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1. Introduction

The Stieltjes transform comes out naturally by repeated applications of Laplace
transform. If

o) = [ el

where

Then




98 J. of Ramanujan Society of Math. and Math. Sc.

- /OO 9 4y (1.1)

s+t

(1.1) is the special case of the general Stieltjes transform which is defined as,

ga(s):/oOo 9(t) dt, (1.2)

(s+t)*

provided the integral exists. a is an arbitrary complex number and g, is an analytic
function on some region of the s-plane. This property of g.(s) is sufficient to
guarantee the existence of both the multiple-integral representation and the contour
integral representation of the generalized Stieltjes transform.

We shall make use the following functions.
Gaussian hypergeometric function,

(@n(b)nz" (1.3)

oFila,b;c; 2] =
cnn‘

where (a)o =1, (a), = a(a+1)...(a+n — 1). For the convergence of the series in
(1.3), |z] < 1 is needed.
Confluent hypergeometric series is defined as,

n

> CL
1F10,b2 :Z bnn" (14)

n=0

where for convergence |z| < oo i.e. it is convergent in the whole complex plane.

R(a;b,V;2,y) =y~ oF; {a, b;b+ b1 — E] . (1.5)

Yy
S,V x,y) =e¥ 1Fi[b;b+ V52— y. (1.6)

Also,

oFila,b;c;x] = R(a;b,c — b; 1 —x, 1), (1.7)
1Fila; b 2] = S(a,b— a; x,0), (1.8)
R(a,b;\z) = A" R(a, b, 2), (1.9)
S(by\+z) = e*S(b, 2). (1.10)
1Fola; —; 2] = @27 _ (1-2)" (1.11)

n!
n=0
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2. Different representation of Stieltjes transform

Since,
1Fola; —; —z] = (14 2)7¢ (2.1)
t
so, if we take z = — then
s
t AN _
1Fo [a; —; ——] = (1 + —) = (s+1t) s (2.2)
s s
From (2.2) we have
(stt)yo= 1 R ! (2.3)
s = =3 a;—;——1| . )
(S + t)a 140 y S
Stieltjes transform
_ [ 9@)
ga(s) _/0 (S—f—t)a
can be written in the form,
1 [~ t
ga(s) = —a/ 1 Fo [a; —; ——1 g(t)dt. (2.4)
s Jo s
From (1.8) we have,
1Fila; b; ] = S(a,b— a;x,0) (2.5)

t
Taking b = 0,2 = —— in (2.5) we have

S
t t
1F0 |:a;_a__:| = (CZ, _a;__a()) . (26)
S S

Putting the value of 1 F from (2.6) in (2.4) we get another form of Stieltjes trans-
form,

gu(s) = — /0 T s (a, _a —é,o) o(t)dt. (2.7)

Sa

(2.4) can also be expressed as,
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Making use of (1.7) we can rewrite (2.8) as,

gu(s) = = /Ooo R (b; we—alt e, 1) g()dt. (2.9)

Sa
3. Basic (g-) generalization of Stieltjes Transform

The basic hypergeometric series is defined by,

b q; 2  (a;0)n(b; Q)n
Di(a,b;c;q;2) = 2P [a, T } = — 2" 3.1
21 )= Z(Q;Q)n(C;q)n (3:1)

n=0

where (a;q)o =1, (a;q), = (1 —a)(1 —aq)..(1 —aq"™'), n=1,2,3, ...
o®; given in (3.1) is the basic analogue of 3 F} given in (1.3). Taking b = ¢ in (3.1),
it yields,

— (a19)n2"
1®o(a; =5 q32) = ) == (3:2)
nzzo (¢ Dn
1P defined in (3.2) is the basic analogue of ;Fj given in (1.11). Basic binomial
theorem is given as,
(a2 9)oo

DOo(a; —;q;2) = ———. 3.3

1 O(Qa 3 4, Z) (27(])00 ( )
The identity (3.3) is the basic analogue of the binomial theorem

1Fola; —;2) = (1 —2)7 (3.4)

With all these definition, the basic or g-generalization of the Stieltjes transform is
given by,

1 [ t
gq,a(s) = _a/ 1(b0 (CL, - 4; __) g(t)dqt (35)

s J, s

The integral given in (3.5) is the basic or g-integral.

Making use of (3.3) we have,
()
1 S -
hals) = [ =gl (3
0

(-59).

where g-integral is defined as [Gasper and Rahman: 1;(1.11.4) p. 19]

/0 T it =(-q) S I (3.7)

n=—oo
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Making use of (3.7) we can write (3.6) as,

nale) = (121 3 ﬂg(qw. (3.9

T ()
el Tg
S oo

4. Generalized Stieltjes Transform

Y )]
ga(3>_/0 mdt,

ga($) is analytic in the complex-plane having a cut along the non-positive real axis.
Let D be the s-plane having cut along the non-positive real axis. If s, s, ..., s are
points in D and ¢ = > b; such that ¢ # 0, —1, —2, ..., then the generalized Stieltjes
transform is given by,

In the Stieltjes Transform,

Gu(b,s) = /OOO R(a,b,s+t)g(t)dt, (4.1)

where R is given by (1.9).

Stieltjes transform has not been studied as extensively as the Laplace or Fourier
transform, perhaps because the Kernel (s 4 t)~® is not an entire function of s.
(a) If we take g(t) = t”~! then its ordinary Stieltjes transform is given as,

/OOO s+ t)dt = % (4.2)

provided Re(a) > Re(v) > 0.
The generalized Stieltjes transform of =1 is

/OO tVflR(a, b,s+t)dt = M

I(a) R(a —v,b,s), (4.3)

where Re(a) > Re(v) > 0.
Similar other results can also be established. For details about the Stieltjes
transform one is referred [2].
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