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1. Introduction
For our Purpose we begin by recalling some known functions and earlier works,

by the definition of Gamma and Beta functions, it is known that the Eulerian beta
integral

B (α, β) =

1∫
0

tα−1 (1− t)β−1 dt =
Γ (α) Γ (β)

Γ (α + β)
; [Re (α) > 0;Re (β) > 0] (1)

Can be again in its presented as

b∫
a

(t− a)α−1 (b− t)β−1 dt = (b− a)α+β−1B (α, β) ; [Re (α) > 0;Re (β) > 0; a 6= b]

(2)
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Since
(ut+ ν)γ = (au+ ν)γ ×

∞∑
l=0

(−γ)l
l!

{
−(t− a)u

au+ ν

}l
; [| (t− a)u| < | (au+ ν) |; t ∈ [a, b]] (3)

We find from (2) that [2, p.301, eq. 2.2.6.1]∫ b

a

(t− a)α−1 (b− t)β−1 (ut+ ν)γ dt

= (b− a)α+β−1 (au+ ν)γ B (α, β) 2F1

[
α,−γ;α + β;−(b− a)u

au+ ν

]
(4)[

Re (α) > 0;Re (β) > 0; |arg
(
bu+ ν

au+ ν

)
| ≤ π − ε (0 < ε < π) ; a 6= b

]
Putting γ = −α − β in (4) would simplify considerably, and if further we Put
u = λ − µ and ν = (1 + µ) b − (1 + λ) a in terms of new parameters λ and µ, the
special case γ = −α−β of (4) would yield (Gradshteyn, 1980[8]; p. 287, eq. 3.198);
(Prudnikov et at, 1983 [2, p, 301, eq. 2.2.6.1])

b∫
a

(t− a)α−1 (b− t)β−1

{b− a+ λ (t− a) + µ (b− t)}α+β
dt =

(1 + λ)−α (1 + µ)−β

(b− a)
B (α, β) (5)

[Re (α) > 0;Re (β) > 0; b− a+ λ (t− a) + µ (b− t) 6= 0, tε [a, b] ; a 6= b]

By Use of (5) we show the problem of closed form evaluation of the following general
Eulerian Integral with Aleph (ℵ)-function. Which is as follows

< =

∫ w

l

(t− l)λ (w − t)µ

{f (t)}λ+µ+2
ℵM,N
Pi,Qi,τi,r

[
z {g (t)}ν |

(aj ,Aj)1,N ,...,[τi(aj ,Aj)]N+1,Pi

(bj ,Bj)1,M ,...,[τi(bj ,Bj)]M+1,Qi

]
×

SUV

[
y {g (t)}ρ

′]
Sα

′
,β

′
,0

n [x {g (t)}ς ] dt (6)

where
f (t) = w − l + ρ (t− l) + σ (w − l) (7)

g (t) =
(t− l)γ (w − t)δ {f (t)}1−γ−δ

β (w − l) + (βρ+ α− β) (t− l) + βσ (w − t)
(8)
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The Aleph (ℵ) -function, introduced by Sudland [4], here the notation and complete
definition is presented in the following manner which is given below in terms on
the Mellin- Barnes type integrals.

ℵ [z] = ℵM,N
Pi,Qi,τi,r

[
z|

(aj ,Aj)1,N ,...,[τi(aj ,Aj)]N+1,Pi

(bj ,Bj)1,M ,...,[τi(bj ,Bj)]M+1,Qi

]

=
1

2πω

∫
L

ΩM,N
Pi,Qi,τi,r

(s) z−sds (9)

For all z 6= 0 where ω =
√

(−1)

ΩM,N
Pi,Qi,τi,r

(s) =

∏M
j=1 Γ (bj +Bjs)

∏N
j=1 Γ (1− aj − Ajs)∑r

i=1 τi
∏Qi

j=M+1 Γ (1− bji −Bjis)
∏Pi

j=N+1 Γ (aji + Ajis)
(10)

The integration path L = Liγ∞, γεR extends from γ − i∞ to γ + i∞, and is
such that the poles, assumed to be simple of Γ (1− αi − Ajs) , j = 1, ..., n do not
coincide with the pole of Γ (βi +Bjs) , j = 1, ...,m the parameter xi, yi are non
negative integers satisfying 0 ≤ N ≤ Pi, 0 ≤ M ≤ Qi, τi > 0 for i = 1, ..., r.
The Aj, Bj, Aji, Bji > 0 and aj, bj, aji, bjiεC. The empty product in (10)
is interpreted as unity. The existence conditions for the defining integral (9) are
giving below

φl > 0, |arg (z) | < π

2
φl, l = 1, ..., r (11)

φl ≥ 0, |arg (z) | < π

2
φl and R (ξl) + 1 < 0 (12)

where

φl =
N∑
j=1

Aj +
M∑
j=1

Bj − τl

(
Pl∑

j=N+1

Ajl +

Ql∑
j=M+1

Bjl

)
(13)

ξl =
M∑
j=1

bj −
N∑
j=1

aj + τl

(
Ql∑

j=M+1

bjl −
Pl∑

j=N+1

ajl

)
+

1

2
(Pl −Ql) , (i− 1, ..., r) (14)

The Srivastava general class of Polynomials introduced by Srivastava defined as
follows [6].

SUV [x] =

[V/U ]∑
R=0

(−V )URA (V,R)
xR

R!
(15)
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where U is an arbitrary positive integers, V=0, 1, 2, ..., r and the coefficients A(V,
R) are arbitrary constant, real or complex. A number of well known polynomials
follow as special cases of SUV as referred is [1].

The generalized polynomial set is defined by the following Rodrigues type formula
[10, p.64, eq. (2.3.4)].

Sµ,δ,τn [x;w, s, q, A,B,m, ξ, l]

= (Ax+B)−µ (1− τxw)−δ/τ Tm+n
ξ,l

[
(Ax+B)µ+qn (1− τxw)(

δ
τ )+sn

]
(16)

With the differential operator

Tk,l = xl
[
k + x

d

dx

]
The explicit series form this generalized sequence of functions is given by [11, p.64,
eq. (2.3.4)]

Sµ,δ,τn [x;w, s, q, A,B,m, ξ, l] =

Bqnxl(m+n)
(
1− τxl

)sn
lm+n

m+n∑
σ=0

σ∑
τ=0

m+n∑
j=0

j∑
i=0

(−1)j (−j)i (µ)i (−σ)i (−µ− qn)i
σ!τ !i! (1− µ− j)i

×
(
− δ
τ
− sn

)
σ

(
i+ ξ + wτ

l

)
m+n

(
−τxw

1− τxw

)(
Ax

B

)i
(17)

Some special cases of (17) are given by Raijada in table form [11]. We shall use
the following special case:

If we Substitute A=1, B=0 in (17) and letting τ → 0 and using the well known
results.

Ltτ→0 (1− τxw)δ/τ = exp (−δxτ ) , Lt|b|→∞ (b)n

(z
b

)n
= zn

then, we arrive at the following important polynomial set

Sµ,δ,0n [x] = Sµ,δ,0n [x;w, s, q, 1, 0,m, ξ, l]

= xqn+l(m+n)lm+n

m+n∑
σ=0

σ∑
τ=0

(−σ)τ
(
µ+qn+ξ+wτ

l

)
m+n

(δxw)σ

σ!τ !
(18)
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2. Main Integral
Evaluation of our main integral representing the general Eulering integral (6)

making use of definition (9), (15) and (18), we find from (6) that

< =

∫ w

l

(t− l)λ (w − t)µ

{f (t)}λ+µ+2
ℵM,N
Pi,Qi,τi,r

[
z {g (t)}ν |

(aj ,Aj)1,N ,...,[τi(aj ,Aj)]N+1,Pi

(bj ,Bj)1,M ,...,[τi(bj ,Bj)]M+1,Qi

]
×

SUV

[
y {g (t)}ρ

′]
Sα

′
,β

′
,0

n [x {g (t)}ς ] dt

=

V/U∑
R=0

(−V )URAV,R
R!

(y)R (x)R
′

(h)m+n
m+n∑
η=0

η∑
e=0

(−η)e

(
α
′
+qn+ξ+τe

h

)
m+n

(
β

′
xτ
)η

η!e!
×

[∫ w

l

(t− l)λ (w − t)µ

{f (t)}λ+µ+2
× 1

2πi

∫
L

ΩM,N
Pi,Qi,τi,r

(s) z−s {g (t)}−νs+ρ
′
R+ςR

′
+τη ds

]
dt (19)

Where R
′

= qn + h (m+ n) , Λ = ρ
′
R + ςR

′
+ τη and L is suitable contour of

Mellin Barnes type in the complexes plane f (t) , g (t) , Ω (s) are given by (7), (8)
and (10) respectively. Assuming the inversion of the order of integration in (19) be
provided by absolute (and uniform) convergence of the involved above, we have

< =

V/U∑
R=0

(−V )URAV,R
R!

(y)R (x)R
′

(h)m+n
m+n∑
η=0

η∑
e=0

(−η)e

(
α
′
+qn+ξ+τe

h

)
m+n

(
β

′
xτ
)η

η!e!
×

[
1

2πi

∫
L

ΩM,N
Pi,Qi,τi,r

(s)

(
z

βν

)−s
1

βΛ

]
×

[∫ w

l

(t− l)λ−νγs+Λγ (w − t)µ−δνs+Λs

{f (t)}λ+µ+(γ+δ)(−γs+Λ)+2

{
1− (β − α) (t− l)

βf(t)

}νs−Λ

ds

]
dt (20)

If | (β − α) (t− l) | < |βf (t) |, (tε [l, w]) then we can be made of binomial expan-
sion and we thus find from (20) that

< =

V/U∑
R=0

(−V )URAV,R
R!

(
y

βρ
′

)R(
x

βς

)R′

(h)m+n×
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m+n∑
η=0

η∑
e=0

(−η)e

(
α
′
+qn+ξ+τe

h

)
m+n

(
β

′
xτ
)η

η!e!
×

[
1

2πi

∫
L

ΩM,N
Pi,Qi,τi,r

(s)

(
z

βν

)−s ∫ w

l

(t− l)(λ+k−νγs+Λγ+1)−1 (w − t)(µ−δνs+Λs+1)−1

{f (t)}λ+µ+k+(γ+δ)(−γs+Λ)+2

]
×

[
∞∑
k=0

(
β − α
β

)k
Γ (−νs+ Λ + k)

Γ (−νs+ Λ) (k)!
dt

]
ds (21)

Provided also that the order of summation and integration can be inverted. The
inner most integral in (21) can be evaluated by appearing to known extension of the
Eulerian (beta-function) integral (5) and finally obtain the desired integral formula:

< = (w − l)−1 (1 + ρ)−λ−γΛ−1 (1 + σ)−µ−Λδ−1×

V/U∑
R=0

(−V )URAV,R
R!

(
y

βρ
′

)R(
x

βς

)R′

(h)m+n×

m+n∑
η=0

η∑
e=0

(−η)e

(
α
′
+qn+ξ+τe

h

)
m+n

(
β

′
(
x
β

)τ)η
η!e!

∞∑
k=0

1

k!

(
β − α

β (1 + ρ)

)k
ℵM,N+3
Pi+3,Qi+2,τi;r

[
z

{
β (1 + ρ)γ

(1 + σ)−δ

}−ν
|
(1−k−Λ,ν),(−k−λ−γΛ,γν),(−µ−δΛ,δν),(aj ,Aj)1,N ,...,[τi(aj ,Aj)]N+1,Pi

(bj ,Bj)1,M ,...,[τi(bj ,Bj)]M+1,Qi
,(1−Λ,ν),{−k−λ−µ−(γ+δ)Λ−1,ν(γ+δ)}

]
(22)

Which hold true when

i V > 0; γ > 0; δ > 0; β 6= 0; w 6= l; ρ, σ 6= −1 and
{w − l + ρ (t− l) + σ (w − t)} 6= 0, tε [l, w]

ii Re
{

1 + λ+ γν
(
bj
βj

)}
> 0 and Re

{
1 + µ+ νδ

(
bj
aj

)}
> 0, (j = 1, ..., M)

where M is an arbitrary positive integer.

iii M, N, P, Q are positive integers constrainted by 1 ≤M ≤ Q, 0 ≤ N ≤ P.

iv |arg (z) | < 1
2πΩ

.

v | (β − α) (t− l) | < |β {w − l + ρ (t− l) + σ (w − l)} |, tε [a, b].
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vi U is an arbitrary positive integer and the AV, R (V, R = 0) coefficients are ar-
bitrary constants real or Complex.

vii The series on the right hand side of (22) converges absolutely.

3. Application
In this section we specifically show how the general integral formula (22) can

be applied to derive various interesting results including those given by [9].

For all ρ = σ = 0 and z = (w − l)(γ+δ−1)ν in (22) reduces

< = (w − l)−1

V/U∑
R=0

(−V )URAV,R
R!

(
y

βρ
′

)R(
x

βς

)R′

(h)m+n×

m+n∑
η=0

η∑
e=0

(−η)e

(
α
′
+qn+ξ+τe

h

)
m+n

(
β

′
(
x
β

)τ)η
η!e!

∞∑
k=0

1

k!

(
β − α
β

)k
ℵM,N+3
Pi+3,Qi+2,τi;r

[{
(w − l)γ+δ−1

β

}−ν
|
(1−k−Λ,ν),(−k−λ−γΛ,γν),(−µ−δΛ,δν),(aj ,Aj)1,N ,...,[τi(aj ,Aj)]N+1,Pi

(bj ,Bj)1,M ,...,[τi(bj ,Bj)]M+1,Qi
,(1−Λ,ν),{−k−λ−µ−(γ+δ)Λ−1,ν(γ+δ)}

]
(23)

Provided that the conditions easily obtainable from those of (22) are satisfied.

Taking β = α =
1

ε
in (23) we obtain

< = (w − l)−1

V/U∑
R=0

(−V )URAV,R
R!

(
yερ

′)R
(xες)R

′

(h)m+n×

m+n∑
η=0

η∑
e=0

(−η)e

(
α
′
+qn+ξ+τe

h

)
m+n

(
β

′
(xε)τ

)η
η!e!

ℵM,N+3
Pi+3,Qi+2,τi;r

[{
ε (w − l)γ+δ−1

}−ν
|
(1−k−Λ,ν),(−k−λ−γΛ,γν),(−µ−δΛ,δν),(aj ,Aj)1,N ,...,[τi(aj ,Aj)]N+1,Pi

(bj ,Bj)1,M ,...,[τi(bj ,Bj)]M+1,Qi
,(1−Λ,ν),{−k−λ−µ−(γ+δ)Λ−1,ν(γ+δ)}

]
(24)

Again we put γ = δ = 1, λ = µ = −1
2
, α → α2 and β → β2 in the integral

formula (23), and sum the resulting series by mean of a known formula [3]: applying
Legendre’s Duplication formula as well,we obtain the integral∫ w

l

(t− l)−1/2 (w − t)−1/2
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ℵM,N
Pi,Qi,τi,r

[
z

{
(t− l) (w − t)

α2 (t− l) + β2 (w − t)

}ν
|
(aj ,Aj)1,N ,...,[τi(aj ,Aj)]N+1,Pi

(bj ,Bj)1,M ,...,[τi(bj ,Bj)]M+1,Qi

]
×

SUV

y{(t− l) (w − t) (w − l)−1

α2 (t− l) + β2 (w − t)

}ρ
′Sα′

,β
′
,0

n

[
x

{
(t− l) (w − t) (w − l)−1

α2 (t− l) + β2 (w − t)

}ς]
dt

= (
√
π)

V/U∑
R=0

(−V )URAV,R
R!

(
y

β2ρ′

)R(
x

β2ς

)R′

(h)m+n×

m+n∑
η=0

η∑
e=0

(−η)e

(
α
′
+qn+ξ+τe

h

)
m+n

(
β

′
(
x
β2

)τ)η
η!e!

×

ℵM,N+1
Pi+1,Qi+1,τi;r

[
z

{
(w − l)γ

(α + β)2

}−ν
|(

1
2
−Λ,ν),(aj ,Aj)1,N ,...,[τi(aj ,Aj)]N+1,Pi

(bj ,Bj)1,M ,...,[τi(bj ,Bj)]M+1,Qi
,(−Λ,ν)

]
(25)

If we set γ = δ = 1
2
, µ = −λ − 2 and V → 2V in the integral formula (23),

and sum the resulting series by mean of a known formula [3]: applying Legendre’s
Duplication formula as well, we obtain the integral∫ w

l

(t− l)λ (w − t)−λ−2

ℵM,N
Pi,Qi,τi,r

[
z

[
{(t− l) (w − t)}ν

{α (t− l) + β (w − t)}2ν

]
|
(aj ,Aj)1,N ,...,[τi(aj ,Aj)]N+1,Pi

(bj ,Bj)1,M ,...,[τi(bj ,Bj)]M+1,Qi

]
×

SUV

y

{

(t− l)1/2 (w − t)
}1/2

{α (t− l) + β (w − t)


ρ
′Sα′

,β
′
,0

n

x

{

(t− l)1/2 (w − t)
}1/2

{α (t− l) + β (w − t)


ς dt

= (
√
π)

V/U∑
R=0

(−V )URAV,R
R!

21−Λ

(
y

βρ
′

)R(
x

βς

)R′ (
β

α

)1+λ+ 1
2
−Λ

(h)m+n×

m+n∑
η=0

η∑
e=0

(−η)e

(
α
′
+qn+ξ+τe

h

)
m+n

(
β

′
(
x
βς

)τ)η
η!e!

×

ℵM,N+2
Pi+2,Qi+2,τi;r

[
{4αβ}−ν |(

1
2
−Λ,ν),(λ+2− 1

2
Λ,ν),(aj ,Aj)1,N ,...,[τi(aj ,Aj)]N+1,Pi

(bj ,Bj)1,M ,...,[τi(bj ,Bj)]M+1,Qi
,(1− 1

2
−Λ,ν),( 1

2
− 1

2
Λ,ν)

]
(26)
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4. Special Cases

1. If we Substitute τi = 1 in (22) then Alphe (ℵ)-function reduces to I-function [7].

2. On taking τi = 1, r = 1 and reducing SUV [x] and Sα
′
, β

′
, 0 [x] to unity in (22)

the result reduces to a known result derived by Srivastava H.M. and Raina R.K.
[5].

3. If we putting τi = 1, r = 1, Aj = Bj = 1 and reducing SUV [x] and Sα
′
, β

′
, 0 [x] to

unity in (25) the result reduces to another result known result derived by Srivastava
H.M. and Raina R.K. [5].
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[3] A Erdélyi, W Magnus, F Oberhettinger and FG Tricomi, Higher Transcen-
dental Function, I McGraw Hill Book Co., New York-Toronto-London 1953
.

[4] Sudland N, B Bauman and Nonnenmacher, TF (1998). Open problem, who
know about the Aleph functions? Fract. Calc. Appl. Anal.1 (4), 401-402.

[5] H. M. Srivastava and R. K. Raina, Evaluation of a Certain Class of Eulerian
Integrals J. Phys. A : Math. Gen. , 26 (1993) , 691-696 (U.K.).

[6] H. M. Srivastava, A contour Integral Involving Fox H-function, Indian J,
Math.14 (1972) 1-6.

[7] S. Bhatter and S. Shekhawat, the General Eulerian Integral. Int. Journal of
Math. Analysis, Vol. 4, 2010, no. 8,393-402.

[8] I. S. Gradshteyn and I. M. Ryzhik, Table of Integrals, Series and Products
Academic Press Inc., New York 1980.

[9] L. T. Wille, J. Math. Phys. 29, (1988), 599-603.

[10] M. L. Glasser,Math.Phys., 25 (1984), 2933-4 (erratum 1985 26 2082).

[11] S. K. Raijada, PhD. Thesis, (Bundel khand University 1991).



66 South East Asian J. of Mathematics and Mathematical Sciences


