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Abstract: In this paper, making use of the most generalized form of Bailey’s
Lemma due to Andrews [2], an attempt has been made to establish certain double
series identities.
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1. Introduction Notations and Definitions
Throughout this paper we shall adopt the following notation and definition;
For any numbers « and q, real or complex and |g| < 1, let

(@5 gl = [0 = { <11 —a)(1—ag)(l - ag®)..(1 - ag"™) Z > 8

Accordingly, we have

[@; gl = [ [(1 = ag").

r=0
Also,

a1, az, ..., ar; qln = [a13 qlnlaz; @ln---[ar; gl
We define a basic hypergeometric series,

An(n—1)/2

® a1,a2,...,0r;4; 2 :| — Z [aha?y”'aar;q]nz q 7 (|Z| < 1) (11)

ree b17627“'7bs;q>\ [Q7 b17b27"'7b8;Q]n

n=0
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Andrews [2] established the following generalized form of Bailey’s Lemma.
If

n

o ; [4; 4] " (1:2)

n—r [aCL Q]nJrT
then

X

i bl,Cl,bQ,CQ,.. bkwck‘vqiN;Q]n
e GQ/bl, G/Q/Cl) GQ/bZJ CLQ/027 ceey aq/bka GQ/CIW an-i-l; Q]n

ak g+ n
: { } e

blcleCQ....bkck

X

_ lag, aq/brcy; gy 3 [k, €13 @l [b1 €15 @y
laq/brsagferiqln o = o 10 e 5 o (45 G

[Q_NS Q]nk [GQ/bkflcka q]nkfnk,l ---[&C]/blcl; C]]ngfm
[bkaq_N§ Q]nk [CLC]/bk—h aCI/Ck—1; Q]nk---[GQ/bh GCI/01§ Q]m
qn1+n2+---+nk an1+n2+..-+nk71ﬁn

% 1.3
(br—1Ch—1)™=1...(brcy)™ -

As by, bo, ..., bg, ¢, and N — oo in (1.3), we get

2 kn

2 2 2
qn1+n2+...+nk a”1+”2+--~+”k Bn

= > : : _ (1.4)
nank71an722--~Zn120 [Q7 Q]nk_nk—l I:q’ q]nk—l_nk—Z"'[q7 Q]WQ—”I
Now, taking k = 2 in (1.3) and (1.4), we have
If
L lede(=a") e
B = L5
9, ag; ] ; g2 [agm gl (15)
then

ZN: [b1, c1, b2, €25 qln[q7N ;5 qln(a®gN+2 /bicibacy) g /2 (=),
laq/b1, aq/c1, aq/ba, aq/c2; qlnlagNt; gl

n=0
_ lag, aq/bycy; gl T [b2, 23 @lm[b1, €13 alnlg™™; @lmlag/bicr; @lm—ng™ " a" By
laq/b1,aq/ci;q]n (@5 @lm—n[b2c2g™; qlmaq /by, aq/ci; qlm(bici)™
(1.6)

m>n>0
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and Y
+2n (m+n)>+
a™ nq(m n)*+n Bn

Z " g2 (1.7)

lag; qloe =, [4; a]m

m,n=0

after some simplification.

In this paper we shall utilize (1.5)-(1.7) to establish our main results. Though
a number of identities can be established with the help of these result, we shall
confine to only a few. We shall use the following summations in our analysis.

& [a,q\/_, —qv/a,b,c,q7"q; aq”“/bC] _ lag, aq/bc; gl (1.8)
" | Va,—va,aq/b,aq/c,aq't" laq/b, ag/c; ]’ '

[Gasper & Rahman 4; App. II (II. 20)]
By [ a,—q/a,b,q7" ;" /a/b } _ lag,qv/a/b; qln (1.9)
_\/57 CLQ/b7 aqn+1 [q\/aa GQ/b, (J]n7 '
[Gasper & Rahman 4; App. II (II. 14)]
a,qv/a, —q\/a,q " q; ="
NSV

_1+valag —¢ Vgl | 1- Valag, —¢?q]m (1.10)
2 [Vaq, —a; qlm 2 [=vag,Va;qm’
[Verma and Jain 6; A (4.1), p. 76]

and

aq

_1+Va [ag,—/G dm N 1—+va [aq,—/Tqlm (1.11)
2 [=vag,qva; qm 2 [Vag, —qva; g’ '

[Verma and Jain 6; A (4.3), p. 76]

a,q7"; ¢ —q" "2
I

We shall also use the following set of sequences < «,, > and < (3, > in our

analysis,
' ()" {(1 — ag)[a: glua"q" /%)
ap=1, a,= a  dint 4 o n>1
{(1 = a)lg; dln}
then
Bo= (1.12)
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and
) 5 ¢ 6n 3n(3n—1)/2
ap=1; az, = (—)"aq’; ¢°ln—1(1 — ag®™)a"q n(3n—1)/ |
4% ¢%]n
Q3n—1 = Qzn—2 = 0; n > 1 then
fo=1, fu= WCdlt sy (1.13)
[4; aJnlag; al2n—

[Verma 5; A (4.3), p. 771-72]

2. Main Results
In this section we shall establish our main results,
If in (1.5) we set

r r(r+1)/2 [a’ Q\/_ _q\/_ b C; Q] (a/bc)

ar = (Vg g, Va, —/a,aq/b, aq/c; g,

in (1.5) and apply (1.8), we get,

lag/bc; qln
[q,aq/b,aq/c; q]n

ﬁn =
Substituting these values of «,, and 3, in (1.3), we get
a, qv/a, —q/a, b, ¢, by, c1,ba, c2,q7N; ¢ @’ N [bebrerbacs

Va, —/a,aq/b,aq/c,aq/bi, aq/c1,aq/by, aq/cy, ag N

10(1)9

_ [a'qa GQ/b202, qlN jv: 27”: bZa Co, g ] m[bb C1, G/Q/bc, q—m’ Q]nqn
[q, b2c27N /a; q)mlq, aq/b, aq/c, bicig™™/a; g,

laq/ba, aq/ca; q)n (2.1)

m=0 n=

As N — oo in the above, we get

a, qv/a, —q\/a, b, ¢, by, c1, ba, ca; q; —aq? [bebycrbacs

\/57 _\/aa CLQ/bv CLQ/C> CLQ/bl, G'Q/Clﬁ G’Q/b27 GQ/CQ; q

Qq)S

_ [a(LGQ/bQCQ C]oo ZZ b2,C27 m+n bl,ChGQ/bC; Q]n[GQ/blcl;C]]m
lag /b2, ag/ca; q] [4;dlmla, aq/b,aq/c; qln

*© m=0 n=0
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% (GQ/bzcz)m(GQ(f/5101b202)n
[ag/bict; @lim+n
Taking b, ¢, by, ¢1,ba, ca — 00 in (2.2) and then letting a — 1, we get

(2.2)

e oo
2n24-2mn+m? 1 2 1

> > (e

m,n=0 n=-—oo

|3

(2.3)

" 6 d 0,2, 6% 4

after some simplification.
This is a known result due to Andrews [1; (1.8), p. 4083].
Next, putting ¢, = a¢g™*! in (2.1), we get
a, q\/a, —q/a, b, ¢, by, ¢1,by; ¢; a*q° [beby e by

\/57 _\/aa CLC]/b, G'Q/C7 GQ/bla G,Q/Cl, a'q/bQ N

sP7

m+n

lag, ba2q; g N b2, ag™ ™, N gl b1, 1, aq/be, g™ qlng
— . (24
g, aq/b2: 4] NbNZ_OZO q,bzq dlmla: aq/b, aq/c,bicrg™ /a; qln (24)

Now, setting b = y/a and ¢ = —/a in (2.4), we get

a, by, c1, ba; q; —aq2/b101b2
4P3
aq/bi, aq/ci, aq/b N

~laq, bag; g ZN:Xm: (b2, ag™ N gl b, 1, —q, 7™ qlag™ " (2.5)
[g,aq/by; gInby A== (g, bag; Q] [q,blclq m/a;qlnlag® ¢l '

Again, putting by = ¢v/a,c; = —q\/a and by = b in (2.5), we get

{aq\/_ —qv/a,b;¢;1/b ]
Va,—va,aq/b In

lag, bg; q] N b, ag't N gl [ —4. 7™ q;q
_ P 4 2.6
g, aq/b; q|nbN Z [, bq, qlm 2 =g (2:6)

The inner 5@ vanishes for all m except m = 0. Thus we have,

{ a, q\/a@, —q\/a, b; ¢ 1/b } _ lag,bg;qly (2.7)
va,—a,aq/b N laag/bigx0N '
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This is yet another known result due to [3; (14), p. 99].

As N — oo we get
a,qy/a, Qx/ﬁ,b;q;l/b} 0 (2.8)
Va,—a,aq/b ’ '
because for convergence; |b| > 1.

Again, if we put b = y/a or b = —\/a, respectively in (2.7), we get

B, { ci,\;g\/a;q; 1/\/a ] ~agi gy (2.9)

Nl ana?

and

2 N lagna?

a,qva;q;—1/va ] lag gln(=)Y
o [\/a ] G AN ) (2.10)

Now, if we set

o, = r(r+1)/2 [ _q\/a7baQ]'r
T = \/—/b)[ —va, aq/b; q],

n (1.5) and use (1.9), we get

lav/a/b; qln (2.11)
9, 9v/a, aq/b; qln
Substituting the above values of o, and 3, in (1.7), we get

(5n+1)/2 ,2n la, —qv/a, b; qln
[aq; qloc Zq (=va/e)" 4, —/a, aq/b; qln

> (m+n)2+n? m+2n b

¢ dlmla, av/a, aq/b; q]

ﬁn:

m,n=0

As b — oo in the above, we get

¢ qln(1 + Va)

lag; g

Z 30 5n /2 [a; q (1+4¢"Va)
n=0

m+n) +n? qmten

- (2.13)
m;() aJnlav/a; aln
If a — 1in (2.13), we get
0 2n2+2mn+m? 1
a (2.14)

@ dmlai a2~ @

m,n=0
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Now, taking a = ¢? in (2.13), we get

o > (m~+n)(m4n+2)+n(n+2)
Z 3n2 +5n 2n+2) q (2.15)
o ~ 14 dlml4; dlnl@; @nia

Again, taking a = ¢ in (2.13), we get

(1 - \/_ Zq?m q5n/2(1 + qn+2) _ io: q(m+n)(m+n+1)+n(n+1)
54l = oyl dnla valen

which leads to

i q(m+n)(m+n+1)+n(n+1) _ (1 - \/a) [q6,q6] [_q11/2 —q1/2'q6] . (2.16)
(4 dJimla; /d]2n [l ’ ’

m,n=0
Further, putting

r(r— T a;qlr
a, = ¢ /2g /2['_]
(¢ g

in (1.5) and using (1.11), we get

1+va  [—/Gdh L1 va o [=G 4 (2.17)
2 g, —vaq,qv/a; gl 2 [g,vaq, —qv/a; gl '

Substituting the above values of a,, and (3, in (1.7), we get

Bn:

o

1

5n2/2a2n [CL, Q]n
[aq; gl

[q: 4]

q

m,n=0

_ (1—}-\/5) 00 q(m+n)2+n2am+2n[_\/a; Q]n

3

2 e 4 dnle, —vag, ava gl

1— S (m+n)24n? m+2n[__ gl
+( \/E) Z q a [ \/5(1] (2.18)

2 o= g dmle, vag, —av/a; dln

which, with a — 1 leads to the identity (2.14).
Next, substituting the values of «,, and £, given by (1.12) and using them in
(1.7), we get

(Tn—1)/2 2n (1—aq2")[a; qIn
{ +Zq ey (1 —a)lg; qln }

[aq oo
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_ i g (2.19)
oy 16l dln '
As a — 1 in the above, we get
i g ! (2.20)
ool dmladn 1a,6% 6% 4% ¢ '

which is again the identity (2.3).
Finally, using (1.13) and (1.7), we get

1 S - [a; ¢°In(1 — ag™)
1+ q3n(15n 1)/2a7n(_ n '
[aq; qJs { ; " s

1— Cl)[q ;4 ]n
> m+2n (m+n)2+n2 [CL' qg]
= + I n
mZ:: mZ:o; ] (¢; q]n[a; ql2n

As a — 1 in the above we get the following interesting identity, after some simpli-
fication

¢
_Z[Q’

m=0 ) m=0 n=1

m? (m4n)2+n? [

DN el | IO

qInlq; q)2n—1 r=0,+21(mod 45)

Making use of several other results available in the literature, a number of
interesting identities of the nature investigated here can easily be established.
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