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Abstract: In this article, we generalized Darbo’s fixed point theorem and estab-
lish the existence of solutions of fractional hybrid differential equations. The proof
relies on Darbo’s fixed point theorem, and the solvability is investigated in the
tempered sequence space £5. An illustrative example is provided to verify the ap-
plicability of our results.
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1. Introduction

The concept of measure of noncompactness(MNC) was first proposed by Ku-
ratowski [16] in the year 1930. It proves to be an important tools in studying the
theory of fixed point, characterization of compact operators and its equations in
Banach spaces. Darbo [6] developed his famous fixed point theorem by using the
concept of measure of noncompactness which was actually a generalized version of
Schuader’s fixed point theorem [1]. Darbo’s fixed theoerem proves to be a crucial
tool in investigating the existence results of different class of integral and differen-
tial equations. Due to its widespread applications in the recent times it attracts
many researchers. Many authors generalized the Darbo’s fixed point theorem and
employed it to study the existence results of wide class of equations. The interplay
between fixed point theorems and the measure of noncompactness has been a cor-
nerstone in the study of fractional integral equations. Several papers have extended
Darbo’s theorem to accommodate the specific requirements of fractional integral
equations. For instance, [10] introduces a generalized version of Darbo’s theorem
that incorporates a new contraction operator, enabling the solution of nonlinear
fractional integral equations. Similarly, in the reference [11] the authors estab-
lished new fixed point theorems with a contractive condition based on the measure
of noncompactness, generalizing Darbo’s theorem and other results. In addition
to generalizing the Darbo’s fixed point, Mohiuddine et al. [17] investigated the
solvability of infinite system of integral equation in the tempered sequence space.
Das et al. [9] generalized the Darbo’s fixed point theorem and examined the exis-
tence result of infinite system of weighted fractional integral equations of a function
with regard to another function. Olszowy and Zajac [19] generalized Darbo and
Sadovskii type fixed point theorems and studied the existence result of Volterra
type integral equation. Recently, Haque et al. [15] generalized the Darbo’s fixed
point theorem and investigated the existence result of two variable fractional in-
tegral equation in the tempered sequence space c§ and £;. Bhujel and Hazarika
[4] examined the existence result of nonlinear integral equation of Fredholm type
satisfying the Holder condition via Darbo’s theorem. Das et al. [8] examined the
existence result of hybrid differential and fractional hybrid differential equations in
Banach space with the help of generalized Darbo’s fixed point theorem. Recently,
Mursaleen and Savas [18] constructed a new tempered space and solvability of in-
finite system of fractional differential equations involving p-laplacian operator was
studied via Darbo’s fixed point theorem.
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Inspired and motivated by [5, 12, 14, 21, 22], in the context of an MNC in
tempered sequence space. This paper is divided into five sections: The introduction
contain a brief history of the measure of noncompactness and a literature review
The second section covers some well known fixed point theorems which will be
used later in construction of new result. The third section presents the main
result, wherein a new Darbo-type fixed point theorem is constructed. The fourth
section discusses a brief history of fractional calculus and the solvability of hybrid
fractional differential equations has been studied. The conclusion summarizes the
main findings and suggests possible future research directions.

2. Preliminaries
Let us first get acquaint with the measure of noncompactness definition(see [2]).
Let (©,]| . ||) represents a Banach space.

e Mg represents the family of bounded and non-empty subset of © and g
denotes the subfamily of all relatively compact set of ©.

o If ¢ # (2 C O then the convex closure and closure of 2 will be denote by
Conf) and €2 respectively.

e R, =[0,+00), R = (—00,+00), N =set of natural number.

Definition 2.1. [2] In the space © a measure of noncompactness is a function
£: Mo — Ry satisfying all the below conditions:

(i) for all Q € Mo, £Q = 0 implies that Q € No.
(ii) ker £={Q € My : £(Q) =0} # ¢;
(iii) Q1 C Qy implies that £ (Q1) < £(Qy);
(i) £(Q1) = £(Qn);
(v) £ (conQr) = £ (Q1);
(vi) £(RQ1+ (1 — &) Q2) S RL(Q1) + (1 — &) £(Q2) for & € [0,1];
(vii) if Qn € Mo, Qn = Qa, Qar1 C Qa, for n € N and lim £ (Qp) = 0, then

n——400

+0o0
() Qx is nonempty.

n=1
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Definition 2.2. [2, 16] If D is a bounded subset of a metric space X, the Kura-
towski’s measure of noncompactness o (@) on ® is given as

a(@) =infle>0:DC Ui_)j, dz’am(@;) <egfor j=1,2,3,...,nn €N

i=1

Definition 2.3. [3] If © is a bounded subset a metric space X, the Hausdorff
measure of noncompactness x(D) on ® is given as

(D) = inf é>0:©CﬂA(we dc),w5€©,d5<é,1§j§ﬁ;ﬁeN

Here A(wj, dﬁ.) represents the open ball having w; as center and d; as radius.

Theorem 2.4. (Schauder [1]) A continuous mapping T :D — D possess at least

one fized point in © where ® is a bounded, nonempty, compact and convex subset
(BNCCS) of a Banach space ©.

Theorem 2.5. (Darbo [6]) Consider © is a BNCCS of a Banach space ©. A
continuous mapping T : D — ® has a fized point if a constant & € [0,1) exists and
satisfying the condition

£(TQ) < h£(Q), QCD.

3. Fixed Point Theorem
Here, we mentioned some definitions and results that will help us to prove the
main theorems.

A

Definition 3.1. Suppose T, is the collection of all functions m : Ry — [1,4+00)

which fulfill the condition lir}rl m(v,) = 1 implies that lilf v, = 0 for all v, €
n—-+0o0 n—-+0o0
R,.

Definition 3.2. [13] Let T; represents the set of all class of functions j : Ry xR, —
R, which satisfies all the following conditions
i) max{jy, po} < j(pa, po) for py, pra >0
it) j is continuous and non decreasing
i) j(p + v, po 4+ va) < J(pa, pe) + 5V, ve).
For example if j(p+ v) = p+ v then j € T;.

Theorem 3.3. IfB is a BNCCS of a Banach space © and a continuous function
T B — B fulfill the condition

~

m[j(£(TV), F(£TV))] < m{G(£V, F(£V)}F,
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where@#VC%,jEj},mG'f’m and 0 < k < 1 and f : R, — R, such that f
s a continuous function, and £ is an arbitrary MNC. Then T possess at least one
fixed point.

Proof. First we develop a sequence (V,) where V; =V and V,, 11 = Con('f'Vn) for
n>1. Then TV, =TV CV =V, Vo = Con(TV;) CV = V; and moving in the
same way we obtain V; DV, D V3 D ... OV 2 Va1 2 .

If there exist 7, € N such that £(V;,) = 0 then the theorem is proved. Let
£(V,) > 0 for all n € N, then the sequence {£V,} is a non negative, decreasing
and bounded below sequence.

Now

< [m{G(£O), FEV)NIF.

It is obvious from the above that as n — +oo, then m[j(£(TV,), F(£(TV,))] = 1.
Then by the definition of m we have

i (E0V), F(£V) =0
implies that
lim £(V,)=0= lm f(£(V,)).
n—-+00 n—-+o0o
Now V, D V,.1 and by the definition of £ we infer that V., = :z V, is
nonempty, closed and convex subset of V and also under T, V4 is invariant. So

applying Schauder’s theorem it brings to the conclusion that 7 possess at least one
fixed point in Vo, C V.

Corollary 3.4. Let T :B — B be an operator, m € '7'm, then T has at least one
fized point if

m[E£(TV) + F(E(TV))] = [m(£Y + f(£V))]".
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Proof. In Theorem 3.3 by putting j(p1, o) = 1 + po we obtain our required
result.

Corollary 3.5. Let T B — B be an operator, m € 7A’m, then T has at least one
fixed point if
L£(TV)+ f(E(TV)) = k(£V + f(£V)).

Proof. Putting m(t) = e’ in the Corollary 3.4 we obtain our required result.

Remark 3.6. Darbo’s theorem can be obtained by putting f(t) = 0 in Corollary
3.5.

4. Applications

Fractional calculus provides a powerful framework in modeling various problems
in the field of heat transfer, signal analysis, fluid mechanics and control theory.
Recently Das et al. [7] investigated the existence result of the system (4.1) in the
space m(#)? of tempered sequence. In our study we did not find much literature
related to the existence result of fractional hybrid differential equation in tempered
sequence spaces. Which motivate us to examined the existence result of system
(4.1) in the tempered sequence space (; with initial conditions by converting it
to integral equation (4.2). In this present study we will examine the solvability
of equation (4.1) in the tempered sequence space f; via Darbo’s theorem. The
tempered sequence space £, is a Banach space and was introduced in [20]. The
norm on the Banach space £ is define as

o0 1
p
5= (S atiur)’

n=1

I

where u = (u,) is a real(or complex) sequence. o = (a,) is non-increasing real
sequence which is fixed, a;,, > 0, for all n € N and p € [0,+00). The Hausdorft
Measure of noncompacteness x in the space £ is define as

1
ng(f)) = lim {Sup (Zaﬁuﬁp) ], D¢ Mg
n—oo uED ];>n

We shall now recall some of the basic definition of fractional calculus.
For a function h : R, — R, the order A Riemann-Liouville fractional integral is

expressed as
1

I°h(t) = m/0 (t —w)* th(w)dw,
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where A > 0, provided that the integral exists. The Riemann-Liouville fractional
derivative of order A can similarly be expressed as

where w = [A] + 1. I and D obeys the following relations for A, Ay > 0.
M2 () = M h(t), DMIM2h(t) = h(t).

Let us consider the infinite system of fractional hybrid differential equations with
initial conditions and involving Riemann-Liouville fractional differential operator
of order 0 < p <1

Dp[zn(ﬁ) - '§n(197 Zn(ﬁ))] = gn(197 Zn(19>>7 Ue [07 a]v (41)

with z,(99) = 0, where 2(¥) = (2,(9))52;, Gn,5n € C(I x R/R) and z,(V) €
C(I,R),n e N.

The equation (4.1) can be prove that it is equivalent to the infinite system of
nonlinear hybrid integral equations which is

2n(V0) = —5,(0,0) + 8, (0, 2, (9)) + ﬁ/ﬂ (9 — )P g (w, 2 (w))dw,  (4.2)
where n € N and 9 € 1.

4.1. Solvability in tempered sequence space (;
Let us consider the following assumptions

(T.1) The functions G,, are well defined as
Gn: I xC(I,06) =R, neN
and the operator G : C(I, () — C(I,£5) is defined as
(9, 2(9)) = (G2)(9) = (G (9, 2(9)))ncr
where

L
G (9, 2(80)) = 5n (0, 20 (9)) + —— / (9 — w)P LG (w, 20 (w))duw.
I'(q) Jo
Moreover for all points in the space C'([, £5) the family ((Gz)(1))yer is equicon-
tinuous.
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(T.2) S, gn : I x R are continuous. Also

18n(0, 20 ()P < My (9)|2,(9) P,

where m,,(¢) : I — R is continuous for all n € N such that the sequence
(m,(9)) is equibounded on the whole I and let

M= sup mu(V).

neNYel

Also
|9n(0, 20 (9))[P < an(0) + bn (9) |20 (D)7,
where the functions a, (9),b,(9) : I — R, such that ) a?|a,(9)| converges

n>1
uniformly on I = [0,9]. Moreover, we write

M= sup m,(9), AW)= Y aPa,(v), A=supA(¥),
B =

neNver n>1 Vel
sup b, (19).
neNYel
Moreover,
_ Barror
0 < 2PN + a < 1,where pp—p+1£0.

(pp —p+ 1)(T'(p))P

Theorem 4.1. The tempered sequence space Ly contains a solution for the equation
(4.1) if all the given above assumptions are fulfilled.
Proof. Consider the operator 7 : £ — £ define as

Then

I 7(2)

(T2)(0) = {(Ta2) () 125 = {Gu(0, 2(9)) 125

1 9
(To2)(0) = 500.2(0) + 7= / (0 — )P g (10, 20 ().

(Zap|Tzn )

w(P, 2, (9)) —i—ﬁ/o (9 — w)P g (w, 2n(w))dw

< 2pZaﬁ\§n(ﬂ,zn(0>>\p +27)

n>1 n>1

e | 09— ) 0, 2 (0o

p
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P P(m Pl p M ol ! —w)PP7Pla (w. z. (w)|Pdw
<2 S atlm Ol + s S [0 = e )

WP~ 1op9pp—p+1

< PMP || 2z, () |5, + AP gn(w, zp(w)[?
|| ( )pr (pp_p_l_l)(l—x(p))p; | ( ( )|

<P | n0) g+ > alaa(d) + ba)lan )

. » AﬁPPQP - BQQPPQP » »
<M\ %0 I + o Do T o= s DT ;an\zn(ﬁﬂ
piT? [ 5 () |12 Agreor By v

= EMN O+ G =Ty o= sy |

AYprop ( _ ByYrrop >
_ + (2o hr? + zn(9) |7, -
o= p+ DI wo—prnay) O
This suggests that the operator T is bounded for all p > 1. Also (7,2)(0) = 0
which implies that (7,z)(J) satisfies the initial condition.
Now if we take the set @ C £}, where @ is define as
Q={z¢ by Az |I< )

Then the set () is bounded, closed and convex. Also the constant r satisfies the
condition

AYrrop ( _ Byprrop >
+ | 2PMP + 2 (0) |Pa< rP.
o0+ D) oo+ gy ) |0
By assumption (T.1) we conclude that 7 is continuous and bounded operator on
C(I,65).

Now

ng(jd(Q)) = lim sup <2p]\_4p2a£]zk(19)\p

n—00
Z€Q k>n

1917/7210 » P
Tor—p DI ,@Zn Al o) )>
. D TP Pl P By all|z P
<l sup (23507 S o0 + g Sl

k>n k>n

< (2304 ey s (S etk on)

k>n
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BﬂPPQP
(pp —p+1)(T(p))?

= (QPMP‘F )Xﬁg(@)-

This implies that
BﬁpPQP
(pp —p+ 1)(T(p))”

XC(1,65) (T(Q)) < (QPMP—F )XC(I,eg)(Q)-

Le., Xoem)(T(Q)) < (QPMP + %) Xo(re)(Q).
Since 2PMP + —Ba2" 1 and T fulfill all the assumptions of Theorem

(p—p+1)(T(p))?
2.5, which implies that 7T has a solution in . Consequently there exists a solution

for (4.1) in C(I,45).
Example 4.2. Let us consider the following numerical problem

eV 2, (V) U sin(nd) 2p(9) In(1 4 9)
5+ n? ] TR (4+0)22

D' W _ (4.3)

>n
where z,(0) = 0.

Here §, (9, 2,(9)) = esi"n(f ,Gn (0, 2,(0)) = ﬂsm(mg + ZZ"(QJrgl(gl;rﬂ ,neN e

I =10,1]. We have

|30 (0, 20 (9))] =

IN

EACHIE

This gives
9 2

|§n(19’zn(79))|2 < |Zn(19)|2

and

190 (9, 2, (9))] = "981“_(”’9) 4 Zzn(ﬁ) In(1 +9) ‘

n? (4 +0)22

i>n

¥ sin(nd) ‘2 49

Zzn(ﬁ) In(1 + ) |?

o~ (4+0)%?
2 2 2.4

< 29F | [In(1+0)F (D)7

= b 288

L a0, (@) < 2\

n3
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e?

Here m,(v¥) = E—

W implies that B =

= 288 :
Therefore 22 MP + 28y = 2%(.02718)% 4 0.86472 =~ 0.86767.

Thus the system (4.3) satisfies all the hypothesis of Theorem 4.1. Thus we conclude
that there exist a solution for system (4.3) in the space C(Z, (5).

therefore we have M = .02718, a,(J) = 297 b,(¥) =

n6

| In(2)|?7*

5. Conclusion

This study discussed many further modified Darbo-type fixed point findings for
the concept of a family of contraction operators applying various control functions
in Banach spaces. The measure of noncompactness has proven to be an indis-
pensable tool in the study of fractional hybrid differential equations in tempered
sequence spaces. Using the Darbo-type fixed point theorems, we could establish
solutions under various conditions, significantly advancing our understanding of
these fractional hybrid differential equations.
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