j(
zt
t−1

)k
i!j!k!(a+ b)i[(eE)]2j+k[(mM)]j[(sS)]k

= (1− t)−a (1− x)−c×
2W−1∑
p=0

W−1∑
q=0

2W−1∑
u=0

∞∑
i=0

∞∑
j=0

∞∑
k=0

(c)2Wi+p(a)2Wi+p+2Wj+2q+2Wk+u[(`L)]Wj+q

(a+ b)2Wi+p(2Wi+ p)!(Wj + q)!(2Wk + u)!
×

×
[(dD)]2Wj+2q+2Wk+u[(rR)]2Wk+u

(
x

(x−1)(1−t)

)2Wi+p(
yt2

(1−t)2

)Wj+q(
zt
t−1

)2Wk+u

[(eE)]2Wj+2q+2Wk+u[(mM)]Wj+q[(sS)]2Wk+u

= (1− t)−a (1− x)−c×

2W−1∑
p=0

W−1∑
q=0

2W−1∑
u=0

(a)p+2q+u (c)p[(dD)]2q+u[(`L)]q[(rR)]u

(
x

(x−1)(1−t)

)p(
y t2

(1−t)2

)q(
z t
t−1

)u
(a+ b)p p! q! u![(eE)]2q+u[(mM)]q[(sS)]u

×

×
∞∑
i=0

∞∑
j=0

∞∑
k=0

(a+ p+ 2q + u)2W (i+j+k) (c+ p)2Wi[(dD) + 2q + u]2W (j+k)

(a+ b+ p)2Wi i! j! k! [(eE) + 2q + u]2W (j+k)[(mM) + q]Wj

×

×
[(`L) + q]Wj[(rR) + u]2Wk(1)i(1)j(1)k

(
x

(x−1)(1−t)

)2Wi(
y t2

(1−t)2

)Wj(
z t
t−1

)2Wk

[(sS) + u]2Wk(1 + p)2Wi(1 + q)Wj(1 + u)2Wk
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= (1− t)−a (1− x)−c×

2W−1∑
p=0

W−1∑
q=0

2W−1∑
u=0

(a)p+2q+u (c)p[(dD)]2q+u[(`L)]q[(rR)]u

(
x

(x−1)(1−t)

)p(
yt2

(1−t)2

)q(
zt
t−1

)u
(a+ b)p p! q! u![(eE)]2q+u[(mM)]q[(sS)]u

×

×
∞∑
i=0

∞∑
j=0

∞∑
k=0

(2W )2W (i+j+k)
2W∏
v=1

{(
a+p+2q+u+v−1

2W

)
i+j+k

}
i! j! k!

2W∏
v=1

{(
a+b+p+v−1

2W

)
i

} ×

×

2W∏
v=1

{(
c+p+v−1

2W

)
i

}
(2W )2(D−E)(j+k)W

2W∏
v=1

{[
(dD)+2q+u+v−1

2W

]
j+k

}
W (L−M)Wj

2W∏
v=1

{[
(eE)+2q+u+v−1

2W

]
j+k

}

×

W∏
v=1

{[
(`L)+q+v−1

W

]
j

}
(2W )2(R−S)Wk

2W∏
v=1

{[
(rR)+u+v−1

2W

]
k

}
W∏
v=1

{[
(mM )+q+v−1

W

]
j

} 2W∏
v=1

{[
(sS)+u+v−1

2W

]
k

}
(2W )2Wi

×

×
(1)i(1)j(1)k

(
x

(x−1)(1−t)

)2Wi(
yt2

(1−t)2

)Wj(
zt
t−1

)2Wk

2W∏
v=1

{(
1+p+v−1

2W

)
i

}
WWj

W∏
v=1

{(
1+q+v−1

W

)
j

}
(2W )2Wk

2W∏
v=1

{(
1+u+v−1

2W

)
k

}
= (1− t)−a (1− x)−c×

2W−1∑
p=0

W−1∑
q=0

2W−1∑
u=0

(a)p+2q+u (c)p[(dD)]2q+u[(`L)]q[(rR)]u

(
x

(x−1)(1−t)

)p(
yt2

(1−t)2

)q(
zt
t−1

)u
(a+ b)p p! q! u![(eE)]2q+u[(mM)]q[(sS)]u

×

×
∞∑
i=0

∞∑
j=0

∞∑
k=0

2W∏
v=1

{(
a+p+2q+u+v−1

2W

)
i+j+k

} 2W∏
v=1

{[
(dD)+2q+u+v−1

2W

]
j+k

}
(1)i

i! j! k!
2W∏
v=1

{[
(eE)+2q+u+v−1

2W

]
j+k

} 2W∏
v=1

{(
1+p+v−1

2W

)
i

} ×

×

2W∏
v=1

{(
c+p+v−1

2W

)
i

}
(1)j

W∏
v=1

{[
(`L)+q+v−1

W

]
j

}
(1)k

2W∏
v=1

{[
(rR)+u+v−1

2W

]
k

}
2W∏
v=1

{(
a+b+p+v−1

2W

)
i

} W∏
v=1

{(
1+q+v−1

W

)
j

} W∏
v=1

{[
(mM )+q+v−1

W

]
j

} 2W∏
v=1

{(
1+u+v−1

2W

)
k

}×
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×

(
x

(x−1)(1−t)

)2Wi

(2W )2W (1+D−E)j
(

yt2

(1−t)2

)Wj

(2W )2W (D−E+R−S)k
(

zt
t−1

)2Wk

2W∏
v=1

{[
(sS)+u+v−1

2W

]
k

}
WW (1+M−L)j

Now interpreting the definition of Srivastava’s general triple series into hypergeo-
metric form, we get the right hand side of (2.1).
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Mat. Palermo, 7(1893), 111-158.

7. Rainville, E. D.; Special Functions, The Macmillan Co. Inc., New York 1960;
Reprinted by Chelsea Publ. Co. Bronx, New York, 1971.

8. Saran, S.; Hypergeometric Functions of Three Variables, Ganita, 5(2)(1954),
71-91; Corrigendum. Ibid., 7(1956), 65.

9. Saran, S.; Transformations of Certain Hypergeometric Functions of Three
Variables, Acta. Math., 93(1955), 293-312.

10. Sharma, B. L.; Some Formulae for Appell Functions, Proc. Cambridge Philos.
Soc., 67(1970), 613-618.

11. Slater, L. J.; Confluent Hypergeometric Functions, Cambridge Univ. Press,
Cambridge, London and New York, 1960.



90 J. of Ramanujan Society of Math. and Math. Sc.

12. Slater, L. J.; Generalized Hypergeometric Functions, Cambridge Univ. Press,
Cambridge, London and New York, 1966.

13. Srivastava, H. M.; Hypergeometric Functions of Three Variables, Ganita,
15(2)(1964), 97-108.

14. Srivastava, H. M.; On the Reducibility of Certain Hypergeometric Functions,
Revista Mat. Fis. Teorica Univ. Nac. Tucumán Rev. Ser. A, 16(1966),
7-14.

15. Srivastava, H. M.; Relations Between Functions Contiguous to Certain Hy-
pergeometric Functions of Three Variables, Proc. Nat. Acad. Sci. India,
Sect. A, 36(1966), 377-385.

16. Srivastava, H. M.; Some Integrals Representing Triple Hypergeometric Func-
tions, Rent. Circ. Mat. Palermo.(2), 16(1967), 99-115.

17. Srivastava, H. M.; Generalized Neumann Expansions Involving Hypergeo-
metric Functions, Proc. Cambridge Philos. Soc., 63(1967), 425-429.

18. Srivastava, H. M.; Some Integrals Representing Triple Hypergeometric Func-
tions, Math. Japonicae, 13(1) (1968), 55-69.

19. Srivastava, H. M.; A Note on Certain Identities Involving Generalized Hyper-
geometric Series, Nederl. Akad. Wetensch. Proc. Ser. A, 82=Indag. Math.,
41(2)(1979), 191-201.

20. Srivastava, H. M. and Manocha, H. L.; A Treatise on Generating Functions,
Halsted Press(Ellis Horwood, Chichester, U.K.) John Wiley and Sons, New
York, Chichester, Brisbane and Toronto, 1984.


