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Abstract: In a recent communication we dealt with a new technique to establish
expansions of basic hypergeometric functions with the help of Bailey’s transform
and certain known transformations of truncated hypergeometric series. These re-
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been deduced.
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1. Introduction, Notations and Definitions

For |¢| < 1 and a, real or complex, let

[ qln = [0, = { 51 —a)(1—aq)(l —ag*)..(1 - Oéq”‘l);; Zio 1)
Accordingly,
[ qloc = ﬁ(l — ag")
Also, i
a1, as, a3, ..., ar; qln = [a1; lnlas; qlnlas; gln---[ar; ). (1.2)

Now, we define a basic hypergeometric function

o, | M0 P2 A d5 2 } _ i a1, ag, ..., ay; qn 2"/

e b17b27"'7b8;q>\ [q7b17627"'7bs;Q]n

(1.3)

n=0
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convergent for |z| < oo when A > 0 and for |z| < 1 when A = 0.
A generalized double basic hypergeometric function is defined as,

o A1, A2, ey Gy 2 O, Q2 ey Oy B, B2y ooy By s 4T, Y
bl,bg, ...,bs . 51,52, ...,(Sug;")/l,")/g, -'-771)2

o
_ Z [a1, a9, ..., ar; Qlman[oa, a2,y ooy Qg Qlm "

[b1, b2, ...y bs; Glmanl01, 02, vy Ougs @lm

m,n=0

[617 BQ? ceey 51}1; Q]nxmyn

(1.4)
V1725 s Yoo lnl43 @@ dln
which converges for |z|, |y| < 1.
A bi-basic hypergeometric series of one variable is defined as,
B | G002 Qri 00, Qo Q3G D3 2
b17 b27 B3 bs; /Bla 527 L) 51}
_ io: [ala Ay -y Qr; q]n[ala g, ...y au;p]nzn (15)

n—=0 [qa b17 b27 ) bs; Q]n[ﬁla 527 ) 6Uap]n

which converges for max. {|q|, |p|,|z|} < 1.

We shall have the occasion to use the following well known Bailey’s transform

It

ﬁn = Z QpUp—pUppr (]-6)
r=0
and . .
Tn = Z 6rur—nvr+n = Z 5r+nurvr+2n (17)
r=n r=0

Subject to convergence of the infinite series defining ~,,, then

n=0 n=0

subject to the convergence of the series on both side of (1.8) and that the parameters
a,, 0., u, and v, are rational functions of r alone.

In a recent communication Singh and Singh [3] established a number of inter-
esting expansions of basic hypergeometric functions in terms of similar functions
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with the help of the truncated series and Bailey’s transform. Some very interesting
particular cases were also deduced. In this paper we make use of certain transfor-
mations of truncated series and Bailey’s transform to establish certain more general
expansions of basic hypergeometric in terms of similar functions.

We shall use the following known results due to Denis [2],

g ", a,¢q;bdg"fac | [b/a;qla a,dfe,q"; q;q

_[b,bd/ac; qlna, bd/a; qls o b/a,d/a,bdq"™ /ac; q; a (1.10)
~ [b/a.bdfa;qluld.biqle P | bd/ac,bdg”/a '
o, | € had/caq
72 agt/b,d
[b,bd/ac; q,, b/a,b/c,q"; q; dq"
= 1A At 1.11
b/a bdjaql, > 2| b,bd/ac (1.11)
and
o, | € ad/caq
72 agt/b.d
_ [bd/a, d/c;alc[b,bd/acigln o | c,b/a,bg"; q;d/c (1.12)
 [d,bd/ac; q)c[b/a,bd/as ql, P77 | b,bdg" [a '
Now, letting d — ¢~™ in (1.9) yields
a,c; q,b/ac [b/a; q]n a,q " ¢;q
P =2 g 1.1
o { b L gl 1| ag'™/b (1.13)
Again, when b — ¢~ in (1.9), we get
a,c; q,d/ac lag; qln { a,d/c,q7"; q;q 1
® = P 1.14
’ 1{d ]n arlgiql, ° 2| dag (1.14)
Further, setting b = aq in (1.10), we get
a,d/c;q;q
a0
_ log,da/c;dlnla.dg;de o [ g.d/a.dg" " /ciq;a (1.15)
[4,dg; qluld, aq;q)ee 7 | dg/c,dg" '
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Also, for b = aq (1.11) yields

a,d/c;q;q
| e
_lag,dq/c; qln q,aq/c,q " q; dg"
g, d;qln ¢ ag,dq/c (1.16)

Next, taking b = aq in (1.12), we get

a,d/c;q;q
o[ 50|

_ [d/c,dq; ql|aq, dg/c; qln @ [ g.c,aq" g d/c ]

1.17
[d, dq/c; q]s]q, dg; q)n agq, dg"*t! (1.17)

2. Lemmas
In this section we shall establish the following lemmas which will be used in
establishing our main results,

Lemma 1
If .
5n = Z (078 (21)
r=0
then . .
Z a,z" = (1—2) Zﬁnz” (2.2)
n=0 n=0
and
Lemma 2
If (2.1) is true
then
= [Oz, B;p]n . [Oz, ﬂ?p]oo }
; o { /o, aBp/vivln  [7/p, aBp/Yi Pl
_ (1 _Oép/ﬁ)/)<1 —5]?/’7) S [a>ﬁ;p]npn
=T o0 o) 2= s i, (23)
Proof

Setting u, = v, = 1 and §, = 2" in Bailey’s transform (1.6)-(1.8), we get Lemma
1.

To prove lemma 2, set u, = v, = 1 and

_ o Biplep”
[, aBp?; pl,

T
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in Bailey’s transform (1.6)-(1.8). This leads to

- & [CY, ﬁ; p]r+npr+n
ﬁn = 878 Yn =
nz:% nz:% [, @Bp/7; Plrin

Now, simplifying the value of ~, with the help of the following known result
due to Agarwal [1, p. 79],

aBpipip | _ =0 —abp) [ o Biplva
s { v, aBp*/y }N ~ (ap—7)(v - Bp) {1 [v/p, aﬁp/’y;p]zvﬂ}

which, for N — oo yields

a,Bpipip ] =)y —aBp) [ o Biple
s { v, aBp? [y } ~ (ap—7)(v - Bp) {1 [v/p, aﬁp/%p]oo}’

Now, application of the above result in the simplification of the value for ~,
leads to the proof of lemma 2.
3. Main Results
In this section we shall discuss certain interesting expansions of basic hyperge-
ometric functions
(1) If we set
[a, ¢; gl (b/ac)”
9, b5 4],

r = s

we get

_ [b/a;qln a,d/c;q;q
571 - [b, Q]n 2(1)1 |: aqlfn/b :|n

with the above values in Lemma 1, we get,

; % 201 { gjﬁ_/f;/% I L =(1—2)"2® { e bz/ac } (3.1)

Comparison of the coefficients of 2™ on both sides of the above result will lead
to interesting relation between truncated series and a terminating one.

If we make use of the above values of «,, and 3,, in Lemma 2, we get the following
interesting expansions,

(1—ap/y)(1 = Bp/7) ~= lcq,b/a; qlulev, B; plup”
(1 =p/v)(A = aBp/vy) <= [b, cg; qluly, @BP? /7; Pln

n=0
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B, { g™ aq : ap®, Bp"q q,p;bp/ac
— = bg" :yp", afp"tE [y
_ Dy { a, ¢, B; 4, p; bjac } _ [b/a,b/c;qlcler, Bi Pl (3.2)
b;v/p, Bp/ [b,b/ac; qlsc[v/p; B/ Pl
This is a transformation of a bi-basic series in terms of a double bi-basic series,
both on unconnected base p and q.

(ii) Next, putting
B la, c; ql,(d]ac)"”

o, =
g, d; ql,
in (2.1) and using (1.14) we get
lag; qln { a,d/c,q"; q;q }
= (I) 9 9 I 8} 33
’ a'lg;qln * 7 | ag.d (33)

Now, (2.2) with the above values of «,. and f3, yields

— lagig a,dfc,q7"q;q | a,c;q; zd/ac
Z a[q; q ®; [ aq,d } = 29 [ d (3.4)

n=0

Next, with a — oo in (3.4), we get, after some simplifications,

. [ (ci;;?]; —zdfc } gl 1@y [ 2/0; ¢; 2 } (3.5)

Again, if we substitute the above value of o, and 3, from (3.3) in (2.3), we get
after some simplification

(1—ap/v)(1— Bp/7) i ag; glnle, B; pln(p/a)" o {a,d/c,q”;q;q}
(1=p/1)(A —afp/y) = %ozﬁp /7 Pl aq,d

{ a, ¢ a, B;q,p; d/ac } e Biplcld/a, d/e; gl (3.6)
d;v/p, aBp/y [/, aBp/ v Plsold, d/ac; g '
This is an expansion of a bi-basic series in terms of another bi-basic series.

(iii) Further, setting

la, d/c; ahr"
9, d; gl
in (2.1) and making use of (1.15), we get

lag, dg/c; qlnla, dg; ¢lo o | ©d/adg /e g a
[0, dg; dlulag. di gl | dq/c.dg™t!

Qy =

Bn:
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Now, substituting the above values of «,, and 3, in (2.2), we get the following
interesting transformation

(1—a 1—2 i aq,dQ/Cq @, | 4 e da e g dja,aq" @ g az
—  [4,dg; 4] dg™*!, deq"? 1 ", dg/c
a,d/c; z
= oy | g0l (33)

Also, with the substitution of the above values «,, and 3, in Lemma 2 we get,

(1—a)(1—ap/v)(1—Bp/) f: lag, dq/c; qlu|ev, B; plap
(1 =d)(1 —p/v)(1 —apfp/v) = [q,dq; q]n]v, 2BP*/7; Pln

n=0

o dg"t /e, dg"? /e q,d/a,aq™ : ap™, Bp"; 4%, ¢, p; ap
U0 dgvtt Je,dgvt? < dg /e, ¢, dg /e yp”, aBp Ry
_ [ a,d/c;a, 314, q } __[oBiplldy/e aigle g [ q,d/a;q;q} (3.9)
d;/p,afp/y v/p, aBp/v; Ploolds d; q)oo dg/c
Putting a=d in (3.9), we get

dfc: o, B;q,p;q } e By pleolda/c; gl
———:y/paBp/v | [v/p, aBp/; ploold; dles

3P [

_ (A —ap/7A=Pp/7) & { dg/c: o, Biq,pip } (3.10)

C (U—p/N(T—aBp/y) * 7 | /a0y
Now, if we set d=c in (3.10), we get the following known summation due to Agarwal

[1; page 79],

aBppp ] (A=p/MA—abp/y) [ (o8Pl
3P [ v, aBp? vy } = A= ap/ 0= A {1 . aﬁp/’y;p]oo} (3.11)

(iv) Again, setting
a, d/c; qlrq"
9, d; gl

a, =
in (2.1) and applying (1.16), we get

5, = lag, dg/cidln o | g,04/c.q7"5 g5 dg"

3.12
[%d; Q]n 3T aq,dq/c ( )



44 South FEast Asian J. of Mathematics and Mathematical Sciences

The above values of o, and 3, in Lemma 1 lead to,

= [aq, dq/c; q, { q,aq/c,q " q; dg" } { a,d/c;q; 2q }
(1—2 d = 2®

nzo g diqln  ° 7| ag.dg/e 21 g

(3.13)

which with c¢=q reduces to

a,d/q; q; 2q } [a2q; qoo { q,a;q; —zd }

P = B g 3.14

. { d [24; q)oo d,azq; q (3.14)

If we substitute the above values of «, and [, in Lemma 2, we get after some
simplifiaction

(1 —ap/v)(1 = Bp/7) i aq,dQ/c qlnlev, B; plup” D [ q,aq/c,q7™; q; dq" }
(1—=p/v) (1 —apBp/v) lq,d; ql, %ozﬂp /7 Dln | aq,dq/c

n=0
a,d/c;a, B;4,p; } [, B Plos [ a,d/c;q;q }
- i) 3.15
{ d;~/p, ofBp/y /p,aBp/vipl< * L d (3.15)
(v) Further, setting
o, = l2d/c
g, d; ql,
in (2.1) and using (1.17), we get
(1 —d/c)[ag, dq/c; q]n [ q,c,aq" " q;d/c 1
= O, | LOM D : 3.16
’ (1 —d)g,dq; qln aq, dg"*! (3.16)

with the above values of «,, and f3,, Lemma 1 yields

LB, { a,d/c;q; zq} _(—df(i=2)

d 1-d)
= lag, dq/c; q,z" q,c,aq" g d/c
) o, | PE L 3.17
— g, dgiql, | ag,dg"t! (3.17)

Now, with the above values of «,, and 3, Lemma 2 leads to

(1—=d/e)(1 —ap/y)(1 - Bp/v)
(1—=d)(1—p/v)(1 —aBp/y)

Z aq,dq/cq v, 3; plap™ @ [q,c,aq”“;q;d/ﬂ
9, dq; qln[y, BP%/; Pln ag, dg"*!

n=
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- P a,d/c: o, B;q,p;q
= 4¥3 di’y,aﬂp/fy
[, B3 P)os o { a,dfc;q;q }
/p.aBp/rivle L d (3.18)

Scores of similar results can be established using the method followed in this
paper which otherwise do not look possible with the help of traditional methods.
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