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Abstract: In this paper we have obtained some novel generating functions
of oFi(—n,a;v + n;x) - the modified form of Hypergeometric polynomials
o F1(—n, a; ;) by utilizing L. Weisner’s group-theoretic method of obtaining gen-
erating functions. In section-2, we obtain a set of infinitesimal operators by giving
suitable interpretations to both the index (n) and the parameter () of the poly-
nomial under consideration, known as raising and the lowering operators has been
introduced and on showing that they generate a four dimensional Lie algebra, we
have obtained, in section-3, a novel generating functions of the Hypergeometric
polynomials which in turn yields a number of new and known results on generating
functions.
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1. Introduction

The Hypergeometric polynomials [5] o F1(—n, a;v; x) is a solution of the follow-
ing ordinary differential equation:

d? d B
[93(1—93)@—1—{7—1-(71—@—1)93}%4—7104?;—0. (1.1)

In this paper we have encountered a problem on generating functions of oF(-n,
a;y 4+ n;x) - the modified form of o F}(—n, «;v;x) by employing the method of
Weisner [2-4] with the suitable interpretations of n, v simultaneously. Weisner’s
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method consists in constructing a partial differential equation from an ordinary
differential equation by giving suitable interpretation of n, v simultaneously and
then on finding a non-trivial continuous transformations group admitted by the dif-
ferential equation. The method of Weisner is lucidly presented in the monograph
”Obtaining Generating Functions” written by E. B. McBride [8]. For previous
works on Hypergeometric polynomials one can see the works of [10-17]. The object
of the present note is to derive some new and known generating relations involv-
ing modified Hypergeometric polynomials o F}(—n, ;v + n; z),which satisfies the
following ordinary differential equation :
d? d

[w(l—x)@—k{y—kn%—(n—a—l)x}%—I—na]u:O. (1.2)
The main results of our investigation are given in section-3.
2. Group-Theoretic Discussion :

Replacing % by %,n by y(%,v by z% and u by v(x,y, 2) in (1.2) we get the

following partial differential equation :

0% 0%v 0%v Ov Ov

x(1 _x)@+(1+x)y8x8y +Z8:L‘82 — (1+a)x—+o¢ya—y =

0.  (2.1)

Thus we see that vy (z,y, 2) = oF1(—n,a;y + n;z)y™z" is a solution of (2.1), since
oy (—n, a;y + n; ) is a solution of (1.2).
We now define the infinitesimal operators A; (i= 1,2,3,4) as follows :

) 0 22 0 5 0

Al ya—y,AQ Z@,Ag (]_ —x);a—x—l- 6_y,
y 0 yd  yod y
Ap=a(l-n) L L 82 99 Y
1= )228x+228y+z82 ( +oz:r)22,

such that
A1 (oFi(—n, a5y +ny2)y"2") = n o Fy(—n, ;v + n;x)y" 27,

Ao (—n, a5y +nyx)y"2Y) = v o Fi (—n, ;v + n x)y" 27,

n(n+~y—«a)

F _ _1 . 1 n—1 ’Y+2
nt o1 (—(n—1), a5y +n+12)y" 27",

As(oFi(—n, a;y+n;z)y"2") =

AR (—n, o5y +ms2)y"2?) = (4 — 1) 2 Fi(—(n+ 1), 057 +n — L)y 202



On Generating Functions of Hypergeometric Polynomials ... 53

We now proceed to find the commutator relations. Using the notation, [A, Blu =
(AB — BA)u, we have

[Ah Az] = 0; [Ah A3] = —As; [Ah A4] = Ay; [A27 A3] = 2As;

[Ag, Ay] = —2A4;[A3, As] = Ay — (1 + ).

From the above commutator relations,we state the following theorem .

Theorem 1: The set of operators {1, A;(: = 1,2,3,4)} where 1 stands for the
identity operator, generates a Lie algebra £.

It can be easily shown that the partial differential operator £ given by

2 2 82

b=a(1- x)@ +(1+ x)yax(‘?y + Z@x@z —

I+ oz)a:2 +a 9
ox yay

can be expressed as follows :
(1 — .T)L = A4A3 - A12 - A1A2 -+ (2 + Oé)Al (22)

From the above commutator relations,it can be easily verified that (1 — z)L com-
mutes with A4;(i = 1,2,3,4),

i.e. [(1—2)E, A]=0,i=1,2,3,4. (2.3)

The extended form of the groups generated by A;(i = 1,2,3,4) are
ea1A1f<:L', y? Z) = f(:[;’ ealy? Z)?
ea2A2f<‘/I:7 y7 'Z) - f(x7 y7 ea22)7

u T+ azy 22 _
e f(z,y,2) = f <m,y(1 +agy 2%,z ),

e f(zy,2) = (1 + aswyz2) “(1+ az2) ' x

1+ agyz~2 L L
<f (o (s )+ =), 20 ™).

From the above we get,

ea4A4€a3A36a2A26a1A1f(x’ Y, Z) — (1 + a4xyz_2)_a(1 + a4y2_2)_1f(<’, 7, 0)7 (24)
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where

(1 + asyz=2)(x + azy '2%(1 + ayzyz—2))
(1 + agryz=2){1 + azy—122(1 + agyz—2)}’
n=ey(1+ ayyz ) {1+ azy '2*(1 + asyz~?)},
0 =e2z(1 4 agyz?).

(=

3. Generating Functions :
From (2.1), u(z,y,2) = o Fi(—n,a;y + n;z)y™z" is a solution of the system

Lu=0 Lu=0 Lu=0
(A1 —n)u =0; (A — v)u = 0; (A1 4+ Ay —n —y)u=0.

From (2.3),we easily get
S —a)LeFi(=n, a5y +ny2)y"2") = (1 = 2) LS Fr(=n, o7 + nyx)y"2") = 0,

where
S ::ea4A4€a3Asea2A2€a1A1

Therefore the transformation S(2F)(—n, o;y + n;x)y"27) is annulled by (1 — x)L.
Now putting a; = as = 0 and replacing f(z,y,2) by oFi(—n,a;y + n;z)y"z" in
(2.4), we get

e em A (o By (=, oy + s 2)y"2Y) = (14 agwyz2) (1 + agyz"2)"7

<(1+ (14 agyz"")asy™" ) "2 Fi(—n, a5y + 1y )y, (3.1)

where
(1 + asyz=2)(x + azy '2%(1 + ayzyz—2))
(14 agzyz=2)(1 + azy=122(1 + agyz=2))

In the other hand we get

(=

et pasds (QF(—n, ;v +n;z)y"27)

oo n+k . p(_ k(_ N
_ Z ( a'?») ( 2'4) ( n)p(n +7 a)p(_n —y—p+ 1)k
=0 p—0 P : (n+7)p
XoFi(—(n—p+k),a;y+n+p—kya)y Pt (3.2)

Equating (3.1) and (3.2),we get

n+7—1(

(14 aszyz=) (1 + agyz?) 1+ (1+ agyz2)asy *2%)"
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(1 + asyz=2)(x + azy 2%(1 + a4:1:yz_2)))

XoFy | —n, v + ng
> < 7 (1 4+ agzyz=2)(1 + azy='22(1 4+ aqyz=2))

oo n+k k
(—ag)* (—=n)p(n+ v — @),
ZZ (—n—75=p+1
= p! k! (n+7)p
XoFi(—(n—p+k),a;y+n+p—kz)y P (3.3)

which seems to be new.

Replacing v by v —n in (3.3), we get the exact relation found derived in [ 14 |. It is
interesting to mention that the results found derived in [16] can be easily obtained
by replacing v by (v — 2n) in (3.3).

Before discussing particular cases of the result (3.3) we would like to point it
out that the operators Az, A4 being non-commutative,as seen from the commuta-
tor relation [As, Ay] = Az — (1 + «), the relation (3.3) will change if their order
be interchanged in e®44¢%43  which is given in section 5. we now consider the
following particular cases :

Case 1 : Putting a, = 0 and replacing (— “32 ) by t in (3.3),we get

r—1

(1—t)"9F1(—n,a;v + n; T

—)

- ~ Enb(nty —a), —(n—17).a: N4 : )P
=X ey ey kndpat (34

p=0

Case 2 : Putting a3 = 0 and replacing (—*) by ¢ in (3.3),we get

—xt
1 — ta) (1 — )", F —
( )" ( ) 2Fi(—n, a5y + 1—xt>
Z QFl(—(n+k),a;7+n—k;a:)t. (3.5)

=0

Case 3: Substituting as = —i,a4 =1and % =t in (3.3),we get

(I+t)(z— =(1 +xt)))
(It at)(1 - H(1+1)

1
(1+at) (1 + )" (¢t - E(l + 1)) "o Fy ( n, oy +n;

X (L) (~1)F (—n)p(n + v — ),

(n+9)p

(=n =7y =p+1

< [E1m

k=0 p=0
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XoF 1 (—(n —p+k),;v+n+p— ko)t (3.6)
4. Special cases : Some special cases of interest are given below :
Special case 1: Replacing a, vy and z by 1+ a+ 5+n, 1+ a—n and 1%
respectively in (3.4) - (3.6), we get the following results of Jacobi polynomials :

n

n p(a, Yy — 3 _ (_ﬁ - n)P a+p, P
L+ 0" P = Z RS W) (4.1)
t g s Yt 3y—1)
= f: (nt L Z!D'“P,Ei;k’ﬁ)(x)tk, (4.2)
(2l = DY (- (14 1)

ey (HtH2(2+1) + (9 4 #(1 — x))
" (t— L1+ 0)2+t1—1)

=y WO e DB e 4

The generating relations (4.1)-(4.3) are found in[9].
Subcase : Putting n = 0 in (4.2),we get

t e o
(101 - 5~ D}t =3 Pk (4.4).
k=o

Finally,using the symmetry relation[5] :
PP (—x) = (=1)" P (x),

and then simplifying,we get

o0

(- %(x )R — ) = ; PEAR) () k. (4.5)

Relation (4.5) is worthy of notice and is found derived in [1,6,7] by different meth-
ods.
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I—y

Special case 2 : Replacing o, vy and z by 1 + a+ 4+ 2n, 1 + « and re-

spectively in (3.4)-(3.6), and simplifying, we get the results of Jacobi polynomials
found in [18].
5. Variants of the result(3.3) :

By interchanging the order of operators As and Ay in

ea4A4 ea3A3 €a2A2 ea1A17

we get
6a3A3€a4A46a2A26a1A1f($, n Z) — (1 + CL4:L'yZ_2)_a(1 + a4yz_2)_1f(§, n, Q), (51)

where
(x + azy™122) (1 + azay + ayyz—?)

(14 asy=122)(1 + azaq + agryz—2)’

(=

n=e"y(1+ asy '2%)(1 + azay + agyz"?),
0 = e™2(1 4 agay + azyz ).
Now putting a; = ay = 0 and replacing f(z,y,2) by 2F1(—n,a;y + n;x)y"z" in
(5.1),we get
"33 e M (L (—n, a;y + ny 2)y"27)
= (14 asryz ) (1 + agyz?) 1 + azy '2%)"
X (14 azas + agyz"2)"oFy(—n, a5y 4+ 1; )y 27, (5.2)

where
‘= (r + azy™'2?)(1 + azaq + agyz72)
(1+ azy='22)(1 + azaq + agxyz—2)

On the other hand we get,

4343 e (o F1(—n, ;v + n;x)y"27)

oo nt+k B p(_ k N . .
:ZZ( alg) ( 5'4) (—n—wrl)k(n k)p(n+’ykk @),
k=o0 p=o p: ’ <n+7_ )P
XoFy(—=(n —p+k),a;v+n+p—kyz)y" Pretwmk (5.3)

Equating (5.2) and(5.3),we get

(14 agzyz2) (1 + agyz™ )11 + asy '22)" (1 + asay + agyz~2)"™
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(4 azy™'2?) (1 + azaq + asyz2) )

XoFy | —n, ;v + n;
201 ( " (1 4+ asy=122)(1 + agaq + agxyz=2)

_ ZZ (—as) (—2!4

|
k=0 p=o p:

)" (n—k)p(n+v—Fk—a),
T TS T,

XoFy(—(n —p+k),a;y +n+p—kz)y P

6. Application: We now proceed to derive some novel results on bilateral gener-
ating relations by the application of the generating relation (3.5). The main result
is stated in the following theorem :

Theorem 2 : If there exists a unilateral relation of the form :

G(z,t) =Y anaFi(—n, o3y + n; x)t" (6.1)
then .
—a -1 r—zxy o n
a6 (Tt 0] = e, 62
where
(= —k+ 1),
on(z,t) = Zak( 7 i ')n ngl(—n,oz,v—n+2k;x)tk.
— (n —k)!
Proof : R.H.S.

= Z y o, (x,t)

= S (v —k+ 1)
:ZynZak( g 1) ngl(—n,a;v—n—i-Qk;x)tk

n=o k=0 (TL N k)'
:Zak(yt)kz ( oy ) oFi(—(n+k),asy —n+k;x)y
k=0 n=0 ’
() (- S weh —hoasy b ) (gt(1 — ) using (3.5
k:O 9 ) ) 1 _ I‘y

a6 (T2 -p)  fusing (61

=LHS
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The importance of the above theorem lies in the fact that whenever one knows a
generating relation of the form (6.1) then the corresponding bilateral generating
function can at once be written down from (6.2). So one can get a large number of
bilateral generating functions by attributing different suitable values to a,, in (6.1).
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