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Abstract: In a recent communication we dealt with a new technique to establish
expansions of basic hypergeometric functions with the help of Bailey’s transform
and certain known transformations of truncated hypergeometric series. These re-
sults do not look possible directly with the help of the traditional method. This
is the continuation of the above study. Certain interesting special cases have also
been deduced.
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1. Introduction, Notations and Definitions

For |q| < 1 and α, real or complex, let

[α; q]n ≡ [α]n =

{
(1− α)(1− αq)(1− αq2)...(1− αqn−1); n > 0
1 ; n = 0

(1.1)

Accordingly,

[α; q]∞ =
∞∏
n=0

(1− αqn)

Also,
[a1, a2, a3, ..., ar; q]n = [a1; q]n[a2; q]n[a3; q]n...[ar; q]n. (1.2)

Now, we define a basic hypergeometric function

rΦs

[
a1, a2, ..., ar; q; z
b1, b2, ..., bs; q

λ

]
=
∞∑
n=0

[a1, a2, ..., ar; q]nz
nqλn(n−1)/2

[q, b1, b2, ..., bs; q]n
(1.3)
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convergent for |z| <∞ when λ > 0 and for |z| < 1 when λ = 0.
A generalized double basic hypergeometric function is defined as,

Φ

[
a1, a2, ..., ar : α1, α2, ..., αu1 ; β1, β2, ..., βv1 ; q;x, y
b1, b2, ..., bs : δ1, δ2, ..., δu2 ; γ1, γ2, ..., γv2

]

=
∞∑

m,n=0

[a1, a2, ..., ar; q]m+n[α1, α2, ..., αu1 ; q]m
[b1, b2, ..., bs; q]m+n[δ1, δ2, ..., δu2 ; q]m

×

× [β1, β2, ..., βv1 ; q]nx
myn

[γ1, γ2, ..., γv2 ; q]n[q; q]m[q; q]n
(1.4)

which converges for |x|, |y| < 1.
A bi-basic hypergeometric series of one variable is defined as,

Φ

[
a1, a2, ..., ar;α1, α2, ..., αu; q, p; z
b1, b2, ..., bs; β1, β2, ..., βv

]

=
∞∑
n=0

[a1, a2, ..., ar; q]n[α1, α2, ..., αu; p]nz
n

[q, b1, b2, ..., bs; q]n[β1, β2, ..., βv; p]n
(1.5)

which converges for max. {|q|, |p|, |z|} < 1.

We shall have the occasion to use the following well known Bailey’s transform
If

βn =
n∑
r=0

αrun−rvn+r (1.6)

and

γn =
∞∑
r=n

δrur−nvr+n =
∞∑
r=0

δr+nurvr+2n (1.7)

Subject to convergence of the infinite series defining γn, then

∞∑
n=0

αnγn =
∞∑
n=0

βnδn (1.8)

subject to the convergence of the series on both side of (1.8) and that the parameters
αr, δr, ur and vr are rational functions of r alone.

In a recent communication Singh and Singh [3] established a number of inter-
esting expansions of basic hypergeometric functions in terms of similar functions
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with the help of the truncated series and Bailey’s transform. Some very interesting
particular cases were also deduced. In this paper we make use of certain transfor-
mations of truncated series and Bailey’s transform to establish certain more general
expansions of basic hypergeometric in terms of similar functions.

We shall use the following known results due to Denis [2],

3Φ2

[
q−n, a, c; q; bdqn/ac
b, d

]
=

[b/a; q]n
[b; q]n

3Φ2

[
a, d/c, q−n; q; q
d, aq1−n/b

]
(1.9)

3Φ2

[
q−n, a, d/c; q; q
aq1−n/b, d

]
=

[b, bd/ac; q]n[a, bd/a; q]∞
[b/a, bd/a; q]n[d, b; q]∞

3Φ2

[
b/a, d/a, bdqn/ac; q; a
bd/ac, bdqn/a

]
(1.10)

3Φ2

[
q−n, a, d/c; q; q
aq1−n/b, d

]
=

[b, bd/ac; q]n
[b/a, bd/a; q]n

3Φ2

[
b/a, b/c, q−n; q; dqn

b, bd/ac

]
(1.11)

and

3Φ2

[
q−n, a, d/c; q; q
aq1−n/b, d

]
=

[bd/a, d/c; q]∞[b, bd/ac; q]n
[d, bd/ac; q]∞[b/a, bd/a; q]n

3Φ2

[
c, b/a, bqn; q; d/c
b, bdqn/a

]
(1.12)

Now, letting d→ q−n in (1.9) yields

2Φ1

[
a, c; q, b/ac
b

]
n

=
[b/a; q]n
[b; q]n

2Φ1

[
a, q−n; q; q
aq1−n/b

]
(1.13)

Again, when b→ q−n in (1.9), we get

2Φ1

[
a, c; q, d/ac
d

]
n

=
[aq; q]n
an[q; q]n

3Φ2

[
a, d/c, q−n; q; q
d, aq

]
(1.14)

Further, setting b = aq in (1.10), we get

2Φ1

[
a, d/c; q; q
d

]
n

=
[aq, dq/c; q]n[a, dq; q]∞

[q, dq; q]n[d, aq; q]∞
3Φ2

[
q, d/a, dq1+n/c; q; a
dq/c, dqn+1

]
(1.15)
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Also, for b = aq (1.11) yields

2Φ1

[
a, d/c; q; q
d

]
n

=
[aq, dq/c; q]n

[q, d; q]n
3Φ2

[
q, aq/c, q−n; q; dqn

aq, dq/c

]
(1.16)

Next, taking b = aq in (1.12), we get

2Φ1

[
a, d/c; q; q
d

]
n

=
[d/c, dq; q]∞[aq, dq/c; q]n

[d, dq/c; q]∞[q, dq; q]n
3Φ2

[
q, c, aqn+1; q; d/c
aq, dqn+1

]
(1.17)

2. Lemmas
In this section we shall establish the following lemmas which will be used in

establishing our main results,
Lemma 1

If

βn =
n∑
r=0

αr (2.1)

then
∞∑
n=0

αnz
n = (1− z)

∞∑
n=0

βnz
n (2.2)

and
Lemma 2
If (2.1) is true
then

∞∑
n=0

αn

{
[α, β; p]n

[γ/p, αβp/γ; p]n
− [α, β; p]∞

[γ/p, αβp/γ; p]∞

}

=
(1− αp/γ)(1− βp/γ)

(1− p/γ)(1− αβp/γ)

∞∑
n=0

βn
[α, β; p]np

n

[γ, αβp2/γ; p]n
(2.3)

Proof
Setting ur = vr = 1 and δr = zr in Bailey’s transform (1.6)-(1.8), we get Lemma

1.
To prove lemma 2, set ur = vr = 1 and

δr =
[α, β; p]rp

r

[γ, αβp2; p]r
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in Bailey’s transform (1.6)-(1.8). This leads to

βn =
n∑
n=0

αr γn =
∞∑
n=0

[α, β; p]r+np
r+n

[γ, αβp/γ; p]r+n

Now, simplifying the value of γn with the help of the following known result
due to Agarwal [1, p. 79],

3Φ2

[
α, β, p; p; p
γ, αβp2/γ

]
N

=
(p− γ)(γ − αβp)
(αp− γ)(γ − βp)

{
1− [α, β; p]N+1

[γ/p, αβp/γ; p]N+1

}
,

which, for N →∞ yields

3Φ2

[
α, β, p; p; p
γ, αβp2/γ

]
=

(p− γ)(γ − αβp)
(αp− γ)(γ − βp)

{
1− [α, β; p]∞

[γ/p, αβp/γ; p]∞

}
,

Now, application of the above result in the simplification of the value for γn
leads to the proof of lemma 2.
3. Main Results

In this section we shall discuss certain interesting expansions of basic hyperge-
ometric functions
(i) If we set

αr =
[a, c; q]r(b/ac)

r

[q, b; q]r
,

we get

βn =
[b/a; q]n
[b; q]n

2Φ1

[
a, d/c; q; q
aq1−n/b

]
n

with the above values in Lemma 1, we get,

∞∑
n=0

[b/a; q]nz
n

[b; q]n
2Φ1

[
a, d/c; q; q
aq1−n/b

]
n

= (1− z)−1 2Φ1

[
a, c; q; bz/ac
b

]
(3.1)

Comparison of the coefficients of zn on both sides of the above result will lead
to interesting relation between truncated series and a terminating one.

If we make use of the above values of αn and βn in Lemma 2, we get the following
interesting expansions,

(1− αp/γ)(1− βp/γ)

(1− p/γ)(1− αβp/γ)

∞∑
n=0

[cq, b/a; q]n[α, β; p]np
n

[b, cq; q]n[γ, αβp2/γ; p]n
×
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4Φ3

[
cqn+1, aq : αpn, βpnq q, p; bp/ac
−− bqn : γpn, αβpn+2/γ

]
= 4Φ3

[
a, c;α, β; q, p; b/ac
b; γ/p, αβp/γ

]
− [b/a, b/c; q]∞[α, β; p]∞

[b, b/ac; q]∞[γ/p, αβp/γ; p]∞
(3.2)

This is a transformation of a bi-basic series in terms of a double bi-basic series,
both on unconnected base p and q.
(ii) Next, putting

αr =
[a, c; q]r(d/ac)

r

[q, d; q]r

in (2.1) and using (1.14) we get

βn =
[aq; q]n
an[q; q]n

3Φ2

[
a, d/c, q−n; q; q
aq, d

]
(3.3)

Now, (2.2) with the above values of αr and βr yields

(1− z)
∞∑
n=0

[aq; q]nz
n

an[q; q]n
3Φ2

[
a, d/c, q−n; q; q
aq, d

]
= 2Φ1

[
a, c; q; zd/ac
d

]
(3.4)

Next, with a→∞ in (3.4), we get, after some simplifications,

1Φ1

[
c; q;−zd/c
d; q

]
= [z; q]∞ 1Φ1

[
d/c; q; z
d

]
(3.5)

Again, if we substitute the above value of αn and βn from (3.3) in (2.3), we get
after some simplification

(1− αp/γ)(1− βp/γ)

(1− p/γ)(1− αβp/γ)

∞∑
n=0

[aq; q]n[α, β; p]n(p/a)n

[q; q]n[γ, αβp2/γ; p]n
3Φ2

[
a, d/c, q−n; q; q
aq, d

]

= 4Φ3

[
a, c;α, β; q, p; d/ac
d; γ/p, αβp/γ

]
− [α, β; p]∞[d/a, d/c; q]∞

[γ/p, αβp/γ; p]∞[d, d/ac; q]∞
(3.6)

This is an expansion of a bi-basic series in terms of another bi-basic series.
(iii) Further, setting

αr =
[a, d/c; q]rq

r

[q, d; q]r

in (2.1) and making use of (1.15), we get

βn =
[aq, dq/c; q]n[a, dq; q]∞

[q, dq; q]n[aq, d; q]∞
3Φ2

[
q, d/a, dqn+1/c; q; a
dq/c, dqn+1

]
(3.7)
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Now, substituting the above values of αn and βn in (2.2), we get the following
interesting transformation

(1− a)(1− z)

(1− d)

∞∑
n=0

[aq, dq/c; q]n
[q, dq; q]n

5Φ4

[
dqn+1/c, dqn+2/c : q, d/a, aqn+1; q2, q; az
dqn+1, deqn+2 : qn+1, dq/c

]

= 2Φ1

[
a, d/c; zq
d

]
(3.8)

Also, with the substitution of the above values αn and βn in Lemma 2 we get,

(1− a)(1− αp/γ)(1− βp/γ)

(1− d)(1− p/γ)(1− αβp/γ)

∞∑
n=0

[aq, dq/c; q]n[α, β; p]np
n

[q, dq; q]n[γ, αβp2/γ; p]n
×

7Φ6

[
dqn+1/c, dqn+2/c : q, d/a, aqn+1 : αpn, βpn; q2, q, p; ap
dqn+1/c, dqn+2 : dq/c, q1+n, dq/c : γpn, αβpn+2/γ

]
= 4Φ3

[
a, d/c;α, β; q, p; q
d; γ/p, αβp/γ

]
− [α, β; p]∞[dq/c, a; q]∞

[γ/p, αβp/γ; p]∞[q, d; q]∞
2Φ1

[
q, d/a; q; q
dq/c

]
(3.9)

Putting a=d in (3.9), we get

3Φ2

[
d/c : α, β; q, p; q
−−− : γ/p, αβp/γ

]
− [α, β; p]∞[dq/c; q]∞

[γ/p, αβp/γ; p]∞[q; q]∞

=
(1− αp/γ)(1− βp/γ)

(1− p/γ)(1− αβp/γ)
3Φ2

[
dq/c : α, β; q, p; p
d/q : γ, αβp2/γ

]
(3.10)

Now, if we set d=c in (3.10), we get the following known summation due to Agarwal
[1; page 79],

3Φ2

[
α, β, p; p; p
γ, αβp2/γ

]
=

(1− p/γ)(1− αβp/γ)

(1− αp/γ)(1− βpγ)

{
1− [α, β; p]∞

[γ/p, αβp/γ; p]∞

}
(3.11)

(iv) Again, setting

αr =
[a, d/c; q]rq

r

[q, d; q]r

in (2.1) and applying (1.16), we get

βn =
[aq, dq/c; q]n

[q, d; q]n
3Φ2

[
q, aq/c, q−n; q; dqn

aq, dq/c

]
(3.12)
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The above values of αn and βn in Lemma 1 lead to,

(1− z)
∞∑
n=0

[aq, dq/c; q]nz
n

[q, d; q]n
3Φ2

[
q, aq/c, q−n; q; dqn

aq, dq/c

]
= 2Φ1

[
a, d/c; q; zq
d

]
(3.13)

which with c=q reduces to

2Φ1

[
a, d/q; q; zq
d

]
=

[azq; q]∞
[zq; q]∞

2Φ2

[
q, a; q;−zd
d, azq; q

]
(3.14)

If we substitute the above values of αn and βn in Lemma 2, we get after some
simplifiaction

(1− αp/γ)(1− βp/γ)

(1− p/γ)(1− αβp/γ)

∞∑
n=0

[aq, dq/c; q]n[α, β; p]np
n

[q, d; q]n[γ, αβp2/γ; p]n
3Φ2

[
q, aq/c, q−n; q; dqn

aq, dq/c

]

= 4Φ3

[
a, d/c;α, β; q, p; q
d; γ/p, αβp/γ

]
− [α, β; p]∞

[γ/p, αβp/γ; p]∞
3Φ2

[
a, d/c; q; q
d

]
(3.15)

(v) Further, setting

αr =
[a, d/c; q]rq

r

[q, d; q]r

in (2.1) and using (1.17), we get

βn =
(1− d/c)[aq, dq/c; q]n

(1− d)[q, dq; q]n
3Φ2

[
q, c, aqn+1; q; d/c
aq, dqn+1

]
. (3.16)

with the above values of αn and βn, Lemma 1 yields

2Φ1

[
a, d/c; q; zq
d

]
=

(1− d/c)(1− z)

(1− d)
×

∞∑
n=0

[aq, dq/c; q]nz
n

[q, dq; q]n
3Φ2

[
q, c, aqn+1; q; d/c
aq, dqn+1

]
(3.17)

Now, with the above values of αn and βn Lemma 2 leads to

(1− d/c)(1− αp/γ)(1− βp/γ)

(1− d)(1− p/γ)(1− αβp/γ)

∞∑
n=0

[aq, dq/c; q]n[α, β; p]np
n

[q, dq; q]n[γ, αβp2/γ; p]n
3Φ2

[
q, c, aqn+1; q; d/c
aq, dqn+1

]
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= 4Φ3

[
a, d/c : α, β; q, p; q
d : γ, αβp/γ

]
− [α, β; p]∞

[γ/p, αβp/γ; p]∞
2Φ1

[
a, d/c; q; q
d

]
(3.18)

Scores of similar results can be established using the method followed in this
paper which otherwise do not look possible with the help of traditional methods.
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