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1. Introduction

We define the Fourier transform of the function f(z) as,

nm:ﬂﬂmmszﬂwamm, (L1)

provided, of course, that this integral exists. Sometimes it is also represented by,

PO) = Pl = <= [ fa)e (1.2

The Fourier transform was introduced by Fourier in 1811 but the notion of
it as a transform did not occur in his work. Cauchy in 1816 produced a more
mathematical and complete description of this Fourier transform. Here we shall
discuss some properties of Fourier transform.
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(a) We shall now consider the Fourier transform of f(az), where a > 0 is a real

constant.

Flf(az); k] = /_00 flaz)e *dy

Putting ax = z,dx = i (1.3) we have
a

Flf(ax); k] = 2/00 f(z)e ™=/
= F{f(a); kfa].

This is called change of scale property.
(b) If we take the function f(z — a) then

Flf (o — a); K] = / ¥ b — @),

Taking x —a = z,dx = dz in (1.5) we have,

Flfte—aik] = [ flage e
— e—ika /OO f(Z)e—zkzdz
— e—ilm /OO f(m)e—zkacdx

= e O F[f(2); k).

This is called the shifting property of Fourier transform.
(c) Taking the function e~*'* f(z) we have,

Fle™* f(x); k] = /00 e~ f(x)e R dy

o0

— [t

f(x);k+ K.

(1.3)

(1.4)

(1.5)
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(d) We shall consider the Fourier transform of the derivative of f(z).

o

Flf'(x); k] = /_OO f(z)e *ody = [e_ikwf(x)]iooo —i—/_ ike” ™ f(x)dr  (1.8)

[e.9]

For the existence of the Fourier transform we require f(z) — 0 as |x| — oo. Hence,
F'If'(x); k] = m/ f(z)e ™ dx = ik F[f (x); k). (1.9)

We can generalize (1.9) in the following form,
FLf"(@); k] = (ik)"F[f (x); k]. (1.10)

(e) The inverse Fourier transform of (1.1) is given by

fla) = - /OOF(k:)e“”dk. (1.11)

:% N

2. g-Generalization of the Fourier and Inverse Fourier Transform

For |¢q| < 1, the g-shifted factorial is defined as,

(a;9)0 =1, (a;¢)n=(1—0a)(1—aq)...(1 - aq"_l), forn=1,2,3, ..., .

Also,
(a1, a2, ..., ar; Q)n = (a1;Q)n(a2; @)n-.-(ar; @)n,
(Cll; A, ..., Ap; Q)oo - (al; Q)oo(a2; Q)oo--'<ar; Q>oo
and -
(a;q)oo = [ J(1 — ag"). (2.1)
r=0

With these notations, we define the basic hypergeometric series as,

A1, A9, .oy Qs G5 2 - (a1,a2,-‘-,@r;Q)n2n n, n(n—1)/2 1+s="
Dy = -1 , (2.2
blab%“'?bs :| n=0 (q,bl,b27...,bs;Q)n {( ) 4 } ( )

which is convergent for |z| < ocoif 1+s>7rand |z| <1if 1+s=r.
There are two g-exponential functions,

eq<z):2(qun L < (2.3)

i On (25Q)o0

n=0
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0 n=1)/2,n
@@>:§;9155:—=<—z@w. (2.4)

For a fixed q, the g-derivative D, is defined by,

D,{g(:)} = L =050

and

The basic analogue of Fourier transform or g-Fourier transform is defined as,
R =Flf@ik) = [ f@e@ de 12923 (20

where e denotes the principal values of [14(1 —q)2]"/=9 and as ¢ — 1, e — €.
The Inverse Fourier Transform is defined as;

@) = % /_ e {f(2): kY k, (2.7)

where the g-integral is defined by,

/a  fa)dyr — /0  Fle)dgr /0 " f(a)dyr, 25

o0

/Oa f@)dyr =a(l—q) > flag™)q", (2.9)

| s@da == 3 s (2.10)

n=—oo

and

/_OO f@)dgr = (1—q) > {f(g") + f(—=4")}q" (2.11)

n=—0oo

3. Two Variables Generalization of Fourier Transform

Taking © = (1, x9), t = (t1,t2), xt = 21t + x9ls, dt = dt1dts the two variables
generalization of Fourier Transform is defined by,

Fa) = AU = o [ [ et
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which can be also expressed as,
F(SCl, 1'2) = I[ tl, tQ / / 7zx1t1 ZthQf(tl, tz)dtldtg (31)

The function F(zq,x2) is called Fourier Transform of the function f(¢y,t2).
Corresponding Inverse Fourier Transform is defined as,

=7l =g [ [ e

which can be written as,

1 [eS) 0o .
fltnts) = F [ anm)) = 5 [ [ et Ry m e, (32

n-variables generalization of Fourier Transform can be similarly given as,
If z,t € R"ie. © = (21,29, ..., T,), t=(t1,t2, ..., 1)

xt = l’ltl + IQtQ + ...+ ZL’ntn and dt = dtldtgdtn

then

1 )
F(z) = )} = —r () dt
(@) = FUOY = G | e10)
which takes the following form if written in full-form,

F l‘l,ZL'Q,..., ) ]:{f(tl,tg,...,t )}

2 1/ / / / 713617&1 ixata—.. *antnf(tl, tQ, ceey tn>dt1dt2dtn (33)
ﬂ- n

Corresponding inverse transform is defined as,

f(t) = fﬁl{F(.Tl, Ta, ,,Tn)}
1 00 00 0 ‘ ‘
= W/oo /OO.../OO ermtitiwta e Binln f () oy ATy dTy. . dT,.  (3.4)

For detail about Fourier Transform and their generalizations one is referred the
books [1],[2] and [3] given in the references.
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