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Abstract: In this paper we introduce a new technique to obtain expansions of
basic hypergeometric functions with the help of Bailey’s transform and certain
known transformations of truncated hypergeometric series. These results do not
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1. Introduction, Notations and Definitions

For |¢| < 1 and «, real or complex, let

oide = ol = { ({700 —af)liar 20
Accordingly,
[ qloe = ﬁ(l — aq")
Also, i
[a1, a2, s, ..., ar; @ln = [a1; qlnla2; dlnlas; @ln---[ar; qln- (1.2)

Now, we define a basic hypergeometric function

Tq)s |: a1, a2y ..., Qr; g5 2 :| _ io: [alaGQ, --.,GT;Q]nznqAn(n_l)/Q

bl,bQ,.--,bs;q/\ _n:O [q,bl,bg,...,bs;q]n

convergent for |z| < oo when A > 0 and for |z| < 1 when A = 0.
A generalized double basic hypergeometric function is defined as,

a1, Aag, ..., Qr : 1, Qg, "'7QU1;617627 "‘76111;Q;x7y
@ . .
bl,bg, ...,bs . 51,52, ...,(5u2,/}/1,’)/2, cooy Yoo
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oo
_ Z [a17a27 "'7a7";Q]m+n[a17a27 7au17Q]m >

[bh b27 ceey b87 q]m+n[517 627 ceey 5”LL27 q]m

m,n=0

[Bla /627 ceey ﬂ’m; Q]nxmyn

1.4
(V15 Y25 -0 Vo3 @[5 @lim[ 5 @l (14)
which converges for |z|, |y| < 1.
We also define a bi-basic hypergeometric series of one variable as,
) A1,0A9, .oy Qr; 01, Oy .oy Oy 4, D3 2
b17 b27 cey b87 /Bla /62a (XY Bv
_ i [ab ag, ..., Ar; Q]n[alu Qg, ..., au;p]nzn (15)

[qa b17 b27 LR b87 q]n[ﬁla 527 veey B’Uap]n

which converges for max. {|q|, |p|,|#|} < 1.

n=0

We shall have the occasion to use the following well known Bailey’s transform
If

n
ﬁn = E Uy —r Uy
r=0
and
00 0o
Tn = E 5rur—nvr+n = E 5r+nurvr+2n
r=n r=0
Then

n=0 n=0

subject to the convergence of infinite series and that the sequences «;,d,, u, and
v, are rational functions of r alone.
2. Results to be used

In this section we shall develop certain results which will be used in the subse-
quent sections.
If in Bailey’s transform we set u, = v, = 1 and ¢, = 2", then (1.6) leads to

Lemma 1
Zanz” =(1-2) Zﬂnz"
n=0 n=0
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Again, if we set u, = v, = 1, we get

oo oo n—1
=> 6= 6=) 5 (2.1)
r=n r=0 r=0

which with,
5 = Bl
" paBpipl
leads to,
o, B;p o, B;p
= o® — ,d 2.2
e[t [ 007 -
where,
N
1,09, ..., O3 G5 2 0417042,--.7%;(]]n2n
Roj 2.3
|: /817527"'a68 :| ; B17ﬁ27"'768;Q]n ( )

is a truncated hypergeometric series.
Now, using the following known sum of a truncated series (cf. Agarwal [1; app.

11.8]),
o [ a, B:q;q ] _ag, Bg; qln
2%1 -

afq g, 2B¢; q]n
s 0,5:] 0,5
. (1-ap) [a,ﬂ;poo - aﬂ;pn]
T A= o)1= B) Llp.aB;ple S p>[aﬁ,p;p]n
Thus, (1.6) leads to,
Lemma 2
(1—aB) <& o }
(1 -1 Z; {p,aﬁ] ! p)[aﬁpp Z% zwﬁpp
(2.4)
[, B; plp"

Next, setting u, = v, = 1 and 9§, = in Bailey’s transform we get

[v, aBp®/7; plr

(@, B plup" o {ap”,ﬂp”m;p;p}
[y, aBp?/v; pln ", aBpt )y

n:

Now, using the following summation due to Agarwal [2; p.79]

S Bl I e ] i e
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and letting N — oo we get, after simplification,

- (1—p/v)(1—aBp/y) [ [, B;pln [0, 5Pl }
" (L—ap/v)(1 = Bp/v) LIv/p.aBp/viple  [v/p,aBp/vVipleo ]|

Thus, (1.6) leads to,
Lemma 3

(1 —p/7){A —abp/7)
(1 —ap/v)(1 = Bp/v)

iﬂ { B:pln 2, 5 Pl }:iﬂn [ 5 "

’y/p,aﬁp/v Pl [V/paBp/vivle] = Iy aBp? /7Pl

The main aim of this paper is to establish certain expansions involving basic
hypergeometric functions in terms of similar functions. These results do not appear
to be established with the help of traditional methods. In order to establish our
main results we shall require the following known results in our analysis;

Sear’s transformation (cf. Gasper and Rahman [4;2.10.4, p.41])

5. | T habaaq
Y53 d e, abeq' " de

_ le/a, defbe; g, ¢ " a,dfb,d/c ¢ q (2.5)
e, de/abc;ql, * ° | d.de/bc,ag ™" /e '

and Watson’s transformation (cf. Gasper and Rahman [3;2.5.1, p. 35])

a,q\v/a, —q\/a,b,c,d, e, q"; q; a*q"? [bede
f —Va,aq/b,aq/c,aq/d, aq/e, ag"

_ lag, aq/de; gl q " d,e aq/bc;q;q (2.6)
lag/d, aq/e; q],, aq/b,aq/c,deq™"/a ‘
3. Main Transformations
In this section we establish our transformations,
Letting e — ¢~" in (2.5), we get
a,b,¢ ;9
e [ d,abcq/d ]n
_ lag, beq/d; gl q " a,dfb,dfe; g q (3.1)
[q, abcq/d; q),, d,aq,dq" [bc '
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Now, setting
la,b, c;qlrq"
lq,d, abeq/d; g,

ap =

we have

5 - laq, beq/d; q)n [ q " a,d/b,d/c;q;q } (3.2)

[q, abeq/d; ql,, d,aq,dq™" /bc

Now, Lemma 1 leads to,

o, | ©bca 2
372 d, abeq/d

o aq : a,d/b,d/c;beq/d; q;bezq/d, =
=(1-2) [ abeq/d : d,aq; — — — — — ; (3:3)
Next, putting the above values of a,, and 3, in Lemma 2, we get after some
simplification
(1= )1 = 8) < o, B; plulag, beg/d; glp™
(I—apB) < [p,aBp;plulg, abeq/d; qln

o ag"tt a,d/b,d/c: ap™, Bp"; q, p; bepg
d, aq, abcq”“/d . pn+1’ aﬁanrl

_ o Bine o [abaga] o | abeaBiapg
D, a5 ploo d,abeq/d d,abcq/d; p, af;

a,b,c;a, 3,q,p;pq
5% { d,abcq/d;p, of 1 (34)

Again, if we substitute the above values of «,, and 3, in Lemma 3, we get

(1 —ap/v)(1 = Bp/v) i lag, beg/d; gln|ev, B; plap”
(1 =p/7)(1 — aBp/y) = [, abeq/d; qlu ]y, aBp? /7; pln
o. | @ d/bdfc,aq™ ap”, Bp™;q, p, bepg
d,aq, abeq"** /d - yp" T, afp" [y

{a,b,C;a,B;q,p;q ]
d,abeq/d;y/p, aBp/vy

[a7ﬂ7p]oo a,b’c;q;q
[/, aBp/vi Pl ¢ [d,abcq/d } (3.5)
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Further, taking e = ag"*! in (2.6), we get

P a, Q\/_a —Q\/a, ba Cy d7 4q; GQ/de
o \/57 _\/67 CLQ/b7 CLQ/C7 GQ/d n

_ _lagdgdn o [ g " aq"*", d, aq/bc; i q } (3.6)
g, ag/d; q]nd” dq,aq/b,aq/c
Now, taking u, = v, = 1 and
. = [CL, Q\/a, _Q\/a, b? ¢, da Q]r(aq/de)r
' [Q7 \/aa _\/av CLQ/bv CLQ/Ca CLQ/d, Q]T
in Bailey’s transform we get,
lag, dg; ] [ ¢ " aq" ™, d,aq/bc; q; q }
_ ) y &y » 4y 3.7
= g ag)d: qlodr *® | dg.aq/v,aq/c (3.7)

With the above values of a,, and [3,,, Lemma 1 leads to the following interesting
transformation

— lag, dg; qln2" [ q¢ " aq™, d,aq/be; q; q }
1—2z Lt L LAY ()} ) » & » 4
( )nzzo 4, aq/d; ql,dm " | dg,aq/b,aq/c

- P a, q\/a, —q/a, b, ¢, d; q¢; azq/bed (3.8)
oo \/a’_\/a>GQ/b>GQ/07GQ/d ’

As d — oo, we get after some simplification
= lag; g )”qn("“)/ Lo | 4 ad T ag/beig;l
—2)) 52| 4g/b

a; qln aq/b, aq/c

n=0

- { a,qv/a, —qv/a,b, ¢; q; —azq/be ] (3.9)

Va,—/a,aq/b,ag/c;q
The 5P, on the right side is a well-poised while the 3®, under the summation
sign on the left is a Saalschiitzian.
With above value of a,, and the subsequent value of 3, given by (3.7) Lemma
3 leads to the following interesting transformation as d — oo,

n(n+1)/2

(1—ap/v)(L—pB/7) i aq; qlnla, B; plan(—pg)"q

(1—=p/v)(1 —app/v) %ozﬁp /7 Plnlq; qln 8

n=
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5@4laq ,aq" ™ :agq/be : ap™, Bp"; 4%, q, pip }
—————— tag/b,aq/c:yp", aBp" [y
[, B; ploolag, agq/bc; oo
[v/p, aBp/7; pleclagq/b, aq/c; qloo

+ 7¢6 |: CL,Q\/E, _Q\/E7 b7 C;Oé,ﬂ;q,p;—CLQ/bC :| (310)
Va,—+/a,aq/b,aq/e;v/p, aBp/v;q

If we put v = ap in (3.10), we get the following very important summation of
a well-poised abnormal series due to Sears [5; 9.1]

5(1)4 |: a, q\/_a _Q\/aa b7 G q; _GQ/bC :| — [G'Q? CZQ/bC; Q]oo (3 11)
Va, —/a,aq/b,aq/c;q [aq/b, aq/c; q)so '

If b,c — oo in the above, we get

- [CL, Q}n(l - q2n)qn(3n—1)/2<_a>n
2. (1 —a)lg; dln

= [aq; qloo (3.12)

n=0

As a — 11in (3.12), we get the following well known identity due to Euler,

LD (1+g)(=)"q" V2 = [g: gl (3.13)

4. Special Cases

In this section we shall deduce certain interesting special cases of our results
established in the last section

If we equate the coefficients of z" on both sides of (3.3), we get the following
transformation,

[d,aq,beq/d; g, * °| d.ag,dg™" [be

(1 =¢")(1 — abeg™/d) & ¢ " a,d/b,d/c;q;q (4.1)
(1 —aq")(1 —beqr/d) *° | d,aq,dg"™/be '

[a, b, ¢; qlng" o { q " a,d/bd/c;qq }

For c=d in (3.3), we get the following known result due to Denis et. al. [3;
(5.7), p. 63]

a,byq;2q | aq, bq; q; z
2@1 |: abq :| = (1 — Z) 2(1)1 |: Clbq :| (42)
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Again, for a=0 in (3.3) we get yet another well known transformation, due to
Euler,

. begz/d: gl .
2(1)1 |: [C)la ¢ q; 24 :| — [ CQZ‘/ Jq] 2(1)1 |i Eli/ba d/C, q; bCZ(]/d (43)
[2¢; Joo
Next, putting ¢ = 0,b = g and d = aq in (3.3), after some simplification, we get
9] r 00 [GQ'q]n+r2’n+r( q>r r(r+1)/2
(1-2)(1-a 4.4
;1 ) >n;0 ¢ dlvla; a)n (1 = aq”)? 44)

Further, if we set d — ¢ in (3.4), we get the following interesting transformation
involving bi-basic hypergeometric series with two un-connected bases p and q, after
some simplification

[, B; Ploolag, bg; 4]
[P, 3; Plsc[d, abg; gl

_ (=0 -b)(1-a)1=Flg o {ap,ﬁp:aq,bq;p,q;q}

(1 —abq)(1 —q)(1 —ap) aBp : ¢%, abg?
(1-a)(1-5) aq,bq : o, By q, pip
T-ap) ** { abq : p, afp } (4.5)

Now, equating the coefficients of 2™ on both sides of (3.8), we get

¢ " aq™, d, aq/be; ¢; q
dq,aq/b,aq/c

(1 —¢")(d—aq") [ ¢' ", aq",d, aq/bc; q; q }
(1-agm)(1—dgm) " dg,aq/b,aq/c
(1 =d)(1 = ag®™)[b, c; q)n(ag/be)" (4.6)

~ (L—=dg)(1 — aq™)[aq/b, aq/c; qn

A number of other interesting special cases can also be deduced similarly.
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