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Abstract: The present paper deals with common fixed point results for four map-
pings and also for a sequence of mappings on a metric space under the control
function namely the altering distances between points. The results obtained gen-
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(1999, 2001) and others in turn.
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1. Introduction

The theory of common fixed point for self mappings in metric space satisfying cer-
tain conditions has a vast literature. However the existence of fixed points for self
maps on a metric space by altering distances between the points with the use of
certain control function is an interesting aspect. In this direction Khan, Swaleh
and Sessa [2] established the existence and uniqueness of a fixed point for a single
altering distance map. Recently Sastry and Babu [7,8], Naidu [5,6] proved a fixed
point theorem by altering distances between the points for a pair of self maps,
which address a new type of contractive fixed point problems. Pant [3] established
a unique common fixed point theorem for four self maps by using the conditions
of the type commutativity, contractive and continuity. The main purpose of this
paper is to obtain conditions for the existence of a unique common fixed point for
four self maps on a complete metric space by altering distances between the points.
Before going to our results, we give here some definitions.

Definition 1.1 [2] An altering distance is a mapping ¢ : [0,00) — [0, 00) which
satisfies

1. ¢ is increasing and continuous,

2. o(t) =0 if and only if t = 0.

Definition 1.2 Let A and S be self mappings of a metric space (X, d), then A and
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S are said to be reciprocally continuous at a point t in X if
lim ASz, = At and lim SAz, = St whenever {z,} is a sequence in X such that

n—o0 n—o0
lim Ax,, = lim Sz, =t.
n—oo n—oo

Definition 1.3 Two self maps A and S of a metric space (X,d) are called W-
compatible if lim W(d(ASz,,SAxz,)) = 0 whenever {z,} is a sequence such that
n—o0

lim Az, = lim Sz, =t for some t in X.
n—oo n—o0

Definition 1.4 [1] Two self maps f and g on a metric space (X,d) are said to

be compatible if lim d(fgz,,gfr,) = 0 whenever {x,} is a sequence such that
n—oo
lim fz, = lim gz, =t for some t in X.
n—oo

n—oo

2. Main Results

Theorem 2.1

Let {A, S} and {B, T} be weakly commuting pairs of self maps of a complete metric
space (X,d) and ¥ : R™ — RT be a monotonically increasing function, satisfying
U(2t) < 2¥(t) and ¥(t) = 0 if and only if £ = 0, such that

AX C TX,BX C §X (1)

V(d(Az, By)) < hMY(z,y) Vx,ye X (2)

where MV (x,y) = mazx{¥(d(Sz,Ty)), V(d(Ax, Sz)), V(d(By, Ty)), V(d(Az,Ty)),
U(d(Az,By))} , 0< h < 1.1If {A,S} or {B,T} is a U-compatible pair of recipro-
cally continuous mappings, then A,B,S and T have a unique common fixed point.
Proof

Let g be any point in X. Let {z,,} be a sequence in X. Then by (1) we can define
another sequence {y,} such that forn =0,1,2, ...

Yon = Azop = TTop41, Yont1 = Bropy1 = STopyo (3)

We now show that {y,} is a Cauchy sequence.
From (2), we have

‘Il(d(?hm yzn+1)) = ‘I’(d(AJCQm B$2n+1))

< hMY (29, Topt1)
= h maz {V(d(Sxon, Txoni1)), V(d(Azap, Sxap)), V(d(Brani1, Toni1)),
U (d(Azop, Txons1)), V(d(Azay, Bray.1))}
= h maz {¥(d(y2n-1,Y2n)), Y(d(Y2n, Y2n—1)), ¥ (d(Y2n+1, Y2n)),
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\Ij(d(y%w y2n))7 \Il(d(y2n+17 an))}
Now, if max {d(yan+1,Y2n), d(Y2n—1,Y2n)} = d(Y2nt1, Y2n) then

qj(d(y%w y2n+1)) S h\y<d(y2n7 y2n+1))7

i-e-a (1 - h)\p<d(y2na y2n+1)) S 07
i.e., ¥(d(y2n, Y2n+1)) = 0, which is a contradiction.

So we must have max {d(Yan+1,Y2n), d(Y2n—1,Y2n)} = d(Y2n—1, Yon)-
Therefore,

\de(y%u y2n+1) S hqj(d(an—h an)) (4)
In a similar way, we can also show that
\Ij(d<y2nfl> y2n>) S h\p(d(y2n727 y2n71)) (5)

By repeated application of (4) and (5), we get V(d(yn, Ynt1)) < R"U(d(yo,y1)).
Moreover for every positive integer p, we have

\Ij(d(ynv yn+p)) S \D[d<ym yn-i—l) + d(yn-i-la yn+2) + ...+ d(yn+p—17 yn-i—p)]

< U[(L+h+ ..+ - )R d(yo, y1)]

< v Kﬁ) h”d(yo,yl)] :

Now for a given & > 0, there exists N € Z* such that

\1; Kﬁ) h”d(yo,yl)} <), W¥n> N

This implies that d(yn, Yn+p) < € for all n > N.

Hence, {y,} is a Cauchy sequence in X. Since X complete, there is a point z in X
such that y, — z as n — oo.

Hence from (3), we have

Yon = ATop = Txon11 = 2, Yony1 = BToni1 = STonie — 2. (6)
Now, suppose that {A, S} is a U— compatible pair of reciprocally continuous map-
pings.

Since A and S are reciprocally continuous mappings, by (6), we get

ASzy, — Az,  SAxy, — Sz. (7)
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U— compatibility of A and S implies that lim V(d(ASza,, SAxs,)) = 0.

We now show that Az = Sz. o
Suppose Az # Sz.
Let d(Az,Sz) = 2¢, then there exists N € Z* such that U(d(ASxa,, SATs,)) <
U(e) for all n > N.
This implies that d(ASws,, SAzy,) < e for all n > N. Hence by (6), d(Az,Sz)

1
<e= id(Az, Sz), a contradiction. Hence

Az = Sz. (8)
Since AX C T'X, there is a point w in X such that Tw = Az. By (8) we have
Tw=Az= S5z, 9)

We now show that Az = Bw. Suppose Az # Bw. By (2) we have V(d(Az, Bw))
< hMVY(z,w) = h¥d(Bw, Az), a contradiction.
Hence Az = Bw. Therefore by (9), we get

Bw = Az=Sz="Tw. (10)
Since A and S are weakly commuting, we have by (10)
ASz=SAz, AAz=ASz=SAz= 55z (11)
Since B and T are weakly commuting, we have
BBw = BTw =TBw =TTw. (12)

We now show that AAz = Az. Suppose AAz # Az, then by (2), we have
U(d(Az, AAz)) = ¥ (d(Bw, AAz))

< hMU(Az, w)

= h¥(d(Az, AAz)), by (9) & (10), a contradiction.

Hence, AAz=Az

Also AAz = SAz.

Therefore Az is a common fixed point of A and S.

Suppose that BBw # Bw, then by (2), (10) and (12) we have
V(d(Bw, BBw)) = V(d(Az, BBw))

< hMVY(z, Bw)

= h¥(d(Bw, BBw))

< ¥(d(Bw, BBw)), a contradiction.
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Hence, BBw = Bw and since T'"Bw = BBw, we have Bw is a common fixed point
for B and T.
Since Az = Bw, we have Az is a common fixed point for A,B,S and T.
Uniqueness of a common fixed point follows from (2).

The proof is similar when the pair {B, T} is assumed to be ¥-compatible and
reciprocally continuous.

For a sequence of mappings we have the following common fixed point result.
Theorem 2.2
Let {T},}°, be a sequence of self maps on (X, d). Assume that
(A1): There exists a ¢ in ®, where ® denotes the set of all continuous self

maps ¢ of Rt satisfying, ¢ is increasing and ¢(t) = 0 iff ¢ = 0, such that

¢(d(Tix, Tyy)) < agld(z,y)) + b(¢(d(z, Tix)) + ¢(d(y, Tyy)))

+e(old(z, Tyy)) + ¢(d(y, Tix)))

for all 7,7 € N and for all distinct z,y € X, where a,¢c > 0, 0 < b < 1 with

a+2b+2c<1.

(A2): There is a point xy in X such that any two consecutive members of the
sequence {x,} defined by z, = T,x,_1, n > 1 are distinct.

Then {7,}2, has a unique common fixed point in X. Infact, {x,} is Cauchy

sequence and the limit of {z,} is the unique common fixed point of {7},}5° .

Proof

Let v, = d(xp,, 1) and B, = ¢(a,). From (A1) and (A2), we have

B = ¢(d(1,x2))

= ¢(d(T\xo, Toxy))

< ap(d(zo, 21)) + b(P(d(z0, 21)) + ¢(d(71, 72)))
+e(p(d(zo, 22)) + d(d(1,71)))

or,

¢(d(x1,32)) < ag(d(wo, 1)) + b(P(d(z0, 21)) + ¢(d(21, 72)))
+c(o(d(wo, 21)) + ¢(d(1, 22)))
or, B1 < aBy + bfo + 0B + By + ¢
or, f; < Mﬁo = kfBy, where k =

(1-b—c¢)
By induction, it follows that

(a+b+c)

m<181ﬂ06@+2b+20<1.

/Bn S kﬁn—ly V’I’L Z 1. (13)
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As such 3, L 0 as n — oo and since o, < a1 for n = 1,2, ... and therefore, {a,}

is a decreasing sequence of non-negative real numbers.
Thus

{an} 0. (14)

The remaining part of the theorem is to show that {x,} is Cauchy sequence in X.
If not so, then there is an £ > 0 and sequence {m(k)} and {n(k)} such that

m(k;) < n(k’), d(xn(k),xm(k)) >¢e and d(xn(k)_l,xm(k)) < e&.
Assume that x,)—1 = Zpx)—1 for infinitely many k. Then for such k, we have
e < d(l’n(k), xm(k)) < d(xn(k)u xm(k)—l) + d(xm(k)—b xm(k))

= d(Tn(k), Tnk)-1) T A(Tm@)—1, Tmr)) — 0 as k — 0o, a contradiction.

Hence, for large k, Tp)—1 # Tm(k)—1
Consequently,

P(e) < d(d(Tniy, Tmr))) = ATy Trir)—15 Din(k) Tm(k)—1))

< ad(d(Tn(k)y—1, Tm(ky-1)) + 0(A(d(Tnr)—1, Tnw))) + P(A(Tmr) -1, Tm(x))))
+c(p(d (xn(k —1; Tm(k ))+¢( (Tm 17xn(k))))

< ad(d(Tn(k)—1, Tm(k)) T ATm(k)s Tm(k)-1))

+(P(d(Tnm)—1, Tnry)) + ¢(d (me(k 1, l’m(k))))

+e(AA(Tniry—15 Tmr)) + A A(Trmie)y—1, Tmry) + A Timir)s Tury—1) + ATy —15 Tn))))
S a¢(5 + d(iL‘m(k), fL‘m( )— 1))

+0(A(d(n (k) 1,93n(k ) + O(d(Zmky—1, Tm(r))))

Fe(B(E) + Gty 1 i) + HE) + Heny 1, 20is))
— ap(e) + 2ce(e ) as k- o0 by equation (14)
Hence, ¢(c) < (a + 2¢)p(e) < ¢(¢), a contradiction. This shows that {z,} is a
Cauchy sequence in X.

As X is complete, limit of {x,} exists and there is a sequence {n(k)} such that
Y # Tn(k)—1 otherwise, y = x,,_; for large n, which is not the case, since consecutive
terms are different.

With this subsequence {x,)}, we have for any positive integer m,

ATy Tnry)) = O(A(Tony, Tk Tr(k)—1))

< ag(d(y, Tn(ry-1)) + b(@(d(Tmy, y)) + A(d(Tnek), Ln(r)-1)))
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+c(P(d( Ty Tnry-1)) + A(d(Tnry, y)))-

Taking limits as k — oo, we have

(d(Try,y)) < 0d(d(Tny, y)) + co(d(Tny.y)) = (b + c)o(d(Tny, y)).

Since 0 < b < 1 and 0 < ¢ < 1, it follows that ¢(d(T,,y,y)) = 0 and so
d(Tny,y) = 0.

Thus y is a common fixed point for the sequence {7,,}>°

Uniqueness of the fixed point follows trivially from (A1l).

The nest result deals with a common fixed point theorem for a sequence of self
mappings satisfying a more general inequality condition
Theorem 2.3
Let {7,}22, be a sequence of self maps on (X,d) and assume there is a point
xo in X such that any two consecutive members of the sequence {z,} defined by
Ty = Thx,_1, n > 1 are distinct. Further, assume that
(A3):  There exists ¢ in ® where ® denotes the set of all continuous self maps

of R satisfying

1. ¢ is increasing
2. ¢(t)=0iff t =0
3. ¢(x +y) < ¢(x) + ¢(y) such that

o(d(Tix, Tyy)) < a max{p(d(z,y)), p(d(z, Tix)), p(d(y, Tjy)), o(d(x, Ty)),
o(d(y, Tix)) } + b(o(d(x, Tix)) + ¢(d(y, Tjy)))

for some 0 < a < 1,b > 0 with a +b < 1/2 and for all 4,j € N and all distinct
z,y € X. Then the sequence {7,,}°°, has a unique common fixed point in X. In
fact {x,} is Cauchy sequence and the limit of {z,} is the unique common fixed
point of {7} ;.

Proof:

Let o, = d(xp, Tpy1) and S, = ¢(a,). We have form (A3)

B = d(d(z1, 72))

= gb(d(TlfI)O, TQIEl))

<a max{qS( (.’Eo, 1’1)), ( (3707 .’131)), d)(d(xl? 332))7 ¢(d(.’1§0, xQ))? ¢(d($lv xl))}
+b(¢(d(zo, 1)) + ¢(d(z1, 72)))

< a max{¢(d(zo, x1)), ¢(d(zo, 71)), ¢(d(1, 22)),

¢(d(xo, 1)) + (d(z1,22)), (d(21, 1))} + b(P(d(20, 71)) + P(d(x1, 22)))

< a max{¢(ao), #(ao), d(ar), (oo + 1), #(0)} + by + b
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a-+b
a(Bo+ B1) + 0B + 051 < (a+b)By + (a+b)B1 or, B < (_—) Bo = kpo,
a-+b
here k = [ ——— 1.
where <1 E— b) <
By induction, it follows that
ﬂn S kﬁnfb vn 2 17 Bn = knﬁO' (15)

As such 5, 0asn — oo and a,, < a1, for n =1,2, ...
Therefore {«,} is a decreasing sequence of non-negative real numbers. Thus

{an} | a (say) and so B, = ¢(ay,) | ¢(a). Consequently ¢(a) = 0 and hence
a=0.
Therefore,

{O‘n} 1 0. (16)

We now show that the sequence {xz,} is Cauchy.
If not so, then there exists a ¢ > 0 and sequence of integers {m(k)} and {n(k)}
with & < n(k) < m(k) such that

dk = d(:l?m(k),[l?n(k)) Z 9 (17)

Let m(k) be the least integer exceeding n(k) for which (17) is true, then by well
ordering principle we have d(@ k-1, Tnk)) < €
Now,

£ < dp < d(@Tm@)s Tmk)-1) + A Tme)—1, Tnk)) < ATy Tmp)—1) +€ = €

as k — oo and d; — €. Hence, for large k, Z,,(x)—1 7# Tn(k)—1
Consequently

d(e) < A(d(@mr)s Tagr))) = G(A(Ton(r) Timr) 15 To(e) Tn(k)—1))

< a max{Q(d(Tm()-1, Tn(k)-1)); A(A(Tmr)—1; Tmk))), P(A(Tn)—1, Tn(i))),
(A(@m(r)—15 Tnr)))s A(A(Tn)—15 Tm(w))) }
+0(A(A(Z (k) -1, Tm))) + (A Zn(r)—1, Tu(r))))
< ad(e + d(@nw), Tnwy-1)) + 0(A(A(@mer)—1, Tmw))) + Gd(Znm)-1, Znr)))) — ad(€)

as k — oo., by (16).
Hence ¢(e) < ap(e) < ¢(e) which is a contradiction.
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This shows that {z,} is a Cauchy sequence, as X is complete, limit of {z,}
exists. Then from (A3), we have

< a max{¢(d(y, xn(k)—l))v o(d(y,y)), ¢(d(=’ﬂn(k), %(k)—l)),
P(d(Y, Tnky-1)), D(d(Tny—1,9)) } + 0(A(A(Tny, y)) + Hd(Tngry, Tugy-1)))-
Taking limit as k — oo, ¢(d(T,y, y)) < bp(d(Tny,y)).

Hence, ¢(d(Tny,y)) =0 ie., d(T,y,y) = 0.
So, v is a fixed point of T},,. Thus, y is a common fixed point for the sequence

[T

Uniqueness of the fixed point follows from (A3)

The following example shows the applicability of Theorem 2.2 with ¢(t) = 2.
Example 2.1

Let X =[0,0.1] with usual metric.

Define T, : X — X by Tpx = 2* forn = 1,2, ...

Define ¢(t) = t* ,t >0 so that ¢ € ®.

Let v,y € X, z#y.

Then

¢(d(Tow, Trny)) = (2" — y™™)? < (0.04)(z" — 2™)* < (0.04) (™" +¢*™)  (18)

and

(0.04) (2™ + y*™) + 2(0.05) (2" + ™) + 2(0.03) (yz*" + zy*™)

= [0.04 + (0.1)x]z™ + [0.04 4 (0.1)y]y*™ + 0.06zy (2>t + ™ 1)

< (0.05)(z*™ + y*™) + 0.03(z*" 1 4 5> 1)

< (0.01)(z—y)? 4 (0.05) (z2 4+ y?) + (0.05) (z*" + ") + (0.03)[(2® + °) + (z*™ +3*™)]
for all m > 1 and n > 1. As such we get

(0.04) (2" +y*™) < (0.01)(z — y)* + (0.05)[(x — 2*")* + (y — y*™)’]

+(0.03)[(2 —y*")* + (y — 2™")7] (19)
From (18) and (19), it follows that the inequality (A1) holds with a = 0.01,b =
0.05 and ¢ = 0.03.

Condition (A2) holds trivially for any 0 # xy € X and 0 is the unique common
fixed point of {T,,}5_,.
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