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1. Introduction, Notation and Definition

Throughout this paper we shall adopt the following notation and definition;

For any numbers a and ¢, real or complex and |q| < 1, let
1—a)(1l—aq)(l—a¢®)..(1—ag""); n>0
[a;q]nz[a]n:{ g ) Q)( Q) ( q ) 0

Accordingly, we have

[0 gloe = [J(1 = 0q™)

n=0

(1.1)
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Also,
[ala a2, a3, ..., Ay, Q]n = [al; q]n[GQ; Q]n[a?); Q]n"'[ar; Q]n- (12)

We define a basic hypergeometric series

n An(n+1)/2

a1, a2, ..., r;q; 2 = [al?aQ’“ aT?q]"Z q
r P =
|:b1,b2,...7bs;q)‘ :| nzg [q,01,ba, ..., bs; qln

(|2l <1).  (1.3)

We also define a truncated series,

An(n+1)/2

N
A1, a2, ..., a’T‘7Q7 &17(127" aar;q]nznq
r®s : 1.4
|: b17b27'-'7657 :| % q,bl,bg,...,bs;q]n ( )
Andrews [1] established the Bailey’s Lemma in the following form,
If
PR (1.4(a)
— 14, 4ln—r[ag; gln+r
then N
3 [p1, p2; dln(ag/prp2)"
= laq/p1,aq/p2; alnld; dlN-nlaq; AN +n
N
[o1: p2; dlnlag/ p1pa; aln—n(ag/pip2)" Ba
=2 (14())

[; d|n—nlag/p1, aq/ p2; q)n
Andrews [1; (2.3) and (2.4), p. 270]

3
Il
=)

We shall need the following known results in our analysis,

{a V@, —q/a, ¢ —q‘5+m}
Va, —/a,ag "

1

laq, —q72;q|m N lag, —q72; q)m
2[\/aq; dlm|—avV@; @l 2[—/aG; dlm[av/@; qlm—1
Verma and Jain [2; (4.1), p. 76]
o, | @ awa, ¢ " g —q"
3*2 \/a’ aqm—i—l

_ A+ va)ag, ~1iglm (1= Va)lag, ~1;q}m
2[aq; ¢*m 2[—va, —q\/a; q)m

1

(1.5)

(1.6)
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Verma and Jain [2; (4.2), p. 76]

L0, | B —gtm
aqurl

_ (L +va)lag, /g qlm N (1 —+/a)lag, —/G; qlm (L)

2[—\/aq, v/ q)m 2(\/aq, —qv/a; qlm
Verma and Jain [2; (4.3), p. 76]

1
(s | BV 0V aT G =T
\/_7 _\/57 aqm—H

B 1{ ag,—¢ gl [ag,—q % qlm } (1.8)

2V | Vag dlml—av/a dlm1 (V=04 dlmlav/a; dlm
Verma and Jain [2; (4.5), p. 77]
o | BaVa TG =g
3*2 \/a’ aqm—i—l
_1+valag,—Ligm 1-+a_[ag,—1;q)m (1.9)
2va  [ag; ¢*lm 2va [Va,—qv/a;qlm
Verma and Jain [2; (4.6), p. 77]

L0, | B —gtm
aqurl

_1+valag, —vGdm 1—-va [0g,—/Gqlm (1.10)

2Va [Vag,qva;gm 2V [\/ag, —qv/a; qlm
Verma and Jain [2; (4.7), p. 77]

2. Transformations involving terminating series
In this section we shall establish our main transformations. We shall also deduce
transformations involving truncated series from our results.

If we set
¢V a, q\/a, —q\/a; g, 2"

[Q7 \/av _\/a; Q]r

a, =
in (1.4(a)), we get

1 By | a/a,—qv/a, ¢ " q; —2q" 2.1)
[Q7 aq; Q]n \/_7 _\/av aanrl
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Now putting z = ¢~/ in (2.1) and using (1.5), we get

1 (1 + \/a) [CML _q_%; Q]n + (1 - \/a) [CLQ7 _q_%; Q]n (2 2)
4. ag; qln 2[v/aq, —/a; qln 2[—v/aq, —/a; qln ‘

Substituting the above values of «,, and 3, in (1.4(b)), we get after some sim-

plifications

lag/p1, aq/pa; qln 6D { a, /@, —q/a, p1, pa, N @ —agN T2 prpo }
lag, aq/p1p2; q)n va,—va,aq/p, aq/pz, ag" T

Bn:

Ltva 4 l P12 —a 20 Vi g5q }
2 Vaq, —/a, prp2q~ Ja

1~ a g N
e i S 23
Next, taking
o gD, g /a; gl 2"
' 9. V/a; ],
in (1.4(a)), we get
1 a,q\/a,q " q; —zq"
N 9, aq; qln 3 [ \/ga\c/l;n—iq—l ' ' } (24)

Now putting z = 1 in (2.4) and using (1.6) to sum the 3P, we get

1 {(1 +v/a)[~1; qln N (1- ﬁ)[—l;q]n}
4; q]n 2[aq; ¢4 [Va, —qv/a; qln

Now, with above values of «,, and £, in (1.4(b)), leads to

Bn:

lag/p1, aq/ps; dln 3, { a, q/a, p1, p2, 4 N5 ¢ —agN T pips ]
lag, aq/p1p2; 4N va,aq/pi,aq/ps, agh

:1+\/54q>3{p1,p2,—1,q‘1";q;q }

2 Vaq, —/aq, p1paq~ ™ Ja

1—+/a B, { o1, 02, =1,V qq } (25)
2 Va, —qva, prpag ™ Ja

+
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Further putting
qr(r—l)/Q[a; q]rzr

o, =
q; ql»
in (1.4(a)), we get
1 a q—n.q. _an :|
= @ 7n y» Yy 26
A q,aq; ], l{aq = (2:6)

Now, setting z = ¢'/2 in (2.6) and summing the ,®; on the right with the help
of (1.7), we get,

ﬁn:

1 {(1 VOG- V)=V ‘J]n} (2.7)

[¢dln \ 2[=vaq, qv/a;qln  2[\/aq, —q\/a; qln

Substituting the above values of «,, and 3, in (1.4(b)), we get after some sim-
plification

laq/p1,aq/pa; q)n 4D { a, p1,p2, ¢ N q; —aq%“\’/ppo }
lag, aq/p1p2; qln aq/p1, aq/p2, agN

:1+\/54q)3{p1,pz,—\/?1,qN;q;q }
2 —\/aq, —q/a, p1p2q N Ja

1—+/a P12, =T 0 N q5q }
i) P2V hd 5 2.8
2 17 { Vaq, —q/a, pip2q ™ Ja (2:8)

+

Next, taking

¢V a, q\/a, —qv/a; g 2"
[Q7 \/aa _\/av Q]’I‘

in (1.4(a)) and using (1.8) with z = /g, we get after some simplification

1 { (1+va)—¢%q, (11— a)|—q % ‘J]n} (2.9)

q: d]n N

Ay =

6n:

2v/al\/aq, —/a;qln  2v/a[—\/aq,v/a;q],

Now, with the above values of «,, and 5, in (1.4(b)), we get

laa/praafpaidly. g { a,q/a, —q\/a, pr, pa, N3 ¢ —aq> N [ pips }
laq, aq/p1pa; q)n Va, —va,aq/py, aq/ps, ag"

_ At va) g [ e —a i a M asg
2y/a Vagq, —/a, prpaq Ja
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(1 a) B { p1, P2 —q A N qrq } (2.10)
2\/a —/aq, /a, pip2q N Ja
Again with
o qr(r—l)/2[a, qva; ql,z"
' 4, V/a; gl
in (1.4(a)), we get
_ [q’&;q]n D { %\ﬁﬁl i3 —2q } (2.11)

Now, taking z = ¢ in (2.11) and summing the 3®o with the help of (1.9) and
substituting the resulting value of 3, and the above value of a,,, we get

lag/p1,aq/pa; gl 3, { a, g/a, p1, p2, 4 N5 ¢ —ag®™N [ p1ps }
lag, aq/p1p2; q|n va,aq/pi,aq/ps, agh

_1va) o { prpz =107 ¢34 }
2/a Vaq, —/aq, pipaq Ja
(1 —+/a) {pl P2, =147V, 439 ]
N VT @ b ) ) ) ) 2.12
2va | Va,—ava,pipaq N Ja (2.12)

Further, if we set
qr(r—l)/Q [a/’ q]rzr

Q, =
[4: gl
in (1.4(a)), we get
1 a q—n. q; _an :|
= ) TR 2.13
= Tgragidl 1{% o (219)

Putting z = ¢*? in (2.13) and using (1.10), to sum the ,®;, we get

1 { (L+Va)lag, —/q;qln (1 —V/a)lag, —/q; Q]n}

9, aq; 4y,

2Val—\/aq, qv/a;qln  2v/al\/ag, —q/a; gl

Substituting the above values of a,, and f3,,, we get

lag/p1,aq/p2; 4N 1D { a, p1, pa, ¢ @ —ag> N [ 1 po }
lag, aq/p1pa; )N aq/py, aq/p2, agN
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:(1+\/5)4q){,01p2, N 4 }
2\/a Vad,a\/a, pipaq~ [a
(1 —+/a) {pl P2 =TT N ¢ q }
N VT @ ) Y 7 ) Y 2.14
2va | Vag, —ava, pip2q N Ja (2.14)
If we replace a by a/q in (1.4(a)) and (1.4(b)), we get the following form of

Bailey’s Lemma;
If for n > 0,

3

a"’
n= 2.15
b= 2 d e i (2.15)

r=

then,

N
Z [p1, p2; qln(a/prp2)" ain
a’/plaa/an ]n[q7Q]N—n[Q7Q]N+n

N [p1, 02, Inla/p1p2; @) v—n(a/pip2)" B
nz [4; d)n—n[a/p1,a/p2; q)n (2.16)

We shall use the above two results (2.15) and (2.16) to establish certain transfor-
mations involving terminating series.

If we set N/
¢ V2a, q\/a, —q\/a; g, 2"

o, =
[Q7 \/aa_\/a§Q]r
n (2.15), we get
1 a q\/_ —q\/E g g —2q" }
= @y | AV IV 2.17
’ g aiqly { Va,—a,aq (2.17)

Now, taking z = ¢~1/? in the above and summing the ;®; with the help of the
following known summation due to Verma and Jain [2; (4.15), p.80],

[aq\/_ —/a, " —qé””}
Vi, ~/a,aq

_ leava - g 0, —ava — gl
2[\/57 \/a’_v_\/a; q]m 2[_\/_7_\/a_> \/a; q]m

g = 1 { [gv/a, —q¢'7%; gln N [—qv/a,—q % q]n }
" 2lggl Ve, vag, —vaidln  [—Va, —/ag, va; gl

we get
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Substituting the above values of «,, and 3, in (2.16), we get

2[a/py, a/p2; alv G%[aq\/_ —qv/a, p1,p2,q " ¢ —ag" Q/plpz]
[ava//)lp2QQ]N a/pha/p??\/_? \/E,CL(]

3, { ava, —q 2, p1,p2. a7 N 45 q }
\/a’ _\/au Vv @ 7P1p2q17N/a

—qv/a, —q1/27p1,p2,qN;q;q]
1+ .P - 2.18
o |: \/5, _\/_7 —v/aqg, P1P2q1 N/a’ ( )

Next, if we put
¢V a, q/a; ), 2"

[9,v/a; g,

Q, =
n (2.15), we get

1 a, a, 7n; ’_zn
5, = 3@2{ qva, g " q q}

g, a;4ln va,aq"

Putting z = 1 in the above and summing the 3®, with the help of the following
result due to Verma and Jain [2; (4.16), p.80],

o a,qva, ¢ ™ q;—q™
72 Va,agm

la, —1,qv/a; q]m n [a, —1;q]m
2[Va, qy/aq, —\/aq; ¢lm  2[Va, —/a;qlm

1 lqv/a, —1;qln [—1; 4]
o= 2(q; q)n {[\/57 Vad, —\/ag; qln " [Va, —/a; Q]n}

Now, substituting the above values of «, and (3, in (2.16), we get

we get

2la/pyafpaidln g [a,q\/&,pl,pz,qN;q;—an/plpg]
la,a/p1p2; qln a/p1,a/pa, v/a,ag"

_ [q\/_pl,pz, g Nigq }
Va,\/ag, —/aq, pip2q* Ja

P15 P2, ]-7q_ 7454
4¥3 |: \/—7 \/—7 ) 2ql N/ :| ( )
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Further, setting
q"*[a;q),2"
[9; ]
in (2.15) and making use of yet another known result due to Verma and Jain [2;
(4.17), p. 80], namely

Qp =

., { a,q7"™; g —q" ] _ o —vade [0 —VT
aq™ [_\/@v Va qlm 2[\/(1_,—\/5; qm

we get

B = [¢; 4] {[\/_’_\/a_q;q]n—i_ [—\/a,\/G_QQQ]n}

Substituting the above values of «,, and 3, in (2.16), we get

2[a/p1,a/p2; q)n o [a,pl,pa,qN;q;—aq“%/mpz}
4*3 N
la, a/p1pa; q)n a/p1,a/ps,aq

_ (D P1, P2, — \/_ 4,9 aq q
Va, —/ag, pipaq' " fa

p1s P2, =005 g
+ 4Dy { T N/a,] (2.20)

Now, if we replace a by aq in (1.4(a)) and (1.4(b)), we get
If, for n > 0,
& a
Bn = - 2.21
[Qa Q]n—r[aqz; q]n—i—’r ( )

r=0

then

N n
Z [p1, p2; dln(aq®/ prp2)a,
lag?/p1,aq?/ p2; @nlq; A N—nlaq?; @] n+n

[/01, P2; Q]n[@q2/l)1p2; q]N,n(aq2/p1p2)”ﬁn (2 22)
4 aIn—nlag®/ p1, aq?/ pa; qln '

I
= 1T

i
o

Now, if we put
¢ a, g/a; g),

4, v/a; qlr

a =
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and make use of the following known summation due to Verma and Jain [2; (4.8),

p.79]
o | B9V —gm™t!
3*2 \/a’ aqm+2

_ [a; dlmi2lava, =15 dlmialg dm [ dmra[=1; dmia[g; g)m

B 2\/5[(]7 vV aqg, \/5, vV aqg; Q]m+1 2\/5[\/57 _\/67 q; Q]m+1
to calcultae the value of 5, and the substitute this value of 3,, and the above value
of o, in (2.22), we get

lag?/p1,aq?/ p2; g N (I) [a,q\/ﬁ,pl,pz,q‘N;q; —aq?’*N/plpz}

laq?, aq?/p1p2; q]n Va,ag?/pr,aq® [ pa, agV T
_ (1-gva)(1+Va) @5{p1,pz,q, —¢.¢°Va,q¢ N q;q }
2\/5(1 — (]) /)1/)2(]_ 1/a7q 7Q\/_7Q\/ ) Q\/ aq
(1—aq) {pl P2, 4, —4, 4 N 43 q }
.~ 1t P Ve T 2.23
2va(1—q) > ' | po2a Va2 —av/a, qv/a (2.23)

Further, if we put

*la,qv/a, —/a;q],

2, va, —va; gl

in (2.21) and use the following known summation due to Verma and Jain [2; (4.9),
p. 78]

Qy =

a,qv/a, —q\/a,q™; q; ="
Va, —/a,ag*™

_ a3 qlm2lav/a, =725 dlimnsa[4:
2\/5[617 \/57 _\/aa \/a_; Q]m—I—l
a3 dlmral—ava, = gl g
2\/5[Q7 \/57 _\/aa —\/(I_, q]m—H (224>

for the evaluation of (,, we get after proper substitution for «,, and 3, in (2.22)

lag®/ p1, aq®/pa; )N o {pl,pz,a,q\ﬂ —qva,q N5 q; —aqgw/mpz]
lag?, aq®/p1p2; 4N ag?®/p1, aq®/ p2, Va, —/a, ag*™N

_ (1+ag)(1+qya) o { p1, P2, — 2N a, —q V%, 4,47V q5 g ]
2/aq(1 — /q) prp2q V"t a, %, qv/a, —av/a, gv/ag
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_A=va)(i+ava) o T pnpe—a*vVa,—a 0.0 Yia (2.95)
2/aq(1 — /q) prp2q V"t a, %, qv/a, —av/a, —q./aq '

Finally, if we set

q" "2 a; g,
;4

in (2.21) and use the following known summation due to Verma and Jain [2; (4.11),
p. 79], namely

ay =

3
m+2

a,q "™ q;—q
Qq)l |: aq2+m

_ 8o [NG A (@ D (6 G2 [ VG D[4 O

2\/5[(]7 \/57 _\/CL_Q; Q]m—i—l 2\/5[% _\/av \/a'_Q; Q]m-i-l

to evaluate f3,, we get

PR { (L= a)(1 — aq) (1 + v/a)lg. —¢** d)
" gzl

2v/a(1 —/a)(1 - q)(1 + /aq)lgv/a, 4%, —q/aq; qln

B (1—a)(1 —aq)(1+ /@)[q, —¢*% qln
2v/a(1 — \/aq)(1 — q)(1 + Va)[—qv/a, 4%, 4\/aq; qln

Substituting the above values of «,, and 3, in (2.22), we get

lag®/ p1, aq®/ pa; q)n ® {pl,pz,a,qN;q;—aqgw/mpz}

lag®, ag?/p1p2; 4w ag?/py, ag*/ pa, ag*t
__ (-a-a)(+va) o {pl,pQ,q‘N,q,—q‘g’/Q;q;q }
2va(l - q)(1 = yag)(1— va) * " [ pp2a V" fa. 4%, av/a, —qy/ag
 (1-a)(1-ag)(1+ /) prp2 g, 4, q/ 145 q
2v/a(l —q)(1 — \/ag)(1 + /a) 504 [ p1p2q N a, ¢ —q/a, q\/_] (2.26)

The transformations investigated here involve terminating series on both sides.
From the above results we can deduce the transformations in which both the series
on the right are truncated. We sight the following result.

If we let @ — p1p2 in (2.3), we get

lapvapxialn. g {P1P27q\/p1pz,—q\/mpz,pl,m, R q;—cﬂ”ﬂ
[ap1p2, ¢; q]n VP1P2, =/P1P2: 4P1, qp2, p1p2g™
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_ Ve { prp2 =4 %05 }
2 VP1P20, =\/P1P2 | §

L-vpm g { prop2—a % a4 ] (2.27)
2 VP12 N/ P1P2 |

+
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