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1. Introduction, Notation and Definition

Throughout this paper we shall adopt the following notation and definition;
For any numbers a and q, real or complex and |q| < 1, let

[α; q]n ≡ [α]n =

{
(1− α)(1− αq)(1− αq2)...(1− αqn−1); n > 0
1 ; n = 0

(1.1)

Accordingly, we have

[α; q]∞ =
∞∏
n=0

(1− αqn)
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Also,
[a1, a2, a3, ..., ar; q]n ≡ [a1; q]n[a2; q]n[a3; q]n...[ar; q]n. (1.2)

We define a basic hypergeometric series

rΦs

[
a1, a2, ..., ar; q; z
b1, b2, ..., bs; q

λ

]
=
∞∑
n=0

[a1, a2, ..., ar; q]nz
nqλn(n+1)/2

[q, b1, b2, ..., bs; q]n
(|z| < 1). (1.3)

We also define a truncated series,

rΦs

[
a1, a2, ..., ar; q; z
b1, b2, ..., bs; q

λ

]
N

=
N∑
n=0

[a1, a2, ..., ar; q]nz
nqλn(n+1)/2

[q, b1, b2, ..., bs; q]n
, (1.4)

Andrews [1] established the Bailey’s Lemma in the following form,
If

βn =
n∑
r=0

αr
[q; q]n−r[aq; q]n+r

(1.4(a))

then
N∑
n=0

[ρ1, ρ2; q]n(aq/ρ1ρ2)
nαn

[aq/ρ1, aq/ρ2; q]n[q; q]N−n[aq; q]N+n

=
N∑
n=0

[ρ1, ρ2; q]n[aq/ρ1ρ2; q]N−n(aq/ρ1ρ2)
nβn

[q; q]N−n[aq/ρ1, aq/ρ2; q]N
(1.4(b))

Andrews [1; (2.3) and (2.4), p. 270]

We shall need the following known results in our analysis,

4Φ3

[
a, q
√
a,−q

√
a, q−m; q;−q− 1

2
+m

√
a,−
√
a, aq1+m

]

=
[aq,−q− 1

2 ; q]m
2[
√
aq; q]m[−q

√
a; q]m−1

+
[aq,−q− 1

2 ; q]m
2[−√aq; q]m[q

√
a; q]m−1

(1.5)

Verma and Jain [2; (4.1), p. 76]

3Φ2

[
a, q
√
a, q−m; q;−qm√

a, aqm+1

]
=

(1 +
√
a)[aq,−1; q]m

2[aq; q2]m
+

(1−
√
a)[aq,−1; q]m

2[−
√
a,−q

√
a; q]m

(1.6)
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Verma and Jain [2; (4.2), p. 76]

2Φ1

[
a, q−m; q;−q 1

2
+m

aqm+1

]
=

(1 +
√
a)[aq,−√q; q]m

2[−√aq, q
√
a; q]m

+
(1−

√
a)[aq,−√q; q]m

2[
√
aq,−q

√
a; q]m

(1.7)

Verma and Jain [2; (4.3), p. 76]

4Φ3

[
a, q
√
a,−q

√
a, q−m; q;−q 1

2
+m

√
a,−
√
a, aqm+1

]

=
1

2
√
a

{
[aq,−q− 1

2 ; q]m
[
√
aq; q]m[−q

√
a; q]m−1

− [aq,−q− 1
2 ; q]m

[
√
−aq; q]m[q

√
a; q]m−1

}
(1.8)

Verma and Jain [2; (4.5), p. 77]

3Φ2

[
a, q
√
a, q−m; q;−qm+1

√
a, aqm+1

]
=

1 +
√
a

2
√
a

[aq,−1; q]m
[aq; q2]m

− 1−
√
a

2
√
a

[aq,−1; q]m
[
√
a,−q

√
a; q]m

(1.9)

Verma and Jain [2; (4.6), p. 77]

2Φ1

[
a, q−m; q;−q 3

2
+m

aqm+1

]
=

1 +
√
a

2
√
a

[aq,−√q; q]m
[
√
aq, q
√
a; q]m

− 1−
√
a

2
√
a

[aq,−√q; q]m
[
√
aq,−q

√
a; q]m

(1.10)

Verma and Jain [2; (4.7), p. 77]

2. Transformations involving terminating series
In this section we shall establish our main transformations. We shall also deduce

transformations involving truncated series from our results.
If we set

αr =
qr(r−1)/2[a, q

√
a,−q

√
a; q]rz

r

[q,
√
a,−
√
a; q]r

in (1.4(a)), we get

βn =
1

[q, aq; q]n
4Φ3

[
a, q
√
a,−q

√
a, q−n; q;−zqn√

a,−
√
a, aqn+1

]
(2.1)
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Now putting z = q−1/2 in (2.1) and using (1.5), we get

βn =
1

[q, aq; q]n

{
(1 +

√
a)[aq,−q− 1

2 ; q]n
2[
√
aq,−

√
a; q]n

+
(1−

√
a)[aq,−q− 1

2 ; q]n
2[−√aq,−

√
a; q]n

}
(2.2)

Substituting the above values of αn and βn in (1.4(b)), we get after some sim-
plifications

[aq/ρ1, aq/ρ2; q]N
[aq, aq/ρ1ρ2; q]N

6Φ5

[
a, q
√
a,−q

√
a, ρ1, ρ2, q

−N ; q;−aqN+ 1
2/ρ1ρ2√

a,−
√
a, aq/ρ1, aq/ρ2, aq

N+1

]

=
1 +
√
a

2
4Φ3

[
ρ1, ρ2,−q−

1
2 , q−N ; q; q√

aq,−
√
a, ρ1ρ2q

−N/a

]

+
1−
√
a

2
4Φ3

[
ρ1, ρ2,−q−

1
2 , q−N ; q; q

−√aq,
√
a, ρ1ρ2q

−N/a

]
(2.3)

Next, taking

αr =
qr(r−1)/2[a, q

√
a; q]rz

r

[q,
√
a; q]r

in (1.4(a)), we get

βn =
1

[q, aq; q]n
3Φ2

[
a, q
√
a, q−n; q;−zqn√

a, aqn+1

]
(2.4)

Now putting z = 1 in (2.4) and using (1.6) to sum the 3Φ2, we get

βn =
1

[q; q]n

{
(1 +

√
a)[−1; q]n

2[aq; q2]n
+

(1−
√
a)[−1; q]n

[
√
a,−q

√
a; q]n

}
Now, with above values of αn and βn in (1.4(b)), leads to

[aq/ρ1, aq/ρ2; q]N
[aq, aq/ρ1ρ2; q]N

5Φ4

[
a, q
√
a, ρ1, ρ2, q

−N ; q;−aqN+1/ρ1ρ2√
a, aq/ρ1, aq/ρ2, aq

N+1

]

=
1 +
√
a

2
4Φ3

[
ρ1, ρ2,−1, q−N ; q; q√
aq,−√aq, ρ1ρ2q−N/a

]
+

1−
√
a

2
4Φ3

[
ρ1, ρ2,−1, q−N ; q; q√
a,−q

√
a, ρ1ρ2q

−N/a

]
(2.5)
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Further putting

αr =
qr(r−1)/2[a; q]rz

r

[q; q]r

in (1.4(a)), we get

βn =
1

[q, aq; q]n
2Φ1

[
a, q−n; q;−zqn
aqn+1

]
(2.6)

Now, setting z = q1/2 in (2.6) and summing the 2Φ1 on the right with the help
of (1.7), we get,

βn =
1

[q; q]n

{
(1 +

√
a)[−√q; q]n

2[−√aq, q
√
a; q]n

+
(1−

√
a)[−√q; q]n

2[
√
aq,−q

√
a; q]n

}
(2.7)

Substituting the above values of αn and βn in (1.4(b)), we get after some sim-
plification

[aq/ρ1, aq/ρ2; q]N
[aq, aq/ρ1ρ2; q]N

4Φ3

[
a, ρ1, ρ2, q

−N ; q;−aq 3
2
+N/ρ1ρ2

aq/ρ1, aq/ρ2, aq
N+1

]

=
1 +
√
a

2
4Φ3

[
ρ1, ρ2,−

√
q, q−N ; q; q

−√aq,−q
√
a, ρ1ρ2q

−N/a

]
+

1−
√
a

2
4Φ3

[
ρ1, ρ2,−

√
q, q−N ; q; q√

aq,−q
√
a, ρ1ρ2q

−N/a

]
(2.8)

Next, taking

αr =
qr(r−1)/2[a, q

√
a,−q

√
a; q]rz

r

[q,
√
a,−
√
a; q]r

in (1.4(a)) and using (1.8) with z =
√
q, we get after some simplification

βn =
1

[q; q]n

{
(1 +

√
a)[−q−1/2; q]n

2
√
a[
√
aq,−

√
a; q]n

− (1−
√
a)[−q−1/2; q]n

2
√
a[−√aq,

√
a; q]n

}
(2.9)

Now, with the above values of αn and βn in (1.4(b)), we get

[aq/ρ1, aq/ρ2; q]N
[aq, aq/ρ1ρ2; q]N

6Φ5

[
a, q
√
a,−q

√
a, ρ1, ρ2, q

−N ; q;−aq 3
2
+N/ρ1ρ2√

a,−
√
a, aq/ρ1, aq/ρ2, aq

N+1

]

=
(1 +

√
a)

2
√
a

4Φ3

[
ρ1, ρ2,−q−1/2, q−N ; q; q√
aq,−

√
a, ρ1ρ2q

−N/a

]



52 South East Asian J. of Mathematics and Mathematical Sciences

−(1−
√
a)

2
√
a

4Φ3

[
ρ1, ρ2,−q−1/2, q−N ; q; q
−√aq,

√
a, ρ1ρ2q

−N/a

]
(2.10)

Again with

αr =
qr(r−1)/2[a, q

√
a; q]rz

r

[q,
√
a; q]r

in (1.4(a)), we get

βn =
1

[q, aq; q]n
3Φ2

[
a, q
√
a, q−n; q;−zqn√

a, aqn+1

]
(2.11)

Now, taking z = q in (2.11) and summing the 3Φ2 with the help of (1.9) and
substituting the resulting value of βn and the above value of αn, we get

[aq/ρ1, aq/ρ2; q]N
[aq, aq/ρ1ρ2; q]N

5Φ4

[
a, q
√
a, ρ1, ρ2, q

−N ; q;−aq2+N/ρ1ρ2√
a, aq/ρ1, aq/ρ2, aq

N+1

]

=
(1 +

√
a)

2
√
a

4Φ3

[
ρ1, ρ2,−1, q−N ; q; q√
aq,−√aq, ρ1ρ2q−N/a

]
−(1−

√
a)

2
√
a

4Φ3

[
ρ1, ρ2,−1, q−N ; q; q√
a,−q

√
a, ρ1ρ2q

−N/a

]
(2.12)

Further, if we set

αr =
qr(r−1)/2[a; q]rz

r

[q; q]r

in (1.4(a)), we get

βn =
1

[q, aq; q]n
2Φ1

[
a, q−n; q;−zqn
aqn+1

]
(2.13)

Putting z = q3/2 in (2.13) and using (1.10), to sum the 2Φ1, we get

βn =
1

[q, aq; q]n

{
(1 +

√
a)[aq,−√q; q]n

2
√
a[−√aq, q

√
a; q]n

−
(1−

√
a)[aq,−√q; q]n

2
√
a[
√
aq,−q

√
a; q]n

}
Substituting the above values of αn and βn, we get

[aq/ρ1, aq/ρ2; q]N
[aq, aq/ρ1ρ2; q]N

4Φ3

[
a, ρ1, ρ2, q

−N ; q;−aq 5
2
+N/ρ1ρ2

aq/ρ1, aq/ρ2, aq
N+1

]
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=
(1 +

√
a)

2
√
a

4Φ3

[
ρ1, ρ2,−

√
q, q−N ; q; q

−√aq, q
√
a, ρ1ρ2q

−N/a

]
−(1−

√
a)

2
√
a

4Φ3

[
ρ1, ρ2,−

√
q, q−N ; q; q√

aq,−q
√
a, ρ1ρ2q

−N/a

]
(2.14)

If we replace a by a/q in (1.4(a)) and (1.4(b)), we get the following form of
Bailey’s Lemma;
If for n ≥ 0,

βn =
n∑
r=0

αr
[q; q]n−r[a; q]n+r

(2.15)

then,
N∑
n=0

[ρ1, ρ2; q]n(a/ρ1ρ2)
nαn

[a/ρ1, a/ρ2; q]n[q; q]N−n[q; q]N+n

=
N∑
n=0

[ρ1, ρ2; q]n[a/ρ1ρ2; q]N−n(a/ρ1ρ2)
nβn

[q; q]N−n[a/ρ1, a/ρ2; q]N
(2.16)

We shall use the above two results (2.15) and (2.16) to establish certain transfor-
mations involving terminating series.
If we set

αr =
qr(r−1)/2[a, q

√
a,−q

√
a; q]rz

r

[q,
√
a,−
√
a; q]r

in (2.15), we get

βn =
1

[q, a; q]n
4Φ3

[
a, q
√
a,−q

√
a, q−n; q;−zqn√

a,−
√
a, aqn

]
(2.17)

Now, taking z = q−1/2 in the above and summing the 4Φ3 with the help of the
following known summation due to Verma and Jain [2; (4.15), p.80],

4Φ3

[
a, q
√
a,−q

√
a, q−m; q;−q 1

2
+m

√
a,−
√
a, aqm

]

=
[a, q
√
a,−q−1/2; q]m

2[
√
a,
√
aq,−

√
a; q]m

+
[a,−q

√
a,−q−1/2; q]m

2[−
√
a,−√aq,

√
a; q]m

we get

βn =
1

2[q; q]n

{
[q
√
a,−q−1/2; q]n

[
√
a,
√
aq,−

√
a; q]n

+
[−q
√
a,−q−1/2; q]n

[−
√
a,−√aq,

√
a; q]n

}
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Substituting the above values of αn and βn in (2.16), we get

2[a/ρ1, a/ρ2; q]N
[a, a/ρ1ρ2; q]N

6Φ5

[
a, q
√
a,−q

√
a, ρ1, ρ2, q

−N ; q;−aqN− 1
2/ρ1ρ2

a/ρ1, a/ρ2,
√
a,−
√
a, aqN

]

= 5Φ4

[
q
√
a,−q−1/2, ρ1, ρ2, q−N ; q; q√
a,−
√
a,
√
aq, ρ1ρ2q

1−N/a

]
+ 5Φ4

[
−q
√
a,−q−1/2, ρ1, ρ2, q−N ; q; q√

a,−
√
a,−√aq, ρ1ρ2q1−N/a

]
(2.18)

Next, if we put

αr =
qr(r−1)/2[a, q

√
a; q]rz

r

[q,
√
a; q]r

in (2.15), we get

βn =
1

[q, a; q]n
3Φ2

[
a, q
√
a, q−n; q;−zqn√

a, aqn

]
Putting z = 1 in the above and summing the 3Φ2 with the help of the following
result due to Verma and Jain [2; (4.16), p.80],

3Φ2

[
a, q
√
a, q−m; q;−qm√

a, aqm

]

=
[a,−1, q

√
a; q]m

2[
√
a, q
√
aq,−√aq; q]m

+
[a,−1; q]m

2[
√
a,−
√
a; q]m

we get

βn =
1

2[q; q]n

{
[q
√
a,−1; q]n

[
√
a,
√
aq,−√aq; q]n

+
[−1; q]n

[
√
a,−
√
a; q]n

}
Now, substituting the above values of αn and βn in (2.16), we get

2[a/ρ1, a/ρ2; q]N
[a, a/ρ1ρ2; q]N

5Φ4

[
a, q
√
a, ρ1, ρ2, q

−N ; q;−aqN/ρ1ρ2
a/ρ1, a/ρ2,

√
a, aqN

]

= 5Φ4

[
q
√
a, ρ1, ρ2,−1, q−N ; q; q√
a,
√
aq,−√aq, ρ1ρ2q1−N/a

]
+ 4Φ3

[
ρ1, ρ2,−1, q−N ; q; q√
a,−
√
a, ρ1ρ2q

1−N/a

]
(2.19)
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Further, setting

αr =
qr

2/2[a; q]rz
r

[q; q]r

in (2.15) and making use of yet another known result due to Verma and Jain [2;
(4.17), p. 80], namely

2Φ1

[
a, q−m; q;−qm+ 1

2

aqm

]
=

[a,−√q; q]m
2[−√aq,

√
a; q]m

+
[a,−√q; q]m

2[
√
aq,−

√
a; q]m

we get

βn =
1

2[q; q]n

{
[
√
q; q]n

[
√
a,−√aq; q]n

+
[−√q; q]n

[−
√
a,
√
aq; q]n

}
Substituting the above values of αn and βn in (2.16), we get

2[a/ρ1, a/ρ2; q]N
[a, a/ρ1ρ2; q]N

4Φ3

[
a, ρ1, ρ2, q

−N ; q;−aqN+ 1
2/ρ1ρ2

a/ρ1, a/ρ2, aq
N

]

= 4Φ3

[
ρ1, ρ2,−

√
q, q−N ; q; q√

a,−√aq, ρ1ρ2q1−N/a

]

+ 4Φ3

[
ρ1, ρ2,−

√
q, q−N ; q; q

−
√
a,
√
aq, ρ1ρ2q

1−N/a

]
(2.20)

Now, if we replace a by aq in (1.4(a)) and (1.4(b)), we get
If, for n ≥ 0,

βn =
n∑
r=0

αr
[q; q]n−r[aq2; q]n+r

(2.21)

then
N∑
n=0

[ρ1, ρ2; q]n(aq2/ρ1ρ2)
nαn

[aq2/ρ1, aq2/ρ2; q]n[q; q]N−n[aq2; q]N+n

=
N∑
n=0

[ρ1, ρ2; q]n[aq2/ρ1ρ2; q]N−n(aq2/ρ1ρ2)
nβn

[q; q]N−n[aq2/ρ1, aq2/ρ2; q]N
(2.22)

Now, if we put

αr =
qr(r+1)/2[a, q

√
a; q]r

[q,
√
a; q]r
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and make use of the following known summation due to Verma and Jain [2; (4.8),
p.79]

3Φ2

[
a, q
√
a, q−m; q;−qm+1

√
a, aqm+2

]
=

[a; q]m+2[q
√
a,−1; q]m+1[q; q]m

2
√
a[q,−√aq,

√
a,
√
aq; q]m+1

− [a; q]m+2[−1; q]m+1[q; q]m
2
√
a[
√
a,−
√
a, q; q]m+1

to calcultae the value of βn and the substitute this value of βn and the above value
of αn in (2.22), we get

[aq2/ρ1, aq
2/ρ2; q]N

[aq2, aq2/ρ1ρ2; q]N
5Φ4

[
a, q
√
a, ρ1, ρ2, q

−N ; q;−aq3+N/ρ1ρ2√
a, aq2/ρ1, aq

2/ρ2, aq
N+2

]

=
(1− q

√
a)(1 +

√
a)

2
√
a(1− q) 6Φ5

[
ρ1, ρ2, q,−q, q2

√
a, q−N ; q; q

ρ1ρ2q
−N−1/a, q2, q

√
a, q
√
aq,−q√aq

]
− (1− aq)

2
√
a(1− q) 5Φ4

[
ρ1, ρ2, q,−q, q−N ; q; q
ρ1ρ2q

−N−1/a, q2,−q
√
a, q
√
a

]
(2.23)

Further, if we put

αr =
qr

2/2[a, q
√
a,−
√
a; q]r

[q,
√
a,−
√
a; q]r

in (2.21) and use the following known summation due to Verma and Jain [2; (4.9),
p. 78]

4Φ3

[
a, q
√
a,−q

√
a, q−m; q;−qm+ 1

2√
a,−
√
a, aq2+m

]

=
[a; q]m+2[q

√
a,−q−1/2; q]m+1[q; q]m

2
√
a[q,
√
a,−
√
a,
√
aq; q]m+1

− [a; q]m+2[−q
√
a,−q−1/2; q]m+1[q; q]m

2
√
a[q,
√
a,−
√
a,−√aq; q]m+1

(2.24)

for the evaluation of βn, we get after proper substitution for αn and βn in (2.22)

[aq2/ρ1, aq
2/ρ2; q]N

[aq2, aq2/ρ1ρ2; q]N
6Φ5

[
ρ1, ρ2, a, q

√
a,−q

√
a, q−N ; q;−aq 5

2
+N/ρ1ρ2

aq2/ρ1, aq
2/ρ2,

√
a,−
√
a, aq2+N

]

=
(1 +

√
aq)(1 + q

√
a)

2
√
aq(1−√q) 6Φ5

[
ρ1, ρ2,−q2

√
a,−q−1/2, q, q−N ; q; q

ρ1ρ2q
−N−1/a, q2, q

√
a,−q

√
a, q
√
aq

]
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−
(1−√aq)(1 + q

√
a)

2
√
aq(1−√q) 6Φ5

[
ρ1, ρ2,−q2

√
a,−q−1/2, q, q−N ; q; q

ρ1ρ2q
−N−1/a, q2, q

√
a,−q

√
a,−q√aq

]
(2.25)

Finally, if we set

αr =
qr(r+2)/2[a; q]r

[q; q]r

in (2.21) and use the following known summation due to Verma and Jain [2; (4.11),
p. 79], namely

2Φ1

[
a, q−m; q;−qm+ 3

2

aq2+m

]
=

[a; q]m+2[−
√
q; q]m+1[q; q]m

2
√
a[q,
√
a,−√aq; q]m+1

−
[a; q]m+2[−

√
q; q]m+1[q; q]m

2
√
a[q,−

√
a,
√
aq; q]m+1

to evaluate βn, we get

βn =
1

[q; q]n

{
(1− a)(1− aq)(1 +

√
q)[q,−q3/2; q]n

2
√
a(1−

√
a)(1− q)(1 +

√
aq)[q

√
a, q2,−q√aq; q]n

−
(1− a)(1− aq)(1 +

√
q)[q,−q3/2; q]n

2
√
a(1−√aq)(1− q)(1 +

√
a)[−q

√
a, q2, q

√
aq; q]n

}
Substituting the above values of αn and βn in (2.22), we get

[aq2/ρ1, aq
2/ρ2; q]N

[aq2, aq2/ρ1ρ2; q]N
4Φ3

[
ρ1, ρ2, a, q

−N ; q;−aq 7
2
+N/ρ1ρ2

aq2/ρ1, aq
2/ρ2, aq

2+N

]

=
(1− a)(1− aq)(1 +

√
q)

2
√
a(1− q)(1−√aq)(1−

√
a)

5Φ4

[
ρ1, ρ2, q

−N , q,−q3/2; q; q
ρ1ρ2q

−N−1/a, q2, q
√
a,−q√aq

]

−
(1− a)(1− aq)(1 +

√
q)

2
√
a(1− q)(1−√aq)(1 +

√
a)

5Φ4

[
ρ1, ρ2, q

−N , q,−q3/2; q; q
ρ1ρ2q

−N−1/a, q2,−q
√
a, q
√
aq

]
(2.26)

The transformations investigated here involve terminating series on both sides.
From the above results we can deduce the transformations in which both the series
on the right are truncated. We sight the following result.
If we let a→ ρ1ρ2 in (2.3), we get

[qρ1, qρ2; q]N
[qρ1ρ2, q; q]N

6Φ5

[
ρ1ρ2, q

√
ρ1ρ2,−q

√
ρ1ρ2, ρ1, ρ2, q

−N ; q;−qN+ 1
2

√
ρ1ρ2,−

√
ρ1ρ2, qρ1, qρ2, ρ1ρ2q

N+1

]
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=
1 +
√
ρ1ρ2

2
3Φ2

[
ρ1, ρ2,−q−1/2; q; q√
ρ1ρ2q,−

√
ρ1ρ2

]
N

+
1−√ρ1ρ2

2
3Φ2

[
ρ1, ρ2,−q−1/2; q; q
−√ρ1ρ2q,

√
ρ1ρ2

]
N

(2.27)
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