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1. Introduction, Notations and Definitions

Here, we shall adopt the following notations and definitions. The q-rising fac-
torial is defined as, for |q| < 1,

(a; q)n = (1− a)(1− aq)...(1− aqn−1), n ≥ 1, (1.1)

(a; q)0 = 1, (1.2)

(a; q)∞ =
∞∏
r=0

(1− aqr) (1.3)

and

(a1, a2, a3, ..., ar; q)n = (a1; q)n(a2; q)n...(ar; q)n. (1.4)
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A basic hypergeometric series (q-series) is defined by

rΦs

[
a1, a2, ..., ar; q; z
b1, b2, ..., bs

]
=
∞∑
n=0

(a1, a2, ..., ar; q)nz
n

(q, b1, b2, ..., bs; q)n

{
(−1)nqn(n−1)/2

}1+s−r
, (1.5)

[3; (1.2.22) p. 4]

A poly-basic hypergeometric series is defined as,

Φ

[
a1, a2, ..., ar : c1,1, ..., c1,r1 ; ...; cm,1, ...cm,rm ; q, q1, ..., qm; z
b1, b2, ..., bs : d1,1, ..., d1s1 ; ...; dm,1, ..., dm,sm

]

=
∞∑
n=0

(a1, a2, ..., ar; q)nz
n

(q, b1, b2, ..., bs; q)n

{
(−1)nqn(n−1)/2

}1+s−r×

×
m∏
j=1

(cj,1, ..., cj,rj ; qj)n

(dj,1, ..., dj,sj ; qj)n

{
(−1)nqn(n−1)/2

}sj−rj
. (1.6)

[3; (3.9.1), (3.9.2) p. 95]

A truncated basic hypergeometric series defined by,

r+1Φr

[
a1, a2, ..., ar+1; q; z
b1, b2, ..., br

]
N

=
N∑

n=0

(a1, a2, ..., ar+1; q)nz
n

(q, b1, b2, ..., br; q)n
. (1.7)

We shall make use of following summation formulae of truncated basic hyper-
geometric series in our analysis.

2Φ1

[
a, b; q; q
abq

]
n

=
(aq, bq; q)n
(q, abq; q)n

. (1.8)

[Agarwal 1; (2.1) p. 389]

3Φ2

[
a, b, q; q; q
e, abq2/e

]
n

=
(q − e)(e− abq)
(aq − e)(e− bq)

[
1− (a, b; q)n+1

(e/q, abq/e; q)n+1

]
. (1.9)

[Agarwal 2; p. 79]
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In the summation formula [Gasper and Rahman 3; App. II (II.21)] if we take
c = aqn+1, we find the following sum,

4Φ3

[
a, q
√
a,−q

√
a, b; q; 1/b√

a,−
√
a, aq/b

]
n

=
(aq, bq; q)n

(q, aq/b; q)nbn
, |b| > 1. (1.10)

Taking a = bcd in [Gasper and Rahman 3; App. II (II. 22)] we find

6Φ5

[
a, q
√
a,−q

√
a, b, c, d; q; q√

a,−
√
a, aq/b, aq/c, aq/d

]
n

=
(aq, bq, cq, dq; q)n

(q, aq/b, aq/c, aq/d; q)n
. (1.11)

Gasper’s indefinite bibasic sum,

n∑
k=0

(1− apkqk)(a; p)k(c; q)k
(1− a)(q; q)k(ap/c; p)k

c−k =
(ap; p)n(cq; q)n

(q; q)n(ap/c; p)ncn
. (1.12)

[Gasper and Rahman 3; App. II (II. 34)]

We shall also use the following identity,

∞∑
n=0

αn

∞∑
r=0

δr +
∞∑
n=0

αnδn =
∞∑
n=0

αn

n∑
r=0

δr +
∞∑
n=0

δn

n∑
r=0

αr (1.13)

Proof of the identity (1.13)
In Bailey’s transform [Slater 4; (2.4.1)-(2.4.3) p. 59] if we take ur = vr = 1, it takes
the following form,
If

βn =
n∑

r=0

αr (1.14)

and

γn =
∞∑
r=n

δr =
∞∑
r=0

δr −
n∑

r=0

δr + δn (1.15)

Then under suitable convergence conditions

∞∑
n=0

αnγn =
∞∑
n=0

βnδn. (1.16)

(1.16) can be expressed as,

∞∑
n=0

αn

{
∞∑
r=0

δr −
n∑

r=0

δr + δn

}
=
∞∑
n=0

δn

n∑
r=0

αr, (1.17)
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which on simplifications gives (1.13).
2. Transformation Formulae

In this section we shall establish certain transformation formulae for poly-basic
series.

(i) Choosing αn =
(a, b; q)nq

n

(q, abq; q)n
and δn =

(α, β; p)np
n

(p, αβp; p)n
in (1.13) and using (1.8) we

get,
(aq, bq; q)∞(αp, βp; p)∞
(q, abq; q)∞(p, αβp; p)∞

+ Φ

[
a, b : α, β; q, p; pq
abq : p, αβp

]
= Φ

[
a, b : αp, βp; q, p; q
abq : p, αβp

]
+ Φ

[
aq, bq : α, β; q, p; p
abq : p, αβp

]
. (2.1)

(ii) Taking p = q in (2.1) we get,

(aq, bq, αq, βq; q)∞
(q, q, abq, αβq; q)∞

+ 4Φ3

[
a, b, α, β; q; q2

abq, q, αβq

]

= 4Φ3

[
a, b, αq, βq; q; q
abq, q, αβq

]
+ 4Φ3

[
aq, bq, α, β; q; q
abq, q, αβq

]
. (2.2)

(iii) Taking αn =
(a, q
√
a,−q

√
a, b; q)n

(q,
√
a,−
√
a, aq/b; q)nbn

and δn =
(α, β; p)np

n

(p, αβp; p)n
in (1.13) and

using (1.10) and (1.8) we obtain,

Φ

[
a, q
√
a,−q

√
a, b : α, β; q, p; p/b√

a,−
√
a, aq/b : p, αβp

]

= Φ

[
a, q
√
a,−q

√
a, b : αp, βp; q, p; 1/b√

a,−
√
a, aq/b : p, αβp

]
+ Φ

[
aq, bq : α, β; q, p; p/b
aq/b : p, αβp

]
,

∣∣∣∣1b
∣∣∣∣ < 1.

(2.3)
For p = q, (2.3) yields

6Φ5

[
a, q
√
a,−q

√
a, b, α, β; q; q/b

q,
√
a,−
√
a, aq/b, αβq

]

= 6Φ5

[
a, q
√
a,−q

√
a, b, αq, βq; q; 1/b

q,
√
a,−
√
a, aq/b, αβq

]
+ 4Φ3

[
aq, bq, α, β; q; q/b
q, aq/b, αβq

]
, |b| > 1.

(2.4)
As b→∞ in (2.4) we get,

5Φ5

[
a, q
√
a,−q

√
a, α, β; q; q

q,
√
a,−
√
a, αβq, 0

]
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= 5Φ5

[
a, q
√
a,−q

√
a, αq, βq; q; 1

q,
√
a,−
√
a, αβq, 0

]
+ 3Φ3

[
aq, α, β; q; q2

q, αβq, 0

]
. (2.5)

(iv) Taking αn =
(a, q
√
a,−q

√
a, b; q)n

(q,
√
a,−
√
a, aq/b; q)nbn

|b| > 1,

and δn =
(α, p
√
α,−p

√
α, β; p)n

(p,
√
α,−
√
α, αp/β; p)nβn

, |β| > 1 in (1.13) and making use of (1.10)

we find,

Φ

 a, q
√
a,−q

√
a, b : α, p

√
α,−p

√
α, β; q, p;

1

bβ√
a,−
√
a,
aq

b
: p,
√
α,−
√
α,
αp

β


= Φ

 a, q
√
a,−q

√
a, b : αp, βp; q, p;

1

bβ√
a,−
√
a,
aq

b
: p,

αp

β


+Φ

 aq, bq : α, p
√
α,−p

√
α, β; q, p;

1

bβ
aq

b
: p,
√
α,−
√
α,
αp

β

 . (2.6)

For p = q, (2.6) gives

8Φ7

 a, q
√
a,−q

√
a, b, α, q

√
α,−q

√
α, β; q;

1

bβ

q,
√
a,−
√
a,
aq

b
,
√
α,−
√
α,
αq

β



= 6Φ5

 a, q
√
a,−q

√
a, b, αq, βq; q;

1

bβ

q,
√
a,−
√
a,
aq

b
,
αq

β


+ 6Φ5

 aq, bq, α, q
√
α,−q

√
α, β; q;

1

bβ

q,
aq

b
,
√
α,−
√
α,
αq

β

 . (2.7)

For b, β →∞, (2.7) yields

6Φ7

[
a, q
√
a,−q

√
a, α, q

√
α,−q

√
α; q; q

q,
√
a,−
√
a,
√
α,−
√
α, 0, 0

]
= 4Φ5

[
a, q
√
a,−q

√
a, αq; q; q

q,
√
a,−
√
a, 0, 0

]
+ 4Φ5

[
aq, α, q

√
α,−q

√
α; q; q

q,
√
α,−
√
α, 0, 0

]
. (2.8)
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(v) Choosing αn =
(a, b; q)nq

n

(e, abq2/e; q)n
, δn =

(α, β; p)np
n

(p, αβp; p)n
in (1.13) and using (1.9) and

(1.8) we find,

(αp, βp; p)∞
(p, αβp; p)∞

{
1− (a, b; q)∞

(e/q, abq/e; q)∞

}
(q − e)(e− abq)
(aq − e)(e− bq)

+ Φ

[
α, β : a, b; p, q; pq
αβp : e, abq2/e

]

= Φ

[
αp, βp : a, b; p, q; q
αβp : e, abq2/e

]
+

(q − e)(e− abq)
(aq − e)(e− bq)

×

×
∞∑
n=0

(α, β; p)np
n

(p, αβp; p)n

{
1− (a, b; q)n+1

(e/q, abq/e; q)n+1

}
. (2.9)

For p = q, (2.9) yields

4Φ3

[
α, β, a, b; q; q2

αβq, e, abq2/e

]
=

eq(1− a)(1− b)(αq, βq, aq, bq; q)∞
(aq − e)(e− bq)(q, αβq, e, abq2/e; q)∞

+ 4Φ3

[
αq, βq, a, b; q; q
αβq, e, abq2/e

]
− eq(1− a)(1− b)

(aq − e)(e− bq) 4Φ3

[
α, β, aq, bq; q; q
αβq, e, abq2/e

]
. (2.10)

If we put e = q in (2.10) we get (2.2) again.

(vi) Taking αn =
(a, q
√
a,−q

√
a, b, c, d; q)nq

n

(q,
√
a,−
√
a, aq/b, aq/c, aq/d; q)n

,

and δn =
(α, p
√
α,−p

√
α, β, γ, δ; p)np

n

(p,
√
α,−
√
α, αp/β, αp/γ, αp/δ; p)n

, in (1.13) and making use of (1.11)

we have,
(aq, bq, cq, dq; q)n(αp, βp, γp, δp; p)n

(q, aq/b, aq/c, aq/d; q)n(p, αp/β, αp/γ, αp/δ; p)n

+Φ

[
a, q
√
a,−q

√
a, b, c, d : α, p

√
α,−p

√
α, β, γ, δ; q, p; pq√

a,−
√
a, aq/b, aq/c, aq/d : p,

√
α,−
√
α, αp/β, αp/γ, αp/δ

]
= Φ

[
a, q
√
a,−q

√
a, b, c, d : αp, βp, γp, δp; q, p; q√

a,−
√
a, aq/b, aq/c, aq/d : p, αp/β, αp/γ, αp/δ

]
+Φ

[
aq, bq, cq, dq : α, p

√
α,−p

√
α, β, γ, δ; q, p; p

aq/b, aq/c, aq/d : p,
√
α,−
√
α, αp/β, αp/γ, αp/δ

]
. (2.11)

For p = q, (2.11) yields

(aq, bq, cq, dq, αq, βq, γq, δq; q)∞
(q, q, aq/b, aq/c, aq/d, αq/β, αq/γ, αq/δ; q)∞
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+ 12Φ11

[
a, q
√
a,−q

√
a, b, c, d, α, q

√
α,−q

√
α, β, γ, δ; q; q2

q,
√
a,−
√
a, aq/b, aq/c, aq/d, αq/β, αq/γ, αq/δ

]
= 10Φ9

[
a, q
√
a,−q

√
a, b, c, d, αq, βq, γq, δq; q; q

q,
√
a,−
√
a, aq/b, aq/c, aq/d, αq/β, αq/γ, αq/δ

]
+ 10Φ9

[
aq, bq, cq, dq, α, q

√
α,−q

√
α, β, γ, δ; q, q

q, aq/b, aq/c, aq/d,
√
α,−
√
α, αq/β, αq/γ, αq/δ

]
. (2.12)

If we take α = a, β = b, γ = c, δ = d in (2.12) we obtain{
(aq, bq, cq, dq; q)∞

(q, aq/b, aq/c, aq/d; q)∞

}2

+
∞∑
n=0

{
(a, q
√
a,−q

√
a, b, c, d; q)nq

n

(q,
√
a,−
√
a, aq/b, aq/c, aq/d; q)n

}2

+2 10Φ9

[
a, q
√
a,−q

√
a, b, c, d, aq, bq, cq, dq; q; q

q,
√
a,−
√
a, aq/b, aq/c, aq/d, aq/b, aq/c, aq/d

]
. (2.13)

Taking c = a, d = b in (2.13) we find,{
(aq, bq; q)∞
(q, aq/b; q)∞

}4

+
∞∑
n=0

{
(a, b; q)n

(q, aq/b; q)n

}4{
(1− aq2n)

(1− a)

}2

q2n

= 2
∞∑
n=0

{(a, b; q)2n}2(1− aq2n)qn

{(q, aq/b; q)n}4(1− a)
. (2.14)

For b = a, (2.14) yields,{
(aq; q)∞
(q; q)∞

}8

+
∞∑
n=0

{
(a; q)n
(q; q)n

}8{
1− aq2n

1− a

}2

q2n

= 2
∞∑
n=0

(a; q)42n
(q; q)8n

(
1− aq2n

1− a

)
qn. (2.15)

(vii) Choosing αr =
(1− aprqr)(a; p)r(c; q)r
(1− a)(q; q)r(ap/c; p)rcr

, |c| > 1, and δn =
(α, β; q1)nq

n
1

(q1, αβq1; q1)n
in (1.13) and using (1.8) and (1.12) we find,

∞∑
n=0

(1− apnqn)(a; p)n(c; q)n(α, β; q1)n
(1− a)(q; q)n(ap/c; p)n(q1, αβq1; q1)n

(q1
c

)n

=
∞∑
n=0

1− apnqn(a; p)n(c; q)n
(1− a)(q; q)n(ap/c; p)n

(αq1, βq1; q1)n
(q1, αβq1; q1)n

1

cn
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+
∞∑
n=0

(ap; p)n(cq; q)n
(q; q)n(ap/c; p)n

(α, β; q1)n
(q1, αβq1; q1)n

(q1
c

)n
. (2.16)

Taking p = q1 = q in (2.16) we find (2.4).
A number of similar transformations can also be scored.
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