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1. Introduction, Notations and Definitions

For q, λ, µ ∈ C (|q| < 1), the basic (or q-) shifted factorial (λ; q)µ is defined by

(λ; q)µ =
∞∏
i=0

(1− λqi)
(1− λqµ+i)

, (1.1)

so that

(λ; q)n =

{
1, (n = 0)
(1− λ)(1− λq)...(1− λqn−1), (n ∈ N)

(1.2)

and

(λ; q)∞ =
∞∏
i=0

(1− λqi). (1.3)

For convenience, we write

(a1, a2, ..., ar; q)n = (a1; q)n(a2; q)n...(ar; q)n (1.4)

and

(a1, a2, ..., ar; q)∞ = (a1; q)∞(a2; q)∞...(ar; q)∞ (1.5)

The basic (or q-) hypergeometric function rΦs is defined by,

rΦs

[
a1, a2, ..., ar; q; z
b1, b2, ..., bs

]
=
∞∑
n=0

(−1)n(1+s−r)q(1+s−r)n(n−1)/2
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×(a1, a2, ..., ar; q)nz
n

(q, b1, b2, ..., bs; q)n
, (1.6)

provided that the series in (1.6) is convergent.
In the study of Rogers-Ramanujan type identities Bailey [1] was led to the

following simple, but remarkable observation.
If

βn =
n∑
r=0

αrun−rvn+r (1.7)

and

γn =
∞∑
r=0

δr+nurvr+2n, (1.8)

Then, under suitable convergence conditions,

∞∑
n=0

αnγn =
∞∑
n=0

βnδn, (1.9)

where un, vn, αn and δn are arbitrarily choosen sequences of n alone. In an applica-

tion Bailey choose ur =
1

(q; q)r
and vr =

1

(aq; q)r
and derived the following result.

If

βn =
n∑
r=0

αr
(q; q)n−r(aq; q)n+r

(1.10)

and

γn =
∞∑
r=0

δr+n
(q; q)r(aq; q)r+2n

(1.11)

Then, under suitable convergence conditions,

∞∑
n=0

αnγn =
∞∑
n=0

βnδn, (1.12)

where αn and δn are arbitrarily choosen sequences of n alone.
A pair of sequences 〈αn, βn〉 that satisfy (1.10) are called Bailey pair with respect

to the parameter a. Also, a pair of sequences 〈γn, δn〉 satisfying (1.11) are called
conjugate Bailey pair with respect to the parameter a.

Andrews work on the WP Bailey lemma is stated as,

If we choose ur =
(k/a; q)r
(q; q)r

and vr =
(k; q)r
(aq; q)r

in (1.7), we find the following result;
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If

βn(a, k, q) =
n∑
r=0

(k/a; q)n−r(k; q)n+r
(q; q)n−r(aq; q)n+r

αr(a, k, q) (1.13)

and

γn(a, k, q) =
∞∑
r=0

(k/a; q)r(k; q)r+2n

(q; q)r(aq; q)r+2n

δr+n(a, k, q) (1.14)

Then, under suitable convergence conditions,

∞∑
n=0

αn(a, k, q)γn(a, k, q) =
∞∑
n=0

βn(a, k, q)δn(a, k, q), (1.15)

where αn(a, k, q) and δn(a, k, q) are arbitrarily choosen sequences.
A WP Bailey pair is a pair of sequences 〈αn(a, k, q), βn(a, k, q)〉 satisfying (1.13)

where as a conjugate WP Bailey pair is a pair of sequences 〈γn(a, k, q), δn(a, k, q)〉
satisfying (1.14).
Dual of WP Bailey pair 〈αn(a, k, q), βn(a, k, q)〉 is given by 〈α′n(a, k, q), β′n(a, k, q)〉
where

α′n(a, k, q) = αn

(
1

a
,

1

k
,
1

q

)
(1.16)

and

β′n(a, k, q) =

(
k

aq

)2n

βn

(
1

a
,

1

k
,
1

q

)
. (1.17)

[2; theorem 3.1]

Dual of a Bailey pair is also a Bailey pair.
We shall make use of following known results in our analysis.

2Φ1

 a2, b; q;
q1/2

b
a2q

b

 =
1

2

(a2, q1/2; q)∞(
a2q

b
,
q1/2

b
; q

)
∞

×

×


(
aq1/2

b
; q1/2

)
∞

(a; q1/2)∞
+

(
−aq

1/2

b
; q1/2

)
∞

(−a; q1/2)∞

 ,

∣∣∣∣q1/2b
∣∣∣∣ < 1. (1.18)

[4; p.74, Eq. (3.5)]
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2Φ1

 a2, b; q;
q3/2

b
a2q

b

 =
1

2a

(a2, q1/2; q)∞(
a2q

b
,
q1/2

b
; q

)
∞

×

×


(
aq1/2

b
; q1/2

)
∞

(a; q1/2)∞
−

(
−aq

1/2

b
; q1/2

)
∞

(−a; q1/2)∞

 ,

∣∣∣∣q3/2b
∣∣∣∣ < 1. (1.19)

[4; p.75, Eq. (3.6)]

4Φ3

 a, c,
aq

1
2
+n

c
, q−n; q; q

aq

c
, cq

1
2
−n, aq1+n

 =

(a; q)n+1(q
1/2; q)n

(√
aq

c
; q1/2

)
2n

2(aq/c; q)n(q1/2/c; q)n(a1/2; q1/2)2n+1

+

(a; q)n+1(q
1/2; q)n

(
−
√
aq

c
; q1/2

)
2n

2(aq/c; q)n(q1/2/c; q)n(−a1/2; q1/2)2n+1

(1.20)

[4; p.71, Eq. (1.3)]

4Φ3

 a, c,
aq

1
2
+n

c
, q−n; q; q2

aq

c
, cq

1
2
−n, aq1+n

 =

(a; q)n+1(q
1/2; q)n

(√
aq

c
; q1/2

)
2n

2
√
a(aq/c; q)n(q1/2/c; q)n(a1/2; q1/2)2n+1

−
(a; q)n+1(q

1/2; q)n

(
−
√
aq

c
; q1/2

)
2n

2
√
a(aq/c; q)n(q1/2/c; q)n(−a1/2; q1/2)2n+1

(1.21)

[4; p.77, Eq. (4.4)]

∞∑
n=0

n∑
r=0

A(n, r) =
∞∑
n=0

∞∑
r=0

A(n+ r, r). (1.22)

[3; p.100, Eq. (2.1.2)]
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2. Conjugate WP-Bailey pairs and related results

(i) If we choose δr(a, k, q) =
(a
k
q1/2
)r

in (1.14) and then using the summation

formula (1.18) we get,

γn(a, k, q) =
1

2

(k, q1/2; q)∞
(aq, aq1/2; q)∞

(a
k
q1/2
)n
×

×


(
aq1/2

k1/2
; q1/2

)
∞

(k1/2q1/2; q1/2)n

(k1/2q1/2; q1/2)∞

(
aq1/2

k1/2
; q1/2

)
n

+

(
−aq

1/2

k1/2
; q1/2

)
∞

(−k1/2q1/2; q1/2)n

(−k1/2q1/2; q1/2)∞
(
−aq

1/2

k1/2
; q1/2

)
n

 ,

(2.1)
which yields the following result.
Theorem 1
For the WP-Bailey pair 〈αn(a, k, q), βn(a, k, q)〉 satisfy (1.13) we have

1

2

(k, q1/2; q)∞(
aq,

aq1/2

k
; q

)
∞

(
aq1/2

k1/2
; q1/2

)
∞

(k1/2q1/2; q1/2)∞

∞∑
n=0

(k1/2q1/2; q1/2)n(
aq1/2

k1/2
; q1/2

)
n

(a
k
q1/2
)n
αn(a, k, q)

+
1

2

(k, q1/2; q)∞(
aq,

aq1/2

k
; q

)
∞

(
−aq

1/2

k1/2
; q1/2

)
∞

(−k1/2q1/2; q1/2)∞

∞∑
n=0

(−k1/2q1/2; q1/2)n(
−aq

1/2

k1/2
; q1/2

)
n

(a
k
q1/2
)n
αn(a, k, q)

=
∞∑
n=0

(a
k
q1/2
)
βn(a, k, q), (2.2)

provided the infinite series are all convergent.

(ii) If we choose δr(a, k, q) =
(a
k
q3/2
)r

in (1.14) and make use of the summation

formula (1.19) we get,

γn(a, k, q) =
1

2k1/2
(k, q1/2; q)∞

(aq, aq1/2/k; q)∞

(a
k
q3/2
)n
×

×


(
aq1/2

k1/2
; q1/2

)
∞

(k1/2; q1/2)n

(k1/2; q1/2)∞

(
aq1/2

k1/2
; q1/2

)
n

−

(
−aq

1/2

k1/2
; q1/2

)
∞

(−k1/2; q1/2)n

(−k1/2; q1/2)∞
(
−aq

1/2

k1/2
; q1/2

)
n

 . (2.3)
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The values of δn(a, k, q) and γn(a, k, q) given in (2.3) together with (1.15) gives the
following result
Theorem 2
If 〈αn(a, k, q), βn(a, k, q)〉 satisfy (1.13) then under suitable convergence conditions
we have,

1

2k1/2
(k, q1/2; q)∞(
aq,

aq1/2

k
; q

)
∞

(
aq1/2

k1/2
; q1/2

)
∞

(k1/2; q1/2)∞

∞∑
n=0

(k1/2; q1/2)n(
aq1/2

k1/2
; q1/2

)
n

(a
k
q1/2
)n
αn(a, k, q)

− 1

2k1/2
(k, q1/2; q)∞(
aq,

aq1/2

k
; q

)
∞

(
−aq

1/2

k1/2
; q1/2

)
∞

(−k1/2; q1/2)∞
×

×
∞∑
n=0

(−k1/2; q1/2)n(
−aq

1/2

k1/2
; q1/2

)
n

(a
k
q1/2
)n
αn(a, k, q)

=
∞∑
n=0

(a
k
q3/2
)
βn(a, k, q), (2.4)

3. WP-Bailey pairs and dual WP-Bailey pairs

(i) If we set c =
a

k
q1/2 in (1.20) we get,

n∑
r=0

(a, aq1/2/k, kqn, q−n; q)rq
r

(q, kq1/2, aq1−n/k, aq1+n; q)r

=

(
1 +
√
a

2

)
(aq,
√
q; q)n

(kq1/2, k/a; q)n

(k/
√
a, k
√
q/a; q)n

(
√
aq, q
√
a; q)n

−
(

1−
√
a

2

)
(aq,
√
q; q)n

(kq1/2, k/a; q)n

(−k/
√
a,−k

√
q/a; q)n

(−√aq,−q
√
a; q)n

. (3.1)

Now, if we choose αn(a, k, q) =
(a, aq1/2/k; q)n
(q, kq1/2; q)n

(
k

a

)n
in (1.13) and making use of

(3.1) we find,

βn(a, k, q) =

(
1 +
√
a

2

)
(k,
√
q, k/
√
a, k
√
q/a; q)n

(q, k
√
q,
√
aq, q
√
a; q)n
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+

(
1−
√
a

2

)
(k,
√
q,−k/

√
a,−k

√
q/a; q)n

(q, k
√
q,−√aq,−q

√
a; q)n

. (3.2)

Thus, αn(a, k, q) and βn(a, k, q) given in (3.2) form a WP-Bailey pair.

Putting c =
a

k
q1/2 in (1.21) we have,

n∑
r=0

(a, aq1/2/k, kqn, q−n; q)rq
2r

(q, kq1/2, aq1−n/k, aq1+n; q)r

1 +
√
a

2
√
a

(aq,
√
q, k/
√
a, k
√
q/a; q)n

(kq1/2, kq1/2/a,
√
aq, q
√
a; q)n

− 1−
√
a

2
√
a

(aq,
√
q,−k/

√
a,−k

√
q/a; q)n

(kq1/2, kq1/2/a,−√aq,−q
√
a; q)n

(3.3)

Thus, if we choose αn(a, k, q) =
(a, aq1/2/k; q)n
(q, kq1/2; q)n

(
kq

a

)n
in (1.13) and make use of

(3.3) we find,

βn(a, k, q) =
1 +
√
a

2
√
a

(k,
√
q, k/
√
a, k
√
q/a; q)n

(q, kq1/2,
√
aq, q
√
a; q)n

−1−
√
a

2
√
a

(k,
√
q,−k/

√
a,−k

√
q/a; q)n

(q, kq1/2,−√aq,−q
√
a; q)n

. (3.4)

Here, αn(a, k, q) and βn(a, k, q) given in (3.4) are WP-Bailey pair. One remarkable
observation is that WP-Bailey pairs given in (3.2) and (3.4) are dual of each other.
4. Transformation Formulae
(i) Substituting the WP-Bailey pair given in (3.2) in theorem 1, we obtain,

1

2

(k, q1/2; q)∞(
aq,

aq1/2

k
; q

)
∞

(
aq1/2

k1/2
; q1/2

)
∞

(k1/2q1/2; q1/2)∞

∞∑
n=0

(k1/2q1/2; q1/2)n(
aq1/2

k1/2
; q1/2

)
n

(
q1/2
)n (a, aq1/2/k; q)n

(q, kq1/2; q)n

+
1

2

(k, q1/2; q)∞(
aq,

aq1/2

k
; q

)
∞

(
−aq

1/2

k1/2
; q1/2

)
∞

(−k1/2q1/2; q1/2)∞

×
∞∑
n=0

(−k1/2q1/2; q1/2)n(
−aq

1/2

k1/2
; q1/2

)
n

(
q1/2
)n (a, aq1/2/k; q)n

(q, kq1/2; q)n
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=
∞∑
n=0

(a
k
q1/2
)n{1 +

√
a

2

(k,
√
q, k/
√
a, k
√
q/a; q)n

(q, kq1/2,
√
aq, q
√
a; q)n

+
1−
√
a

2

(k,
√
q,−k/

√
a,−k

√
q/a; q)n

(q, kq1/2,−√aq,−q
√
a; q)n

}
, (4.1)

where
∣∣∣a
k
q1/2
∣∣∣ < 1.

(ii) Substituting the WP-Bailey pair given in (3.4) in theorem 1, we obtain,

1

2

(k, q1/2; q)∞(
aq,

aq1/2

k
; q

)
∞

(
aq1/2

k1/2
; q1/2

)
∞

(k1/2q1/2; q1/2)∞

∞∑
n=0

(k1/2q1/2; q1/2)n(
aq1/2

k1/2
; q1/2

)
n

(
q3/2
)n (a, aq1/2/k; q)n

(q, kq1/2; q)n

+
1

2

(k, q1/2; q)∞(
aq,

aq1/2

k
; q

)
∞

(
−aq

1/2

k1/2
; q1/2

)
∞

(−k1/2q1/2; q1/2)∞

×
∞∑
n=0

(−k1/2q1/2; q1/2)n(
−aq

1/2

k1/2
; q1/2

)
n

(
q3/2
)n (a, aq1/2/k; q)n

(q, kq1/2; q)n

=
∞∑
n=0

(a
k
q1/2
)n{1 +

√
a

2
√
a

(k,
√
q, k/
√
a, k
√
q/a; q)n

(q, kq1/2,
√
aq, q
√
a; q)n

−1−
√
a

2
√
a

(k,
√
q,−k/

√
a,−k

√
q/a; q)n

(q, kq1/2,−√aq,−q
√
a; q)n

}
. (4.2)

(iii) Putting the WP-Bailey pair given in (3.2) in theorem 2 we obtain,

1

2
√
k

(k, q1/2; q)∞(
aq,

aq1/2

k
; q

)
∞

(
aq1/2

k1/2
; q1/2

)
∞

(k1/2; q1/2)∞

∞∑
n=0

(k1/2; q1/2)n(
aq1/2

k1/2
; q1/2

)
n

(a, aq1/2/k; q)n
(q, kq1/2; q)n

(
qn/2

)

− 1

2
√
k

(k, q1/2; q)∞(
aq,

aq1/2

k
; q

)
∞

(
−aq

1/2

k1/2
; q1/2

)
∞

(−k1/2; q1/2)∞



On Dual WP Bailey Pairs and its Applications 19

×
∞∑
n=0

(−k1/2; q1/2)n(
−aq

1/2

k1/2
; q1/2

)
n

(a, aq1/2/k; q)n
(q, kq1/2; q)n

(
qn/2

)

=
∞∑
n=0

(a
k
q3/2
)n{1 +

√
a

2

(k,
√
q, k/
√
a, k
√
q/a; q)n

(q, kq1/2,
√
aq, q
√
a; q)n

+
1−
√
a

2

(k,
√
q,−k/

√
a,−k

√
q/a; q)n

(q, kq1/2,−√aq,−q
√
a; q)n

}
. (4.3)

(iv) Putting the WP-Bailey pair given in (3.4) in theorem 2 we obtain,

1

2
√
k

(k, q1/2; q)∞(
aq,

aq1/2

k
; q

)
∞

(
aq1/2

k1/2
; q1/2

)
∞

(k1/2; q1/2)∞

∞∑
n=0

(k1/2; q1/2)n(
aq1/2

k1/2
; q1/2

)
n

(a, aq1/2/k; q)n
(q, kq1/2; q)n

(
q3n/2

)

− 1

2
√
k

(k, q1/2; q)∞(
aq,

aq1/2

k
; q

)
∞

(
−aq

1/2

k1/2
; q1/2

)
∞

(−k1/2; q1/2)∞

×
∞∑
n=0

(−k1/2; q1/2)n(
−aq

1/2

k1/2
; q1/2

)
n

(a, aq1/2/k; q)n
(q, kq1/2; q)n

(
q3n/2

)

=
∞∑
n=0

(a
k
q3/2
)n{1 +

√
a

2
√
a

(k,
√
q, k/
√
a, k
√
q/a; q)n

(q, kq1/2,
√
aq, q
√
a; q)n

−1−
√
a

2
√
a

(k,
√
q,−k/

√
a,−k

√
q/a; q)n

(q, kq1/2,−√aq,−q
√
a; q)n

}
. (4.4)

5. Some more useful theorems
Theorem 3. If we put the value of βn(a, k, q) from (1.13) in (2.2) then after using
the identity (1.22) we get,

1

2

(k, q1/2; q)∞(
aq,

aq1/2

k
; q

)
∞

(
aq1/2

k1/2
; q1/2

)
∞

(k1/2q1/2; q1/2)∞

∞∑
n=0

(k1/2q1/2; q1/2)n(
aq1/2

k1/2
; q1/2

)
n

(a
k
q1/2
)n
αn(a, k, q)
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+
1

2

(k, q1/2; q)∞(
aq,

aq1/2

k
; q

)
∞

(
−aq

1/2

k1/2
; q1/2

)
∞

(−k1/2q1/2; q1/2)∞

∞∑
n=0

(−k1/2q1/2; q1/2)n(
−aq

1/2

k1/2
; q1/2

)
n

(a
k
q1/2
)n
αn(a, k, q)

=
∞∑

n,r=0

(a
k
q1/2
)n+r (k/a; q)n(k; q)n+2r

(q; q)n(aq; q)n+2r

αr(a, k, q), (5.1)

where αn(a, k, q) is an arbitrary sequence such that α0(a, k, q) = 1.
Theorem 4. If we put the value of βn(a, k, q) from (1.13) in (2.3) then apply the
identity (1.22) we get,

1

2
√
k

(k, q1/2; q)∞(
aq,

aq1/2

k
; q

)
∞

(
aq1/2

k1/2
; q1/2

)
∞

(k1/2; q1/2)∞

∞∑
n=0

(k1/2; q1/2)n(
aq1/2

k1/2
; q1/2

)
n

(a
k
q1/2
)n
αn(a, k, q)

− 1

2
√
k

(k, q1/2; q)∞(
aq,

aq1/2

k
; q

)
∞

(
−aq

1/2

k1/2
; q1/2

)
∞

(−k1/2; q1/2)∞

∞∑
n=0

(−k1/2; q1/2)n(
−aq

1/2

k1/2
; q1/2

)
n

(a
k
q1/2
)n
αn(a, k, q)

=
∞∑

n,r=0

(a
k
q3/2
)n+r (k/a; q)n(k; q)n+2r

(q; q)n(aq; q)n+2r

αr(a, k, q), (5.2)

where αn(a, k, q) is an arbitrary sequence such that α0(a, k, q) = 1.
From (5.1) and (5.2) one can easily establish double series identities.
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