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Abstract: The main object of the present note is to obtain the generalizations
and unifications of identities associated with hypergeometric function of one vari-
able AFB and Appell’s hypergeometric function of two variables F1, F2, F3, F4 due
to MacRobert and Sharma respectively, in the form of identities associated with
multiple hypergeometric functions H , G of Exton and F (3) of Srivastava.
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1. Introduction
In 1967, a unification and generalization of Lauricella’s fourteen complete triple

hypergeometric functions of second order F1, F2, · · · , F14 [8, pp. 113-114] including
Saran’s ten triple hypergeometric functions FE, FF , FG, FK , FM , FN , FP , FR, FS,
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FT [12; 13], extended triple hypergeometric function FK of Sharma[14, p. 613(2)]
and three additional triple hypergeometric functions HA, HB, HC of Srivastava [24,
pp. 99-100; see also 20; 22; 23; 26], was given by Srivastava [25, p. 428] in the
form:

F (3)

 (aA):: (bB); (dD); (eE): (gG); (hH); (kK);
x, y, z

(`L):: (mM); (nN); (pP ): (rR); (sS); (tT );


=
∞∑
i=0

∞∑
j=0

∞∑
k=0

[(aA)]i+j+k[(bB)]i+j[(dD)]j+k[(eE)]k+i[(gG)]i[(hH)]j[(kK)]k xi yj zk

[(`L)]i+j+k[(mM)]i+j[(nN)]j+k[(pP )]k+i[(rR)]i[(sS)]j[(tT )]k i! j! k!

(1.1)
where the symbol (aA) abbreviates the array of A parameters a1, a2, a3, · · · , aA
in Slater’s contracted notation [18, p. 54; 19, p. 41] and Pochhammer’s symbol
[(aA)]m is defined by

[(aA)]m =
A∏

u=1

{(au)m}

=
A∏

u=1

{
Γ(au + m)

Γ(au)

}
, if au 6= 0,−1,−2,−3, · · ·

=
A∏

u=1

{(au)(au + 1)(au + 2) · · · (au + m− 1)}, if m = 1, 2, 3, · · ·

and (au)0 = 1 (1.2)

The notation Γ is used for Gamma function.
The notation ∆(n; a) denotes the array of n parameters given by

a

n
,
a + 1

n
,
a + 2

n
, · · · , a + n− 1

n
;

The notation ∆[N ; (aA)] denotes the array of AN parameters given by

a1
N
,
a1 + 1

N
,
a1 + 2

N
, · · · , a1 + N − 1

N
,
a2
N
,
a2 + 1

N
,
a2 + 2

N
, · · · , a2 + N − 1

N
,

· · · , aA
N

,
aA + 1

N
,
aA + 2

N
, · · · , aA + N − 1

N

with similar interpretation for others.
If 0 ≤ j ≤ (N − 1) then the asterisk in ∆∗(N ; j + 1) represents the fact the
(denominator) parameter N

N
is always omitted, so that set ∆∗(N ; j + 1) obviously
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contains only (N − 1) parameters obtained from ∆∗(N ; j + 1) because 0 ≤ j ≤
(N − 1). Here N is positive integer.
In 1979, Exton [4, p. 339(13)] defined the following double hypergeometric series

H A:B;C;D
E:G;M ;N

 (aA) : (bB); (cC) ; (dD) ;
x, y

(eE) : (gG); (mM); (nN) ;


=
∞∑
i=0

∞∑
j=0

[(aA)]2i+j [(bB)]i+j [(cC)]i [(dD)]j x
i yj

[(eE)]2i+j [(gG)]i+j [(mM)]i [(nN)]j i! j!
(1.3)

It is the generalization of well known Horn’s non confluent double hypergeometric
functions H3 [3, p. 225 (15)], H4 [3, p. 225 (16)], Horn’s confluent double hyper-
geometric functions H6 [3, p. 226 34)], H7 [3, p. 226(35)], Appell’s four double
hypergeometric functions F1, F2, F3, F4 [3, p. 224 (6, 7, 8, 9)], Humbert’s seven
double hypergeometric Φ1, Φ2, Φ3, Ψ1, Ψ2, Ξ1, Ξ2 [(3, pp. 225-226 (20, 21, 22,
23, 24, 25, 26)], well known Kampé de Fériet’s double hypergeometric function [29,
p. 423 (26); see also 30, p. 23(1.2, 1.3)]

FB:C;D
G:M ;N

 (bB): (cC) ; (dD) ;
x, y

(gG): (mM); (nN) ;


=
∞∑
i=0

∞∑
j=0

[(bB)]i+j [(cC)]i [(dD)]j x
i yj

[(gG)]i+j [(mM)]i [(nN)]j i! j!

In 1982, Exton [5, p. 137(1.2)] defined additional double hypergeometric function
in the following form

XA:C;D
E:M ;N

 (aA) : (cC) ; (dD) ;
x, y

(eE) : (mM) ; (nN) ;


=
∞∑
i=0

∞∑
j=0

[(aA)]2i+j [(cC)]i [(dD)]j x
i yj

[(eE)]2i+j [(mM)]i [(nN)]j i! j!
(1.4)

In 1984, Exton [6, p. 113(1.2)] defined another double hypergeometric function in
the following form

GA:B;D
E:H;M

 (aA) : (bB) ; (dD) ;
x, y

(eE) : (hH); (mM) ;
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=
∞∑

i,j=0

[(aA)]i−j [(bB)]i [(dD)]j x
i yj

[(eE)]i−j [(hH)]i [(mM)]j i! j!
(1.5)

which is the generalization of Horn’s non confluent double hypergeometric functions
G2 [3, p. 224(11)], H2 [3, p. 225(14)], and Horn’s confluent double hypergeometric
functions Γ1, Γ2, H2, H3, H4, H5, H11 [3, pp. 226-227(27, 28, 30, 31, 32, 33, 39)].
In each hypergeometric form, the denominator parameters are neither zero nor
negative integers because Gamma function is not defined for these numbers.
In 1954, MacRobert [9, p. 95(8)] gave the identity in terms of his E-function which
is equivalent to the following generalized hypergeometric series identity for AFB

AFB

 (aA) ;
x

(eE) ;

 = 2AF2B+1

 ∆[2; (aA)] ;
x2

4(1−A+B)

1
2
, ∆[2; (bB)] ;

+

+

x
A∏
i=1

ai

B∏
i=1

bi

2AF2B+1

 ∆[2; (aA) + 1] ;
x2

4(1−A−B)

3
2
, ∆[2; (bB) + 1] ;

 (1.6)

The second member of right hand side of identity (1.6) is missing in a paper of
Srivastava[21, p. 763(line 8)].
From time to time by the concept of separation of a power series into its even and
odd terms, many research workers such as Barr [1, p. 591(1)], Carlson [2, pp. 233-
234(10)], Lardner [7, pp. 70-72], Manocha [10, p. 43(3)], Manocha and Jain [11, p.
1479], Sharma [15, pp. 145-146(2)], [16, p. 95(1), p. 99(line 6)], [17, pp. 130-133]
and Srivastava [27, p. 191(3)], etc. have also used the hypergeometric series identity
(1.6) and its particular cases. In 1974, Sharma [15,pp.148-149,p.153] obtained the
hypergeometric series identities corresponding to Appell’s double hypergeometric
functions F1, F2, F3, F4.
In 1979, Srivastava [27, p. 194] generalized (1.6) in the following form

AFB

 (aA) ;
x

(eE) ;

 =
N−1∑
j=0

[(aA)]j x
j

[(bB)]j j!
×

NAFNB+N−1

 ∆(N ; a1 + j),∆(N ; a2 + j), · · · ,∆(N ; aA + j);

∆∗(N ; j + 1),∆(N ; b1 + j), · · · ,∆(N ; bB + j);

xN

N (1−A+B)N


(1.7)
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where N is a positive integer and other notations have their usual meaning.
For N = 2, (1.7) reduces to (1.6). For N = 3 it may be remarked that (1.7) reduces
to a correct form having the argument x3

27(1−A+B) in the right hand side in place of

incorrect argument x3

9(1−A+B) of Srivastava [27].
In the derivation of hypergeometric series identities, we shall use the following
multiple series identity of Srivastava [27, pp. 196-197; see also 28, p. 217(12)]

∞∑
m=0

∞∑
n=0

∞∑
p=0

A(m,n, p) =
M−1∑
j1=0

N−1∑
j2=0

P−1∑
j3=0

∞∑
m=0

∞∑
n=0

∞∑
p=0

A(mM + j1, nN + j2, pP + j3)

(1.8)
and Pochhammer’s symbol identity [28, p. 23(26)]

(b)MN = MMN

M∏
u=1

{(
b + u− 1

M

)
N

}
, where N = 0, 1, 2, 3, · · · (1.9)

We can prove the following Pochhammer’s symbol identity by the definition of
Pochhammer’s symbol (1.2)

[(aA)]MN = MMNA

M∏
u=1

{[
(aA) + u− 1

M

]
N

}
(1.10)

2. Hypergeometric Series Identities

If N,R and C are arbitrary positive integers; numerator, denominator parameters
and arguments are adjusted in such a way that each side is completely meaningful,
then without any loss of convergence, we have the following three hypergeometric
series identities for general double hypergeometric functions G, H of Exton and
general triple hypergeometric function F (3) of Srivastava

GA:B;D
E:H;M

 (aA) : (bB); (dD) ;
x, y

(eE) : (hH); (mM) ;


=

N−1∑
k=0

N−1∑
u=0

[(aA)]k−u[(bB)]k[(dD)]u xk yu

[(eE)]k−u[(hH)]k[(mM)]u k! u!
×

×GNA:NB;ND
NE:NH+N−1;NM+N−1

 ∆[N ; (aA) + k − u] : ∆[N ; (bB) + k] ;

∆[N ; (eE) + k − u] : ∆[N ; (hH) + k],∆∗(N ; 1 + k) ;
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∆[N ; (dD) + u] ;
xN

NN(1+H+E−A−B) ,
yN

NN(A+M+1−D−E)

∆[N ; (mM) + u], ∆∗(N ; 1 + u) ;

 (2.1)

H A:B;D;E
G:M ;N ;P

 (aA) : (bB) ; (dD); (eE) ;
x, y

(gG) : (mM); (nN); (pP ) ;



=
R−1∑
k=0

2R−1∑
u=0

[(aA)]2k+u[(bB)]k+u[(dD)]k[(eE)]u xk yu

[(gG)]2k+u[(mM)]k+u[(nN)]k[(pP )]u k! u!
×

×H RB:2RA;2RE;RD
RM :2RG;2RP+2R−1;RN+R−1

 ∆[R; (bB) + k + u] :∆[2R; (aA) + 2k + u];

∆[R; (mM) + k + u] :∆[2R; (gG) + 2k + u];

∆[2R; (eE) + u] ; ∆[R; (dD) + k] ;

∆[2R; (pP ) + u], ∆∗(2R; 1 + u) ; ∆[R; (nN) + k], ∆∗(R; 1 + k);

y2R 4R(A−G+E−P−1)

R2R(−A+G−E+P+1−B+M) ,
xR 4R(A−G)

RR(−2A+2G−D+N+1−B+M)

 (2.2)

F (3)

 (aA):: (bB) ; (dD) ; (eE) : (gG) ; (hH) ; (kK);
x, y, z

(`L) :: (mM) ; (nN) ; (pP ) : (rR) ; (sS) ; (tT );



=
C−1∑
u=0

C−1∑
v=0

C−1∑
w=0

[(aA)]u+v+w[(bB)]u+v[(dD)]v+w[(eE)]w+u[(gG)]u[(hH)]v[(kK)]wx
uyvzw

[(`L)]u+v+w[(mM)]u+v[(nN)]v+w[(pP )]w+u[(rR)]u[(sS)]v[(tT )]wu!v!w!

×F (3)

 ∆[C; (aA) + u + v + w]::∆[C; (bB) + u + v] ;∆[C; (dD) + v + w] ;

∆[C; (`L) + u + v + w] ::∆[C; (mM) + u + v]; ∆[C; (nN) + v + w];

∆[C; (eE) + w + u] :∆[C; (gG) + u] ;

∆[C; (pP ) + w + u]:∆[C; (rR) + u], ∆∗(C; 1 + u) ;
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∆[C; (hH) + u] ;∆[C; (kK) + w] ;

∆[C; (sS) + u], ∆∗(C; 1 + v) ;∆[C; (tT ) + w], ∆∗(C; 1 + w);

xC

CC(L+M+P+R+1−A−B−E−G) ,
yC

CC(L+M+N+S+1−A−B−D−H) ,
zC

CC(L+N+P+T+1−A−D−E−K)


(2.3)

which are the generalizations and unifications of hypergeometric series identities
(1.6), (1.7) for single hypergeometric function AFB and hypergeometric series iden-
tities of Sharma[15, pp. 148-149, p. 153] for Appell’s double hypergeometric func-
tions F1, F2, F3, F4.

3. Derivations of (2.1), (2.2) and (2.3)

Suppose left hand side of (2.1) is denoted by T , then its power series representation
given by

T =
∞∑
i=0

∞∑
j=0

[(aA)]i−j[(bB)]i[(dD)]j x
i yj

[(eE)]i−j[(hH)]i[(mM)]j i! j!
(3.1)

Now using the following Srivastava’s identity [27]

∞∑
i=0

∞∑
j=0

F (i, j) =
N−1∑
k=0

N−1∑
u=0

∞∑
i=0

∞∑
j=0

F (iN + k, jN + u), (3.2)

after simplification we get

T =
N−1∑
k=0

N−1∑
u=0

[(aA)]k−u[(bB)]k[(dD)]u xk yu

[(eE)]k−u[(hH)]k[(mM)]u k! u!
×

×
∞∑
i=0

∞∑
j=0

[(aA) + k − u]N(i−j)[(bB) + k]Ni[(dD) + u]Nj x
Ni yNj

[(eE) + k − u]N(i−j)[(hH) + k]Ni[(mM) + u]Nj (1 + k)Ni (1 + u)Nj

(3.3)
Now using (1.9), (1.10) in different Pochhammer’s symbols of (3.3), after simplifi-
cation we have

T =
N−1∑
k=0

N−1∑
u=0

[(aA)]k−u[(bB)]k[(dD)]u xk yu

[(eE)]k−u[(hH)]k[(mM)]u k! u!

∞∑
i=0

∞∑
j=0

N∏
R=1

{[
(aA)+k−u+R−1

N

]
i−j

}
N∏

R=1

{[
(eE)+k−u+R−1

N

]
i−j

}×
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×

N∏
R=1

{[
(bB)+k+R−1

N

]
i

} N∏
R=1

{[
(dD)+u+R−1

N

]
j

}
(1)i(1)j

N∏
R=1

{[
(hH)+k+R−1

N

]
i

} N∏
R=1

{[
(mM )+u+R−1

N

]
j

} N∏
R=1

{(
1+k+R−1

N

)
i

}×

× xNi yNj

N∏
R=1

{(
1+u+R−1

N

)
j

}
NN(1−A−B+E+H)i NN(1+A−D−E+M)j i! j!

(3.4)

Now interpreting the definition of Exton’s double hypergeometric function (1.5)
in the inner series corresponding to summation indices i, j of (3.4)and having the
ideas of the symbols (aA), ∆(N ; b), ∆[N ; (aA)], ∆∗(N ; j + 1), ∆(N ; j + 1), after
simplification we have (2.1).

If left hand side of (2.2) is denoted by S, then its power series form is given by

S =
∞∑
i=0

∞∑
j=0

[(aA)]2i+j[(bB)]i+j[(dD)]i[(eE)]j x
i yj

[(gG)]2i+j[(mM)]i+j[(nN)]i[(pP )]j i! j!
(3.5)

Now using the following Srivastava identity[27]

∞∑
i=0

∞∑
j=0

F (i, j) =
R−1∑
k=0

2R−1∑
u=0

∞∑
i=0

∞∑
j=0

F (iR + k, 2jR + u), (3.6)

after simplification we get

S =
R−1∑
k=0

2R−1∑
u=0

[(aA)]2k+u[(bB)]k+u[(dD)]k[(eE)]u xk yu

[(gG)]2k+u[(mM)]k+u[(nN)]k[(pP )]u k! u!
×

×
∞∑
i=0

∞∑
j=0

[(aA) + 2k + u]2R(i+j)

[(gG) + 2k + u]2R(i+j)

×

×
[(bB) + k + u]R(2j+i)[(dD) + k]Ri[(eE) + u]2Rj x

Ri y2Rj

[(mM) + k + u]R(2j+i)[(nN) + k]Ri[(pP ) + u]2Rj (1 + k)Ri (1 + u)2Rj

(3.7)

Now applying the same process in (3.7) as in the derivation of (2.1), we get(2.2).
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Similarly if we express the left hand side of (2.3) in power series form, use the
following series identity of Srivastava [27]

∞∑
i=0

∞∑
j=0

∞∑
q=0

L(i, j, q) =
C−1∑
u=0

C−1∑
v=0

C−1∑
w=0

∞∑
i=0

∞∑
j=0

∞∑
q=0

L(iC + u, jC + v, qC + w) (3.8)

then we get right hand side of (2.3) on the same parallel lines of the derivations of
(2.1) and (2.2).
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Mat. Palermo, 7 (1893), 111-158.

[9] MacRobert, T. M.; Integrals Involving a Modified Bessel Function of the
Second Kind and an E -Function, Proc. Glasgow Math. Assoc., 2 (1954),
93-96.

[10] Manocha, H. L.; Generating Functions for Jacobi and Laguerre Polynomials,
Mat. Vesnik, 11 (1974), 43-47.



54 South East Asian J. of Mathematics and Mathematical Sciences

[11] Manocha, H. L. and Jain, S.; Some Generating Functions by Means of Cauchy’s
Integral Formula, Indian J. Pure Appl. Math., 8 (1977), 1472-1479.

[12] Saran, S.; Hypergeometric Functions of Three Variables, Ganita, 5(2) (1954),
71-91; Corrigendum. Idid., 7 (1956), 65.

[13] Saran, S.; Transformations of Certain Hypergeometric Functions of Three
Variables, Acta. Math., 93 (1955), 293-312.

[14] Sharma, B. L.; Some Formulae for Appell Functions, Proc. Cambridge Philos.
Soc., 67 (1970), 613-618.

[15] Sharma, B. L.; A Formula for Hypergeometric Series and its Applications,
An. Univ. Timisoara Ser. Sti. Mat., 12 (1974), 145-154.

[16] Sharma, B. L.; Some New Formulae for Hypergeometric Series, Kyungpook
Math. J., 16 (1976), 95-99.

[17] Sharma, B. L.; New Generating Functions for the Gegenbauer and the Her-
mite Polynomials, Simon Stevin, 54 (1980), 129-134.

[18] Slater, L. J.; Confluent Hypergeometric Functions, Cambridge Univ. Press,
Cambridge, London and New York, 1960.

[19] Slater, L. J.; Generalized Hypergeometric Functions, Cambridge Univ. Press,
Cambridge, London and New York, 1966.

[20] Srivastava, H. M.; Hypergeometric Functions of Three Variables. Ganita,
15(2) (1964), 97-108.

[21] Srivastava, H. M.; The Integration of Generalized Hypergeometric Functions,
Proc. Cambridge Philos. Soc., 62 (1966), 761-764.

[22] Srivastava, H. M.; On the Reducibility of Certain Hypergeometric Functions,
Revista Mat. Fis. Teorica Univ. Nac. Tucumán Rev. Ser. A, 16 (1966),
7-14.

[23] Srivastava, H. M.; Relations Between Functions Contiguous to Certain Hy-
pergeometric Functions of Three Variables, Proc. Nat. Inst. Sci. India,
Sect. A, 36 (1966), 377-385.

[24] Srivastava, H. M.; Some Integrals Representing Triple Hypergeometric Func-
tions, Rent. Circ. Mat. Palermo.(2), 16 (1967), 99-115.



A note on certain identities involving general double and triple... 55

[25] Srivastava, H. M.; Generalized Neumann Expansions Involving Hypergeo-
metric Functions, Proc. Cambridge Philos. Soc., 63 (1967), 425-429.

[26] Srivastava, H. M.; Some Integrals Representing Triple Hypergeometric Func-
tions, Math. Japonicae, 13(1) (1968), 55-69.

[27] Srivastava, H. M.; A Note on Certain Identities Involving Generalized Hy-
pergeometric Series, Nederl. Akad. Wetensch. Proc. Ser. A, 82=Indag.
Math., 41(2) (1979), 191-201.

[28] Srivastava, H. M. and Manocha, H. L.; A Treatise on Generating Functions,
Halsted Press(Ellis Horwood, Chichester, U.K.) John Wiley and Sons, New
York, Chichester, Brisbane and Toronto, 1984.

[29] Srivastava, H. M. and Panda, R.; An Integral Representation for the Product
of Two Jacobi Polynomials, J.London Math. Soc., 2(12) (1976), 419-425.

[30] Srivastava, H. M. and Pathan, M. A.; Some Bilateral Generating Functions
for the Extended Jacobi Polynomial-I, Comment. Math. Uni. St. Paul.,
28(1) (1979), 23-30.



56 South East Asian J. of Mathematics and Mathematical Sciences


