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1. Introduction, Notations and Definitions

Here, we shall adopt the following notations and definitions. The g-rising fac-
torial is defined as, for |¢| < 1,

(a;q)n = (1 —a)(1—aq)...(1 —ag"™"), n>1, (1.1)
(a;q)o =1, (1.2)
(@:)00 = [ [(1 — aq") (1.3)

and
(a1, a2, a3, ... a5 q)n = (a1;Q)n(a2; @)n---(ar; Q). (1.4)
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A basic hypergeometric series (g-series) is defined by

A1, A2, ..y Qi Q; 2 > (alaa%---aar;Q)nzn n n(n—1)/2 1ts=r
D, = -1 , (1.5
[ bl,bg,...,bs :| Z (q,bhbg,..-,bs;Q)n {( ) 1 } ( )

n=0
3; (1.2.22) p. 4]
A poly-basic hypergeometric series is defined as,

) A1,0A2, ..., Qp Cl,l7 "'761,1”1; "';C’m,b '~-Cm,rm;Q> qi;--s49m; 2
b17b27 '--7bs . dl,h ...,dlsl; ...;de, ---adm,sm

(a1, a9, ...,;a;q)pz" n I4s—r
= @b b ibd) {(~1)rgnn=1r2} X
n=0 Y Y )ty VS n

e (Cj17"'7cj7‘j;qj)n S5—Tj
X ’ ’ —1)grn D2V 1.6
H (dj,h ceey dj,Sj; QJ)n {( ) } ( )

[3; (3.9.1), (3.9.2) p. 95]

A truncated basic hypergeometric series defined by,

N
1,02, ..., 0r11;q; 2 (a1,a2,---,ar+1;Q)nzn
r q)r - . 1.7
i { b1, b, ..., by ]jv g;; (¢, b1, b2, o, by @ .7

We shall make use of following summation formulae of truncated basic hyper-
geometric series in our analysis.

a,b;q; q } (aq, bq; q)n
d = A 1.8
? 1{ abq . (g,abq; q)n (18)
[Agarwal 1; (2.1) p. 389]
m&mmq] @—@@—aw)[ (a,b; @) nt1
o _ 1— . 1.9
’ 2[e,abq2/e L ag—e)e—bg) |~ e/q. aba/e; e (1.9)

[Agarwal 2; p. 79|
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In the summation formula [Gasper and Rahman 3; App. II (I1.21)] if we take

¢ = aq"t, we find the following sum,

a,qv/a, —q\/a, b;q;l/b} (aq,bq; q)n
d = DI Tn s 1.10
o { va,—/a,aq/b . (g.aq/b; q),b" 15 (1.10)

Taking a = bed in [Gasper and Rahman 3; App. II (II. 22)] we find

d a, q\/57 —Q\/a, b: c, da q;q (CLQ7 bQ7 cq, dq; q)n
6Ps —. (1.11)
. (gaq/baq/c,aq/d; q),

\/aa _\/57 CLQ/b7 CLQ/Q CLQ/d B

Gasper’s indefinite bibasic sum,

z": (1 — ap®q®)(a; p)r(c; ‘J)kc—k _ (ap; P)n(Cq; @)n (1.12)

(1 —a)(q; @)x(ap/c; )k (¢ @)nlap/c; p)nc™

k=0
[Gasper and Rahman 3; App. II (II. 34)]

We shall also use the following identity,

iani&Jrf:anén:iani&+§:5nzn:ar (1.13)
n=0 r=0 n=0 n=0 r=0 n=0 r=0

Proof of the identity (1.13)
In Bailey’s transform [Slater 4; (2.4.1)-(2.4.3) p. 59] if we take u, = v, = 1, it takes

the following form,
If

By = im (1.14)
r=0

and - - "
r=n r=0 r=0

Then under suitable convergence conditions

> =Y Bubn. (1.16)
n=0 n=0

(1.16) can be expressed as,

ian{i&—i&—k%}:iéﬂiam (1.17)
n=0 r=0 r=0 n=0 r=0
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which on simplifications gives (1.13).
2. Transformation Formulae

In this section we shall establish certain transformation formulae for poly-basic
series.

(a,b;q)ng 43 (o, B;p)np

i) Choosing a,, = n = ————1in (1.13) and using (1.8) we
@ & (¢, abq; q)n (p, aBp; p)n (1.13) g (18)
get,
(a9, b4; @)oo (P, BPi D)o { a,b: o, B;q,p:pq }
(¢, abg; q)oo (P, BD; D)oo abq : p, afp
a,b:ozp,ﬁp;q,p;q} {aq,bq:a,ﬁ;q,p;p]
- P . 2.1
{ abq : p,afp abq : p,aBp 2.1)

(ii) Taking p = ¢ in (2.1) we get,

b . o e o2
(ag,bq, aq, Bg;q) N 4@3{a7b,a,6,q,q }

(¢, 9, abq, afq; ¢) o abq, q, afq
a,b,aq, 8q; ¢, q } { ag, bg, o, B; ¢ q }
= 40 + 0 . 9.9
e [ abq, ¢, a3q ° | abg, q,08q (22)

(CL7Q\/_, _Q\/a7 b7 q)n d 571 — M in (113) and

an
(4, Va, =@, aq/b; q)ub" (P, aBP; D)
using (1.10) and (1.8) we obtain,

) [ a,q\/a, —Q\/a,b : aaﬁa‘]apap/b :|
\/57 _\/Ev GQ/b 2 Oéﬁp

:(I,{a,q\/_,—q\/ﬁ,b:ocp,ﬁp;q,p;l/b]+¢,{aq,bq:a,6;q,p;p/b} H<1'
f,—\/a,aq/b:p,ozﬁp CLQ/pr,Oéﬂp ’ b

For p = ¢, (2.3) yields

(iii) Taking o, =

(2.3)

6q)5 |i (I,Q\/a, _q\/a7 b,Oé,B; q7Q/b :|
q, \/aa _\/av QQ/b, O‘/Bq

_ .o [ a,q\/a, —qv/a, b, aq, 5g; ¢; 1/b } s { aq7bq,a,5;q;q/b} o> 1.
q, \/aa _\/57 GQ/bv O‘ﬁq q, GQ/b, Oéﬁq 7

As b — oo in (2.4) we get,

5, { a,qv/a, —qv/a, o, B;q;q }
q, \/aa_\/a7 Ozﬁq,O

(2.4)
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a, qv/a, —qv/a,aq, Bg; ¢; 1 } l aq, o, B; ¢; ¢* }
— . + 5P . 2.5
bR q, \/aa _\/57 CYﬂ(LO 33 qaaBQ7O ( )

(iV) Taklng a, = (CL, Q\/a7 _Q\/a7 b7 Q>n |b| > 17
(Q7 \/57 _\/aa G'Q/ba Q)nbn

(oz,p\/a, _p\/av ﬁap)n . .
and 6,, = , > 1 in (1.13) and making use of (1.10
.o, v, ap] B 107 1 (L13) g use of (110)

1
a,qva, —qv/a,b: o, pva, —pVa, B q, p; 5
a (@]
\/aa _\/57 Tq - D, \/au _\/aa fp

we find,

o

1
a,qva, —qv/a,b : ap, Bp; q, p; 55

\/aa _\/67 % . p7 %
1
aq,bq : o, pva, —pva, B q, p; 55

(2.6)
o . e 4
b 2 \/57 \/aa ﬁ

+o

For p = q, (2.6) gives
1

a, Q\/aa _Q\/aa b7 «, Q\/a, —q\/& Ba q; @
aq aq
q, \/aa _\/aa ?7 \/aa _\/aa F

8(D7

1
a,qva, —q\/a,b, aq, Bg; q; 55
aq aq
q, \/aa _\/57 ?7 ?

1
aqg, bQ7 Q, Q\/a7 _Q\/a7 /67 q; b_
+ s s, (2.7)

ag ag
Q7 b ) \/—7 \/a7 /6

- 6(1)5

For b, 8 — o0, (2.7) yields

& a,qva, —qv/a,a, v/ a, —qv/ @ g q
6T Qa\/aa_\/av\/aa_\/aaoao

a,qva, —q\/a,aq; ¢ q L aq, a, v/, —q\/ ;¢ q 2.8)
4ee q, \/67_\/aa070 ’ '

B 4¢5 |: q, \/57_\/57070
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(v) Choosing «,, = @ bia)ng” Op = (@, Bip)up" in (1.13) and using (1.9) and

(1.8) we find (e,abg®/e;q)n” " (p,aBp;p)n
.8) we find,

(ap, Bp; p)o {1 (a4, b:9)s } (g —e)le—abg) o { a, B a,b;p, ¢;pq
(p, aBP; P)oo (e/q,abq/e;q)s ) (aq —€)(e —bq) afp : e, abq*/e

_@[apaﬁp:a7b;p>q;q:| (q—e)(e—abq)
afp : e, abq?/e (aq — e)(e — bq)

<3 (a, B;p)ap” {1 -7 (a,; @)nt1 } (2.9)

 (p,aBp;p)n e/q, abq/e; q)nt1
For p = ¢, (2.9) yields

4@ [ a, B,a,b;q; ¢* ] __eq(1 = a)(1 —b)(ag, Bg, aq, bg; ¢)o
’ ozﬂq, ¢ abq2/€ ((Zq - 6) (6 - bQ)((], aﬁ‘]a €, abq2/e; Q)oo

aq, 8q,a,b;4;q } g -al-b) o { a, B,aq,bq; q; q } (2.10)
afq,e,abq®/e (ag—e)(e—bg) * *| aBg.e,abg®/e | '
If we put e = ¢ in (2.10) we get (2.2) again.
((I, Q\/_7 _Q\/E> ba ¢, d; Q)nqn
(4, Va, —v/a,aq/b,aq/c,aq/d; q)n’
and 0, = (0. py/a, =pv/a, 5,7, 05 p)up" , in (1.13) and making use of (1.11)
(s Vo, =V, ap/B,ap/v,ap/d: ),
we have,
(ag, bg; cq, dg; q)n(op, Bp, Yp, 6p; P)n
(¢, aq/b,aq/c,aq/d; q)n(p, ap/ B, p/v, ap/d; p)n

—|—(I) |i G,Q\/a, —Q\/a, ba Cad : Oé,p\/_, _p\/aaﬁa’ya(saQ)pJQq :|

+4q)3[

(vi) Taking «,, =

Va, —/a,aq/b,aq/c,aq/d : p,\/a,—/a,ap/ B, ap/y,ap/d

_ % { a,qv/a, —qv/a,b,c,d : ap, Bp,vp.op; ¢, p; q ]
Va, —va,aq/baq/c,aq/d : p,ap/B, ap/y, ap/d

P aq,bq, cq,dq : o, py/a, —py/a, B,7,65q,p; p (2.11)
aq/b,aq/c,aq/d:p,\/a,—\/a,ap/ﬂ,ap/'y,ap/(s . .

For p = ¢, (2.11) yields

(aq,bq, cq,dq, aq, 9,74, 0¢; ¢) o
(¢,q,aq/b,aq/c,aq/d, aq/B, aq/v, aq/d; q)s
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+ 12P11 |: o qﬁ, _q\/a’ b, “ d’ &, q\/_v _Q\/aa 57 s 57 q; q2 :|
¢, va,—va,aq/b,aq/c,aq/d, aq/ B, aq/vy, aq/o

— 10@9 |: a7 q\/a7 _Q\/a, b, C, d, OéQJ/qu f}/q)éq’ Q7q }
q,v/a,—+/a,aq/b,aq/c,aq/d, aq/B, aq/v, aq/d

+ 10@9 |: aqabQ7CQ7dqva7Q\/_a _q\/aaﬁ77757Q?q :| ] (212)
q,aq/b,aq/c,aq/d, \/a, —/a,aq/B, aq/y, aq/d

If we take a = a,5 =0b,7 =c¢,6 = d in (2.12) we obtain

{ (aq,bq, cq,dq; q)so }2+§:{ (a,qv/a, —qv/a, b, ¢, d; q)ng™ }2
(q,aq/b,aq/c,aq/d; q)s (¢,va,—V/a,aq/b,aq/c,aq/d; q)n

19 1, { a,qv/a, —qv/a,b,c,d, aq,bq, cq, dg; ¢; q } ' (2.13)
q, \/57 _\/aa CLQ/b, CZC_I/C, CL(]/d, CLQ/bv CLQ/Ca G'Q/d

Taking ¢ = a,d = b in (2.13) we find,
{ (ag,bg: ) } s { (a,b: 9)n } { (1 - ag’) } 2
(¢, aq/b; q) | (¢,aq/b;q)n (1-a)

_ = (a,b;q)2n}2 (1 — ag®™)q"
- Z% qJGQ/b Q) } (1 —a) ’ (2.14)

For b = a, (2.14) yields,

(e} 3 {fthe ) {0t
_ ia“n( _i)q”. (2.15)
(1 —ap"q")(a;p)r(c; q)r (o, B q)ngt

oo fenye 17 o),
in (1.13) and using (1.8) and (1.12) we find,
(

(vii) Choosing «a, =

S (L= ap"g)(@pa(ciaa(e, Bia)n (@)
; (1 —a)(g; @)nlap/c: p)ulaqr, aBaqii 1)n (c>

_ Z 1 —ap q"(a;p)n(c; On (aqr, Bar; ¢1)n
(1 —a)(q; @)nlap/c;p)n (@1, aBqr1; 1)

1
c
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+Z ap, n(€q; @)n (a,ﬁ;ql)n) (%1)” (2.16)

ap/c P)n (@1, 2B G1)n

Taking p = ¢; = ¢ in (2.16) we find (2.4).
A number of similar transformations can also be scored.

References

[1] Agarwal, R.P., A note on certain partial sums of hypergeometric series, The
Mathematics Students, Vol. XL, No. 4 (1972), pp. 389-391.

[2] Agarwal, R.P., Resonance of Ramanujan’s Mathematics, Vol. II, New Age
International (P) limited, New Delhi, (1996).

[3] Gasper, G. and Rahman, M., Basic Hypergeometric Series, Cambridge Uni-
versity Press, Cambridge 1991.

[4] Slater, L.J., Generalized Hypergeometric Functions, Cambridge University
Press, Cambridge (1966).



