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1. Introduction, Notations and Definitions

For g, A\, € C' (|q| < 1), the basic (or g-) shifted factorial (); q), is defined by

N @) = H (1 =Ag) (1.1)

1 (1 — A\gh+i)
so that
B (n=0)
o ={ 10 g ae, e 2
and .
(N @)oo = [ J(1 = Ag). (1.3)
i=0
For convenience, we write
(a1, a2, ... ar; @)n = (a1;@)n(a2; Qn--(ar; O)n (1.4)
and
(ala ag, ..., Ar; Q>oo = (al; Q)OO(CLQ; Q)OO"'(aT‘; Q)oo (15)

The basic (or g-) hypergeometric function ,®, is defined by,

A1, A2, -5 Qr; G5 2 — = _ 1\n(l+s—r) (14+s—r)n(n—1)/2
TCI)S b17b27"'7bs :| Z< 1) 1

n=0
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x (ala ag, ..., Qr; Q)nzn
(q7 b17 b?v ) bsa Q)n ’
provided that the series in (1.6) is convergent.

In the study of Rogers-Ramanujan type identities Bailey [1] was led to the
following simple, but remarkable observation.

(1.6)

If .
571 = Z Ay Up—rUntr (17)
r=0
and N
Yn = Z 5r+nurvr+2nv (18)
r=0

Then, under suitable convergence conditions,

n=0 n=0

where u,, v,, a,, and 9,, are arbitrarily choosen sequences of n alone. In an applica-

tion Bailey choose u, = and v, = and derived the following result.
, (¢;9), (aq; q)r

B.=Y il (1.10)

—0 (¢ @)n—r(ag; @)n4r

and
oo

=Y (111

— (4 0)r(ag; Q)20

Then, under suitable convergence conditions,

n=0 n=0

where «,, and §,, are arbitrarily choosen sequences of n alone.

A pair of sequences («,, 5,) that satisfy (1.10) are called Bailey pair with respect
to the parameter a. Also, a pair of sequences (v,,d,) satisfying (1.11) are called
conjugate Bailey pair with respect to the parameter a.

Andrews work on the WP Bailey lemma is stated as,

(/@) g — (B
(¢; ) (ag; q),

If we choose u, = in (1.7), we find the following result;
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If

n

_ N K@ Do (K Dt
ol k’”‘% (@3 Dn—r (G Q)rr rla k. q) (1.13)

and

_ = (k/a; Q)T(k; Q)T—I—Qn a
o) = go (¢ 9)r(ag; @)rson Orin(a; K, q) (1.14)

Then, under suitable convergence conditions,

Zanakq%akq Zﬁnakq (a,k,q), (1.15)

n=0

where o, (a, k,q) and d,(a, k,q) are arbitrarily choosen sequences.

A WP Bailey pair is a pair of sequences («,(a, k, q), 5,(a, k, q)) satisfying (1.13)
where as a conjugate WP Bailey pair is a pair of sequences (v,(a, k, q), d,(a, k, q))
satisfying (1.14).

Dual of WP Bailey pair («,(a, k,q), Bn(a, k,q)) is given by (! (a, k, q), B (a, k, q))

where

, (111
and )
KN (111
' ~(Z =2 o). 1.1
ok = () o (50) (117

[2; theorem 3.1]

Dual of a Bailey pair is also a Bailey pair.
We shall make use of following known results in our analysis.

q\/?
az’b; ;—— 2 1/2.
o q b — 1 a-,q aq)oo %
a q 2 a2q ql/2
b b Y b 7q -
(aq1/2 1/2) (_aql/Q, 1/2)
b b '/
x 0 E O K S 1.18
@GP | (—aid?) b (118

[4; p.74, Eq. (3.5)]
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e
o a’, b; 37| 1 (6’49
b (T T’q)m
aql/2, 1/2 _aql/Q, 1/2
X x — - —| < 1. 1.19
(05(]1/2)00 (—(I, ql/Q)oo ’ b ( )
[4; p.75, Eq. (3.6)]
. Vaq
ag=" (@5 Qnr1(q"% @ (-———-;ql/Z)
4(1)3 a, ¢, Taq 1459 _ c on
T 2(aq/c; Q)n(q?/c; )n(a'/?; 1) 2011
C
Vaq
(@ (a5 (V% )
- 2n (1.20)
2(aq/c; @)n(q"?/c; O)n (=025 ¢*?)2n 11
[4; p.71, Eq. (1.3)]
. Vaq
ag=™ (@; Qnr1(4"; @) (-———-;ql/z)
4@3 a,c, T?q 1454 _ c 2m
Y dm aghtr 2v/alaq/c; q)n(q"? /5 (a1 ¢2)an s
C

Vagq
(a; Q)ns1(¢"% ) <—~—g—;q”2)
2n

2v/a(ag/c; q)n(q 2/ ¢; @) n(—al/%; g1 2)gn i1 (1.21)

[4; p.77, Eq. (4.4)]

n

Z A(n,r):ZZA (n+rr). (1.22)

n=0 r=0 n=0 r=0

[3; p.100, Eq. (2.1.2)]
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2. Conjugate WP-Bailey pairs and related results
(i) If we choose d,(a,k,q) = (%q1/2> in (1.14) and then using the summation

formula (1.18) we get,

1 (k,q"%q) a n
Sak q) = ~—d” Do <_ 1/2>
(e, q) 2 (aq, aq"/%; q)os \K 8

1/2 12

aq aq

( k2 ;q1/2) (% <_W;q1/2) (—k'2q"%:'%),
o0 + o

1/2 1/2 )
aq aq
(k1/2q1/2; g1/2) o <W;ql/2) (—k1/2q1/2; g1/2) ( T : 1/2)
(2.1)

X

which yields the following result.

Theorem 1
For the WP-Bailey pair («,(a, k, q), Bn(a, k, q)) satisfy (1.13) we have

(aq / 'q1/2>
1 (]{;7(11/2,(])00 ]{31/2 ) . (k1/2q1/2;q1/2)n (gql/2>noé (a 2 q)

2( g N R (0

¢ =34 iz
(_aq / _q1/2>

+1 (k, 42 @)oo E1/2 7 - (—kY2q1/2; 1%, <Eq1/2>nan(a,k,q)

9 Cqu/Q_ (_k1/2q1/2;q1/2)00 - aq1/2 1/2 k

ag, ——4 iz 4

= Z( 0'72) Bula, k. ), (2.2)

provided the infinite series are all convergent.
(ii) If we choose 6,(a, k,q) = (%q?’/Q) in (1.14) and make use of the summation

formula (1.19) we get,

1 (k. q ) 3
n k - — g%
T, k,q) 2k1/2 (aq, aq' 2 /k; q) o (k‘q ) %

1/2 12
aq aq
( k2 ;q1/2) %0 (_W;qm) (=K% ¢'2),

1/2 1/2
aq aq
(k1/2¢1/%) (W;qlﬂ) (—k1/2¢1/%) <_—/<:1/2 ;q1/z)

X
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The values of 0,,(a, k, ¢) and ~,(a, k, q) given in (2.3) together with (1.15) gives the
following result

Theorem 2
If (o, (a, k, q), Bnla, k, q)) satisfy (1.13) then under suitable convergence conditions

we have,

<aq1/2.q1/2>
1 k., q\/2; L1270 ad kY2 q1/2),, a n
Lt a2 w3 M (Y 0 0,k

9)1/2 L ag / (k1725 q1/?) o par aq1/2‘ 2
Q7 ]{: 7q k1/2 ’q
o0 n

_&1/2. 2
1 (k¢ @) k2’ .

_2]{21/2 (aq aq1/2.q> (_k1/2§q1/2)oo

X

k
(=K% ¢'2),,

X
S
—_——— q

<%q1/2>n Oln(a, k? q)

- Z( ¢*2) Bula, k. ). (2.4)

3. WP-Bailey pairs and dual WP-Bailey pairs
(1) If we set ¢ = quﬂ in (1.20) we get,

Z": (a,aq"?/k,kq", ¢ q)rq"
(

— (¢, kq'/?, aq* ™" /k, ag**"; q),

_ (1 + \/5) (00, V& Dn_ (k/Va, kv q/a; q)n
2 (kq'2 k/a;q)n  (\/aq, qv/a; q)n
. <1 — \/a> (a% \/53 Q)n (_k/\/_v _k\/%; Q)n (3 1)
2 (kg2 k/a;q)n  (—/aq, —qv/a;q)n '

1/2 /7. "
ot (1

Now, if we choose ay,(a, k, q) =

(3.1) we find,

_ 1"‘\/a (k;,\/é,k/\/&,k Q/CLQQ)n
ﬁn(a’k7Q)_( 2 ) (¢, k\/7, \/2q, /@ @)1
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Thus, a,(a, k,q) and B,(a, k, q) given in (3.2) form a WP-Bailey pair.

Putting ¢ = %ql/Q in (1.21) we have,

zn: (a,aq"?/k, kq", a7 0)rq™
“~ (g, kq'?, aq' " /k, aq"*"; q),
1++a (ag,va,k/Va,kv/g/a;q)n  1—+/a (aq,\/q, —k/Va, —k\/q/a;q)n
2va (k¢'? kq'?[a,\Jaq,qva;q)n  2va (kq'/? kq'/?[a, —\/aq, —q/a; q)

(3.3)
1/2 /1. n
(C(%az 1/ék’)q)" (@) in (1.13) and make use of
q,Rq yd)n a

14 v/a (k, /g, k/v/a, k\/a/a; )
2va (g, kq'?, \/aq, qv/a; q)n

1= Va kG —k/Va,—kv/a/a q)n. (3.4)

2va  (q,kq'?,—\/aq, —qv/a; q)n
Here, ay,(a, k,q) and B, (a, k, q) given in (3.4) are WP-Bailey pair. One remarkable
observation is that WP-Bailey pairs given in (3.2) and (3.4) are dual of each other.
4. Transformation Formulae
(i) Substituting the WP-Bailey pair given in (3.2) in theorem 1, we obtain,

Thus, if we choose ay,(a, k, q) =

(3.3) we find,

571(&7 k, q) =

(&m;qw) .
(k,q"* @) \ K72 o N~ (K221 2), ()" (a,aq"?/k; q)n

1
2 ag? N (KGR i fag' (4, kq'%; q)n
q, L g k1/2’q

1/2
_aqgrr g
1 (k¢ q)s ( gz )

+2( aq1/2 ) (—k1/2q1/2;q1/2)oo
aq, ——;
[e.e]

kvq

X (—k1/21/2. g1/2) N V2 [k o),
XZ( q'"%q'%) (¢'?) (a,aq'*/k; q)

q
_ aql/z 1/2 (Q7 kql/2§ Q)n
n=0 ek SR
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_ = a 1/2 " 1+\/a(k7\/(_]7k/\/aak Q/a;Q)n
_Z<EQ/> { 2 (g,kq'? /ag, ¢v/a; q)n

n=0

2 (q.k¢'? —\/ag, —q/a;q),
where )gql/Q < 1.
(ii) Substituting the WP-Bailey pair given in (3.4) in theorem 1, we obtain,
()
L (kg AR T )y o (K20 20G ) oy (00 i),
2/ aq'’? (WPQ ) 2= (ag? 2\ (q,kq"%;q)n
o P (o )

_aql/Q. 1/2
+1 (k7q1/2aq)oo k1/2 4 00

9 aq'’? (—k1/2¢1/2; q1/2)
aq, T; q

 (—kY2qY%6Y%), g jonn (a,aq? K5 q)y
XZ (4*)

q
n=0 1/2 1/2 (Q7 kql/Qa q)n
k1/2 ) q

_ < a q\" 1+ va (k,\/q,k/\/a,k\/q/a;q)n
Z<kq ) { 2va  (q,kq'?,\/aq, qv/a; q)n

—Va (k. /3, —k/Va, —k\/q/a;q)n
2va (g, kg%, —/agq, —qv/a; ) |

(iii) Putting the WP-Bailey pair given in (3.2) in theorem 2 we obtain,

n=0

1/2
(aq _q1/2)
1 (k,¢"%q)s \ K27 . (K% ¢, (a,aql/Q/k‘;q)n(n/z)
2\/E( aq1/2_q> Y e e (aq/ 1/2) (¢, kq"%; q)n

_aql/Q_quz
1 (kq"%q)w e o

WE (g8 ) CE

aq7 k
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X i (=K'25')0_(a,0q'/k;q)n ()
n=0 <_aq1/2,q1/2) (q7kq1/27q>n

k 2 (q,kq"?,\/aq, q\/a; q)n

1—a(k,\/q,—k/\a,—k\/q/a;q)n
2 (¢.kq'? —ag, —qva; @) |

(iv) Putting the WP-Bailey pair given in (3.4) in theorem 2 we obtain,

_ i (gq3/2>”{1+ Va (k. \/q.k/a, kv/q/a;q)n

+

(4.3)

1/2
<aq .q1/2)
1 (k7q1/2;q>oo k1/2 7 N (k1/2;q1/2)n (a,aql/Q/k; D ( 3n/2)
W( aq'/?, ) (K201 )00 25 (aq”?. 1/2) (g, kq"%; ),

k 7q k1/27q

_aql/Q' 12
1 (kq"%9)x g

2\/%( aq1/2 ) (—k1/25q1/2)oo
aq, ;

kuq

X i (=K'2¢'%)0 (a,aq'/k;q)n ()
n=0 (_aql/Z, 1/2) (Q7 kq1/2>Q)n

_i(a 3/2)” 1+ a (k@ k/vVa kv/a/a;q)n
2v/a  (q,kq'?, \/aq, q/a; q)n

_1_\/a(ka\/aa_k/\/av_k\/Q/a>q)n <44)
2va  (q,kq'/?, —\/aq, —q\/a; q)n
5. Some more useful theorems

Theorem 3. If we put the value of 5,(a, k, ¢) from (1.13) in (2.2) then after using
the identity (1.22) we get,

(aql/Z.quz)

1 (kg9 \ K2 o N (K212 412),, (Eqm)”(l (a.kq)

9 aq1/2. (k12q1/2; ¢1/2) o rar aql/z. s 2 n\Q K,
aq, Tu q 1172 ,q
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_ag'?

1 (kM2 q)o 1204 & (—kM2g 2 g1,
2( ag'’? ) (—kV2q1/2;q12) o = ( ag*/? 1/2)
aq, 1 q 1q

k kl/? .

_ 12" (K@ Qa(k; Dnror
Z ( ) (¢ On(aq; Qnyor (e k. q), (5.1)

(%qm)n an(a, k, q)

n,r=0

where a,(a, k,q) is an arbitrary sequence such that ag(a, k,q) = 1.
Theorem 4. If we put the value of 3,(a, k,q) from (1.13) in (2.3) then apply the
identity (1.22) we get,

(CLQ / 'q1/2>
1 (k, q1/2; q)oo k1/27 - (k1/2. 1/2)n
2k ag'/? (k125 ¢1%) o aq*’?
aq,——3q "= 1q'/?
) Y - k1/2 J .

aq1/2

L 1)2
— 71204 oo
L (k4% 0)x ( k2 )oo (=kY%0")n ra jp\n
- 1/2 Z ) <Eq1/2) an(a’kaQ>

N (—K12q12)0e = [ ag'?
k kl/Qﬂq

aq7 7q
EOO: a 5/5\"*" (k/a; @)n(k; @)ntor
- 7.4 Qr Cl,k',q ) 5.2
<’f ) (45 O)n(aq; @Q)nyar ( ) (5:2)

(%ql/Q) " an(a? k? Q)

n,r=0
where a,(a, k,q) is an arbitrary sequence such that ag(a, k,q) = 1.
From (5.1) and (5.2) one can easily establish double series identities.
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