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1. Notations

For any numbers a and ¢, real or complex and |q| < 1, let

[ ¢l = o], = { gl —a)(1 —aq)(l —ag?)...(1 - aq”l);; Zio a1

Accordingly, we have

[ gl = [ (1 = g™
n=0
Also,
a1, az, as, ..., ar; qln = [a1; qln]as; qlnlas; - [ar; q)n- (1.2)

Now, we define a basic hypergeometric function

o0

a1, 09, ...,0¢;4; 2 [al;Q]n[a%q]n-"[ar;Q]nzn
D = : 1.3
by, b, ..., bsi ¢ } z_% (43 qlnb1; qlnba; qln---[bs; qln -

valid for |¢| <1, A >0 and if A =0 then for |z| < 1.
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Other notations and definitions appearing in this paper shall stand for their
usual meanings.
2. Introduction

Andrews and Askey [1] applied the following transformation

CL2 qu [OJQ,bSL" q]oo C/CL2 X, q, CL2
@ » Yy Uy I e i T (p )y U 21

for obtaining the following summation formula

0,0 ;% eq/b? ] 1 [a,0%¢%] [le/bidls | [—c/big)o
c }_2[0,061/62;(12]00{ [0; qloc i [—b; q)os } 22)

2Py {

and applied it to establish certain identities of Rogers-Ramanujan type.
Also, Verma and Jain [3] exploited (2.1) to establish the following summations,

o [ a2,b;q;‘/76 ] :1 [a%/ﬁ; oo {[a\/ﬁ/b; \/5]00 i [—a\/a/b; \/a]oo}
o 2[aq/b, \/q/b;dloc | [a5/doo [—a; a7

(2.3)

Verma and Jain [3; (3.5), p. 74]
0, b; q;
2(I)l[a?q/b b }
I (G [av/@/b; /Ao [—a/T/5; /Ao
ST v e vt ST

Verma and Jain [3; (3.6), p. 75]

and
a?,b; q; ¢*% /b
28 { a’q*/b }
_ e* Ve /b ds {[aQ/b; Vil [—aq/b; \/G]oo} 25)
2a[a?q?/b,q/b, ¢ /by qlee | [a; /] [—a; /q)o ’

Verma and Jain [3; (3.7), p. 75]

We find that the above results could be very helpful in establishing interesting
transformations which otherwise do not look possible. In this paper we shall use
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(2.3)- (2.5) and the following known summations due to Verma and Jain [3] to
establish our transformations,

q nyQq”“ z,—xq;q;q | 2"q a2 Py ¢Pm
1®s = T2y 2,202- 2] [2- o2 (2.6)
Tyq, —rYyq, x3q [22y; q)n [22Y%¢2; ¢l 0% ¢l

where m is the greatest integer < n/2,

Verma and Jain [4; (2.25), p. 1028]

& {62 R N N el e } _ 2*"[—q;qJn[bg; gln @7
br?q, ba*q?, x'q’ [—2%q; Jn[b2?q; gl

Verma and Jain [4; (2.32), p. 1029]
x, —2q,b2*¢*", "4 q ]

4%3 { 22¢%, 2q\V/b, —xq /b

_ 2[5 Jn[b2¢%; 4Jn[b7°6%; ¢ [0°; 4%l [24%; l2m 2.8)
[2¢; aln[b22¢%; 4]n[a%; @I [226%; 4Pl [b2G?; qlom

where m is the greatest integer < n/2

Verma and Jain [4; (3.2), p. 1033]

) l’,aqlJF”?\/E/q’ \/_/qq 1 q
* | vag, —yag,x/q,xq
7" [ag/7; alolg; alnlaq®; lmlvg; ¢
q"[ag; qlnlxq; 4lnla®; @°mlag/x; ¢%lm (2.9)

where m is the greatest integer < n/2,

Verma and Jain [4; (3.5), p. 1033]
0, [ a,aq,aq’, a’¢***", ¢~ g% P ] _ @"[¢%; ¢"ln[ag; gl (2.10)
(aq)®?, —(aq)/?, a®?q*, —a®?¢* (@363 ¢l q)n

Verma and Jain [4; (4.2), p. 1035]

[ r,wrq, wirg, 3¢ g ¢ g ]
5(1)4 qz

(.27(])3/2, ( q)3/2a 3/2q27_$3/2

" [2%q%; qlulq; dln 2% Pl [2d®; dlsm 511
344. . 3. 43 2,4. ) ( : )
[23¢%; qlnlzq; 4ln[@?; Blm[2%4%; qlsm
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Verma and Jain [4; (4.4), p. 1036]

{ a'’ wal? w2l ag* g g0 ] " Pg; glalad?; 6w (2.12)

0. /a3, /] e dlald ¢l
Verma and Jain [4; (4.5), p. 1036]

and
{ al’?,wa'3 w?a'3 q\/a, ag* ", ¢ q;

va,—a, \/_ Vg, ¢*Va
_ @ dnlVa; dlalad®; ¢*lmld® Va; ¢l (a) "2 (2.13)
(ag; dlnla®Va; dlnlg*; ¢*lm[v/a; ¢°m '

where m is the greatest integer < n/2,

Verma and Jain [4; (4.8), p. 1037]

We shall also use the following well known series identity,

ZZA(TL,T):ZZATH—TT (2.14)

n=0 r=0 n=0 r=0

3. Transformations
In this section we shall establish our transformations.
(1) In the first place we prove the following,

Z Q- s qln 220 Pl Y20 P

qu An[2?y%¢%; ¢*nla?; ¢Plm
i [z, —xq; q), (—2q)"q "D/ i Qir 20" (G5 i [22920 Qlnsar 3.1)
—~  [q,2%q,2yq, —zyq;qlr = 4 dlu[2?Y%¢: qlnsr

Proof of (3.1)
With the help of (2.6) the left side of (3.1) can be written as

2,2 1+4+n.

ZQ Z R e e T I

[2yq; alr [—ryq; alr[q; alr[22g; ql,

Now, applying (2.14) it equals

S [ —I4,; Q]rqrz _ 2202 a!
I Qn ., n—r +n+r,
Z [q, v%q, xyq, —xyq; q]» Z e v dl
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B i [, —2¢; q],(—2q) g /2

i Q2" G At 2292 G5 Qnror
lq, 2%q, xyq, —xYq; q,

@ q]n[2?Y%q; qlnr

r=0
This prove (3.1).
Now, setting

n=0

_ [2*%q; qlalas gl
= 4 4Jnl; dln

in (3.1), it equals, after some simplification,

i O T 1 R A X g A i
(@5 )n[7; )22 @ln 229242 ¢%mla%: 4P lm

n=0

_ i (v, =2, a5 ¢y (2 q; @lar (=2¢)" T2 { 22y2q" aq g2 /g
= 9. 224, xyq, —xyg,7; H e
(3.2)
Now, setting z = ¢'/2/a and v = 22y?¢*/a in the above and summing the inner
o®; with the help of (2.3), we get the following interesting transformations, after
some simplification

'y { o, aq, ¥*¢%, 22y q; ¢%; 22/ o }
22q, 2y o, By o

r/q(1 — o)(1 — 2°y°q) ag,ad’, y° ¢, vy’ ¢’ g% g/
(1 —2%q)(a — 2%y%q?) T 22 2t o 2ty
__ [PYevadelyy/a vl o [ T, —2q, o, TY/T; ¢ ]
= 493
2[222¢% o, /T & Qoo TYA/T; /D)o T2q, —xYq, o /q
2[222¢% [, /7] @ Qoo —TY /T /D)oo T2q, TYq, 0\ /q
Now, setting z = ¢*?/a and v = 2%y%¢*/a in (3.2) and summing the inner

o®; with the help of (2.4), we are lead to the following interesting transformation
involving four hypergeometric functions,

Y { o, aq, 2%y%q, y2¢% ¢ 3 /o 1
2?q, 22 o, B2y o

(1—a)(1 — 2%y*q)zg’/? ey { aq, aq?, 229° ¢, v2 % ¢%; ¢ ) o ]

(o — 22y2¢?)(1 — 22q) 22y o, 22y gt o, PP
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B [2°Y%q, /T QoY) 5 /@) e { —q, 0, Y /G5 43 }
20y /qla22 R o, G ety T e T L 0 —1yg, a\/g
B (22924, /T dloc[—2yq/ @ \/T] o ey { —xq, 0, —TY\/T; ¢; q } (3.4)
22y /q[22 2/, [T @ Qoo [~ TYN T /Do z%q, —1Yq, o /q '
Again, if we put z = ¢*%a and v = 2%y%¢*/a in (3.2) and sum the inner &,
on the right with the help of (2.5), we get after some simplification,

) 3{aaq,xyqu Lg% xq?’/azl
2%q, ?y* ¢ fo, 22y ¢t o

(1—a)(1 - 2*y*q)zg*? /o aq, ag?, :v2y2q3 v2q% ¢ 1%q3 o
(1 - 22y?¢*/a)(1 — 22q) 222t o, 7y o, %

_ (22920, /T, 4/ Qoo [290*'%; /) oo . { RO a/qqq}
2xy\/q[22y% @3 o, q) o, 312 [ o qloo[2yq % \/G) 0o z%q, —xyq, o/ \/q
B [2%9%q, /T, @) @ Qoo [—7y4*?; /oo y
20y/q[xy% ¢ o, g/ o, 632 s gl [— 2y %5 /o

Bt

(ii) Next, using (2.7) in the following we get

¢ q)n[bq; qln
ZQ x2q Q] [b22q; q)

_ i@ i Z”: [B224q2 42, 72 22 2%q; ¢% q2eg?
n=0 ! r=0 [ 27 bx2Q7 b$2q27 5154(12; q2]7»

Now, using (2.14), the above relation takes the form

ZQ ¢ q)n[bq; qln

—22q; Q] [bx?q; ql,,

f: (22, 22q; ¢ (—2q?) g T2 & Oy 2g 2 0% @*lnsr (0?2402 P nsar (3.6)
—  [g?baq, batq?, g% P, =T 9% ¢*]n (0?74 q%; ¢%)ny
If we set

[*24q?, a; 4%,
42,7 ¢%)n

Q, =
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n (3.6), we get

i [%2%¢?, o ¢°)n n on 2*"[—q; gl [bg; q]n
= v [FPadnlbrg; gl

o0

Z (22, 22, o; ¢, (— 22) g "2 022, g2,
[?, bx%q, ba?q?, 24q?, v; ¢,
b2 4 4T+2 e 27'; 2;2, 2r
B, l n " 4% 2/q (3.7)
Now, taking z = q/a and v = b?2%q*/a in (3.7), we get after using (2.3)
o. | bV —Va, —br*q q;a%q/a
U —a?q, —ba?? Vbt o
_ 43 ¢loc[=b%q, ba?q/ ;) 2%, 2%, o % ¢*
2rqt o, % g/ e | 207 g
(4 oo lbrq, —b%q/ 5 gl o [ 2%, 2q, —b2%q, —ba’e? a1 4% ¢ (3.8)
2[b2xtq* /o, 42, q/ o 4% o * 2%¢?, br%q, brq?, ag .
Further, if we set 2 = ¢*/a and v = b*z'¢* /o in (3.7) and use (2.4), we get the
following transformation involving 4®3, 3®5 and 5P,
0. | PO Ve —va, —batg; g e’ o
T 2P bt Ve, bt Va
_ [0 0o [=bag, brq/av; gl 2%, 2q, 05.% ¢
b2Vt o q/oi e © | 207 g
6@ lbre, —ba*q/ i dlee o [ 2P 2%q, —ba®q, —ba®¢® a5 q% ¢ (3.9)
2ba2q[L22qt o, qfar P © | 'GP batq, et aq '
Again, putting z = ¢3/a and v = b?21¢%/ in (3.7) and using (2.5), we get

{ bq, va, —/a, —br’q; q; 1¢% | }
1D3

br?q® /o, —bz?q? o, —2?q

r=

+

_ [0, 027 s glolg, s Pl o [ 0P ag, 0005070
22q[2' ¢S o, g/, o Pl 10 | 2P g, a/q

[bx?q, —br?q? | a; qoo|ds P/ s 4P oo & 2%, 2%q, o, a, —ba?q, —bz?g*; ¢*; q

2bx2q[b?4q8 o, g/, ¢ ) v ¢P) oo baq, ba*q?, ' q? aq, alq

(3.10)
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(iii) Next, we have

ZQ 2"[q, brq®; qln[b2*¢*, bg*; ¢l [20?; qlom
wq,bz?q qlnld?, 22¢3; @) [b2q?; qlam

_ 3 a2 TR ) e [0 O B g

n+rZ g
r=0 [Q7 :BZQ> $Q\/l_), _J:Q\/E, Q]r n=0 [q7 Q]n[bx q ) Q]n+r

with help of (2.8) and (2.14).
Now taking

o _ ¢ aidln
Y lavida
in the above we get

i z%q?, aq 2"[q, bxq*; ¢l b2, bg%; ¢*m 2% @lamz"
—~ la.71q [zq, b2°¢%; q]u[a?, 226%; ¢l [b2q?; qlom

_ o nmre e d b (g R [ ba2g Y aq'; 2" } (3.12)
r=0 [q? 1'2(], Z'Q\/E, —.Z'Q\/B, v Q]r ,yqr

If we set z = \/g/a and v = bz?¢*/a in (3.12) and use (2.3) to sum the inner
2o®; on the right, we get

o, ag, br*q®, bg?, :cq q r*q/a’
bm2q3/a,bx2q4/a 22¢%, xq

(1—a)(l—bzg*)z\/q/c aq, ag®, begt, ba*q?, bg?; ¢*; 2q/ o
(1 —2q)(1 — ba2¢3/a) b ba2qt /o, b P o, 23, bag?

b2°0, /@5 aleoVO2q*? 05 Al [ z, —2q, o, 2¢°*Vb; ¢; q }
2[bx2q3/a,\/§/&;q]oo[—\/5xq;\/E]oo ’ 55'26127—1'61\/1_?704\/5

N [b2262, /; qloc[— Vb2g*? 05 \/qloo s [ x, —xq, o, 2¢**Vb; ¢; q
2226 /v, \/q/ ; q)oo]— VIG5 /)0 2°¢%, 2qVb, a\/q

Further, putting z = ¢%/2/a and v = b2?¢®/a in (3.12) and using (2.4), we get

] (3.13)

o, | @01 br’e,be® 2q’; ¢ 2Pq? o
ba?q? fo, baqt o, 2P, xq
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(1 - )1 = brg®)2g*?/a ag, aq®, brg*, br’q®, bg*; ¢*; g [
(1—2q)(1 — bz2¢3/a) ° baqt /o, b’ |, 223, bag?

= [bxqu, V@ Q]oo[\/l_)xq?)ﬂ; \/a]oo 1P3 [ T, —24¢, &, —:Uq3/2\/l_); q;9q }
2V baq[ba2g? o, /7] s 4l [V /)0 2%¢*, —xqV/b, /g

0 VE e[V i { z, —xq, o, 2¢° Vb 4; q
2Vbrq[b®q [, \ /) @ lool = VTG /G 2°¢*, 2qVb, a\/q

Again, taking z = ¢*/?/a and v = baz?q*/a in (2.13) and using (2.5), we get

} (3.14)

i @, brg?; dla[b2°¢®, 0¢%; ¢°lm[2®; qlom (4% /)"
= bt o g qlald®, 226% ¢ l[b2g?; lom

_ e va, ¢ o dloc [V /il
20qV/b[ba2q* /o, g/ o, ¢* [ o; @)oo [VDZG; /T
5Dy { x, —rq, /q, Vbrq, Vbrg*?; ¢; q ]
22q, xqVb, —rqVh, a/\/q
I R R S A R RVC
2wyV/blbaqt [, g/, 42 @ qloo[-2q VB VDo
Sl v it vy 519

(iv) Now, using (2.9) and (2.14), we can prove that

ZQ x""(aq/x, ¢; qlnlaq®, vq; ¢lm
"lagq, x¢; qln[q?, aq/z; ¢*lm
i z, \/I/ NI qlq i @ Qnsr[0G; Qlnrorg™"
r—0 Q7 a 9 \/ 7$/Q7 xqa ] n—=0 [q q] [aq Q]n—‘rT
which with
q, — 09 @i dl
4,7 d]n

takes the form

i lag, a; g, 2" ™ [aq/ 7, ¢; qlulag?, 2¢; ¢*)m2"
— [¢,7:4dln  q™aq,2q;q]n]¢%, aq/z; ¢} m
n=0
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i /4, \/ , @ qlr[ag; glor (—2q)"¢ 7D
— G \/aq, —/aq, x/q, Tq,V; ¢l

1+r T e T
aqg ", aq";q; 2/q
P 3.16
231 |: ,yqr ] ( )

X

If we set z = ¢*?/a and v = ag?/a in (3.16) and use (2.4), we get

o, aq,aq®/z,aq?; % vq? o
4(1) 2 3 2
aq®/a,aq’[a, xq

(1 —a)(1 - ag/)zg*?/a o { aq,aq’, aq? [z, 0¢® [z, aq?, xq; 2¢? /o
(1 —2¢)(1 — ag®/a) 055 ag?Ja, agt o, 2q?, xqP aq/x
_ g, V3 dsoleva/os il
2\/aqlaq®/ o, \/q/ @ Glool/AG; /T o
{ v,\/x/q,—\/t/q,, q\/_qq}
—Vra,x/q,vq, a./q
~ leg, V@ dls[=ava/ a5 /]
2\/aqlaq? /o, \/q/ % qloo[ =/ /T
r,\/x/q,—\/T/q, 0, —q\/a; ¢; q
[ VEa,2/0,20, 0/ /7 } (3.17)

Again, using (2.10) and (2.14), we easily get

Z Q.- ¢°|nlag; qln

a3q lnld; qln

3r(r+1)/2
X

i la, aq, ag®; ¢*|(—2¢*) ¢~

(aq)®?, —(aq)*/?, a32¢?, —a®?¢?; ¢*],

ZQ o la? q Clntorld®; Plosrg™™"
n+7‘ 3
(3¢5 @lntr [0 G

Now, setting
[6°¢, a; %

Q, =
43,7 ¢
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in the above and taking z = ¢%?/a and v = a®¢®/a in it we get the following
transformation with the help of (2.4),

o, | &P wall? Wil ag; g ag’ o
4 ag® /a3, wag? Ja M3, wag? a3

3/2 3/2 3

[6°2, a*¢%; Pl [@® 2P a; ¢ y
a(aq)®?[a*q% /o, 3% [ a; ¢*loo[(aq)®/?; 3% oo

3, { q,aq,aq?, a,a**¢*; ¢ ¢ ]
—(aq)*?,a*¢%, —a*?¢, ag®?

¢,
B [4°2, a*¢%; %) oc [ —a** P av; ¢*)
o P, 057205 7 [0}

X

a3 a3 w2al/3 o 3/2q q3'q }
@ Y ) ) 7 ) 318
54 l (aq)3/2,a3/2q2, —a3/2q , q3/2 ( )

Further, using (2.13) and (2.14), we easily get

o 10V d)nlad®, ¢0/a; ¢Platn =)
ZQ [ad, /@ I o

r(r+1)/2

(a3, wa'/3,w?a'/3; q],(—2q)"q~ Qg 6; @Jmr[ag; @lnsor
n—+r

; la, ﬁ,—\/@ Vaaq, —/aq, ¢>va; g, = [9; aJnlag; alnr

Now, setting

lag, a; g,
(4,7 q)n

in the above and taking z = ¢*/2/a and v = aq*/a in it we get the following
transformation with the help of (2.3),

o { o, aq, aq?, aq®, ¢°a, q/a; ¢4 ag®? o }
ag®/a,aq® /o, aqt o, ¢/ a, ¢*a

+(1—0é)( —Va)vag/a o [aq,aqz,aq?’,aq?’,f\/ﬁ,q\/@qz\/ﬁ;q3;aq3/2/043]
(1 —@va) (1 —ag®/a) " ° | ad®/a,aq* /o, aq® fo, Ja, q* [v/a, ¢ /a

N (1—a)(1 = Va)(1 — gy/a)ag/a’ y
(1 —ag?/a)(1 —ag®/a)(1 - ¢*Va)(1 - ¢*V/a)

Q, =
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{ ag®, ag®, aqt, ¢*/a, ¢*a, aq?; ¢; ag®? o }
ag*/a, aq’ o, aq® o, ¢PV/a, ya
V@ a4; qloc[qv/a) 5 /G oo
2[aq?/ o, \/q/; 4loo /0G5 /G0
la/?’wa/ 1/306(]\/_—(1\/_(1(1}
Va, —va, —q\/a, ¢*/a, a\/q
N (V@ a; qlse|—av/a/ o /G
2[aq?/a, /4] @ qloo[—/aG; /T oo

a1/3 wa/ 2q1/3 , (I\/_ —Q\/_ q;9q
| U v v (319)

It is evident that, using the present technique, a variety of interesting transforma-
tions can be established.
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