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Abstract: In this paper, we introduce the notion of an equivalence graph based
on equivalence relation defined on a group. Furthermore, restricting ourselves to
conjugacy relation, a special type of equivalence graph called a conjugacy graph is
also defined. In addition, a graph theoretical expression for the class equation is
established followed by related results.
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1. Introduction

Recall that a group G is a set together with a binary operation % defined on
it such that it satisfies closure property, associativity, the existence of an identity
element, and the existence of the inverse. In order to avoid ambiguity we denote
the identity element of the group by ig. The order of a group, denoted by o(G), is
the total number of elements present in the group. Let H be a non-empty subset
of G. Then, for any a € G, the set aH = {ah : h € H} is called a left coset of H in
G and the set Ha = {ha : h € H} is called a right coset of H in G. The center of
a group G, denoted by Z(G), is the set of elements in G that commute with every
element in G. The normalizer of an element a € G, denoted by N(a), is the set of
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those elements in the group G that commute with a. For terms and definitions in
group theory, we refer to [13, 16].

A graph is a discrete structure consisting of vertices and edges, which can be
used to represent any binary relation. For the terminology in graph theory, we
refer to [21]. In this discussion, we denote a group by G and the corresponding
graph by I'¢. The graph may be denoted by I' if the context is clear.

For a graph T', its subgraph I" is said to be an induced subgraph if I is a graph
such that V(I") C V(I") and E(I") is the set of all edges in I" whose end vertices
are in I'". A singleton component of a graph is a component of the graph consisting
of exactly one vertex in it. A non-singleton component of a graph is a component
consisting of two or more vertices in it.

The terms like isomorphism, homomorphism and automorphism are not re-
stricted to algebraic structures but to graphs as well. This ignites an intuitive
thought that there can be a relation between graphs and algebraic structures as
both of them are structure-oriented concepts.

Many graphs like Cayley graphs, circulant graphs, transitive graphs, etc. (see
[12]) lay the foundation for algebraic graph theory as a separate field of study. An
insight into other such studies includes graphs associated with conjugacy classes
of groups (see [6-17, 17, 19, 20]), inverse graphs on finite groups (see [23]), non-
commuting graphs (see [1]), order sum graphs (see [5]), prime graphs (see [22]),
non-inverse graphs (see [4]) and the list keeps on increasing. The approach in these
studies gives a beautiful structural insight into the constructed graphs and a de-
tailed study of different parameters of coloring, domination, connectivity and many
other structural aspects related to the constructed graph. The spectral analysis of
some algebraic graphs can be viewed in [2, 3, 14, 15, 18|.

2. Equivalence Graphs of Groups

Recall that an equivalence relation defined on a set A is a relation that is
reflexive, symmetric and transitive. Based on an equivalence relation defined on a
group G, the notion of an equivalence graph is defined as follows:

Definition 2.1. Let (G,x*) be a finite group with an equivalence relation R defined
on G. The equivalence graph of G, denoted by 7(G), with respect to R is the graph
such that

(1) V(x(G)) =G.
(i) For u,v € V(n(G)), uwv € E(n(G)) if and only if uxv € R.

The following theorem is a generalisation for partitioning the vertices of an
equivalence graph in terms of cliques.
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Theorem 2.2. Let R be an equivalence relation defined on a group G and & be the
collection of equivalence classes &; of G with respect to R. Then, the equivalence
graph m(QG) is a disjoint union of cliques.

Proof. Consider an equivalence class &; of G with respect to the relation R.
Because of the symmetry of R, any two elements in &; are related to each other,
implying any two elements belonging to &; are adjacent to each other. Thus,
each & of G induces a clique, say Q(&;) in 7(G). Moreover, R partitions G into
mutually disjoint equivalence classes, the corresponding partition makes 7(G) a
disjoint union of corresponding cliques. Thus, V(7n(G)) = | V(Q(&;)). This

&eé

completes the proof.

It is to be noted that any arbitrary vertex belonging to a particular component
can be treated as a representative vertex of that component. The following theorem
provides an alternate graph theoretical proof for Lagrange’s theorem.

Theorem 2.3. [Lagrange’s Theorem| Let (G,*) be a finite group and (H,*) be a
subgroup of G. Then, o(H)|o(G).
Proof. Let ~p denote the equivalence relation on G such that a ~g b if and only
if a='v € H, where a,b € G. Let Gy = {a1H,a2H, ...,a,H : a; € G} denote the
set of all distinct left cosets of H in G.

Let C(G) be a graph defined as follows:

(i) V(C(G)) =G.
(ii) For g,h € V(C(Q)), gh € E(C(G)) if and only if ,g ~5 h in G.

By Theorem 2.2, each equivalence class a;H in G induces a clique, say (a;H) in
C(G), and C(G) is a disjoint union of cliques (a; H). Hence, for 1 < i # j <n,{(a;H)
and (a;H) are disjoint components in C(G).

Since, a;H induces a clique and |a;H| = |H| for any i, we have |[(V(a;H))| =
(V(a;H))| = |(V(H))| and hence C(G) is a regular graph.

Therefore, [V(C(G)| = | U  V{aH))| = > U [(V(aH))| =

a; €C(G),i€[n] a; €C(G)i€[n]

q|(V(H))|, where n = o(G) = |V(C(G))|. Therefore, as ¢ is an integer, we have
(V((H))| divides |V (C(G))|. By the definition of C(G), V(C(G)) = G and (H)
corresponds to the subgroup H in G. Thus, the result holds true for group (G, *)
with its subgroup (H, ). That is, o(H) divides o(G).

The following corollary is an immediate consequence of Theorem 2.3 as the
elements in the vertex set of the graph is same as that of the group and the
elements in the vertex set of the subgraph is same as that in the subgroup.
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Corollary 2.4. Let T'g be a graph with V(I'q) = G and H' be its subgraph with
V(H') = H, then |V(H'")| divides |V (I'¢)|.
3. Graphs on Conjugacy Classes of Finite Groups

Let G be a finite group and a,b € G. Then, b is said to be conjugate of a if
there exists an element ¢ € G such that b = ¢ !ac and it is denoted by b ~ a. The
relation ‘~’ is termed as conjugacy relation. For an element a in the group G, the
conjugate class of a is denoted by C(a) and defined as C(a) = {b€ G :b~a}. It
can be observed that the conjugacy relation is an equivalence relation.

Owing to the concepts of conjugacy relation and conjugate classes defined on
a finite group, a new class of algebraic graphs, namely conjugacy graph, is defined
as follows:

Definition 3.1. Let (G, *) be a finite group with the conjugacy relation R defined
on G. The conjugacy graph of G, denoted by T'(G), with respect to R is the graph
such that

(1) V(I'(G)) = G.
(ii) For a,b e V(I'(Q)), ab € E(I'(Q)) if and only if a ~ b.

Theorem 3.2. [Structure Theorem| The following results hold true for the conju-
gacy graph I' of a finite group G.

(i) The vertex ig is always an isolated verter contributing to a singleton compo-
nent in I

(i1) T is a disconnected graph with C(a) being its component, where a is a repre-
sentative vertex from each component.

(i1i) Let F be the family of disjoint conjugate classes in the group G. Then,
V)= U V(C(a;)), where a; is a representative vertex of the component

Cla;)EZF
C’(al)
(iv) Each component induced by C(a) is a clique with |C(a)| vertices in it.
(v) Let d(a) denote the degree of a € V(I') in C(a), then d(a) + 1 = |C(a)|.

(vi) The elements belonging to the center of a group Z(G) are isolated vertices in
[. Hence elements of Z(G) always result in singleton components in I.
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Proof. For any group G with identity element ig, C(ig) = {i¢}. Thus, C(ig)
induces singleton component in I'. In other words, i is always an isolated vertex
in I'. Since ~ is an equivalence relation, it will result in a partition of elements.
This implies that any two conjugate classes in the group G are either identical or
disjoint and also we have i¢ to be an isolated vertex. Thus, I' has at least two
components.

Since the disjoint conjugate classes form a partition of the elements, they will
also induce distinct components and partition of the vertices in I'. Therefore, V(I)
is a disjoint union of vertices of components C(a).Consider a conjugate class of an
element a. All the elements in C'(a) are conjugate to each other implying that they
are adjacent to each other in the component induced by C'(a) in I'. Thus, inducing
a clique with its order equal to the order of C(a).

Let d(a) denote the degree of the representative vertex a in the component in-
duced by C(a). Since C(a) induces a complete graph, d(a) counts all the elements
of C(a) except a. Therefore, d(a) + 1 = |C(a)|. The center Z(G) consists of all
the elements that commute with every element in G. If x € Z(G), then ¢ lzc =z
for any ¢ € G, implying that C(x) = {z}. Hence, conjugate class of elements
belonging to Z(G) always induce singleton components in I" and thus are always
isolated vertices in I', completing the proof.

Theorem 3.3. [Class Equation for graph] For any conjugacy graph I of a group
G, V()| = (+ > (d(a) + 1), where summation runs over one repre-
aeC(a), |C(a)|>1

sentative vertex a from each non-singleton component and { denotes the number of
i1solated vertices in I
Proof. By Theorem 3.2, we know that I' is a disconnected graph consisting of
singleton components and non-singleton components. Hence, counting all the ver-
tices in the components would give us the order of the graph. Let ¢ denote the
total number of distinct singleton components in I'. The number of vertices in each
non-singleton component is d(a)+ 1, where a is a representative vertex chosen from
each non-singleton component. Thus, > (d(a) + 1) gives the total num-

acC(a), |C(a)|>1
ber of vertices in non-singleton componer(lt)s |in( I)“ Summing up the total number
of vertices in singleton and non-singleton components gives us the order the graph
I'. Therefore, |V(T')| = ¢+ > (d(a) +1).

aeC(a), |C(a)|>1

Proposition 3.4. The size of I is given by m(I") = ;( )w, where the
acC(a

sum runs over one representative vertex a from each component.

Proof. Consider the conjugacy graph I', the singleton components are edgeless
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and hence do not contribute any edge. By Theorem 3.2, we have that the non-
singleton components are complete graphs and we known that, |E(K,)| = @
Also, we can have more than one non-singleton component each of order d(a) + 1.
Thus, the total number of edges in each non-singleton component is equal to
w. Summing up all the edges from each non-singleton component, we

get m(I') = 3 (d(a)+21)d(a)_
aeC(a)

Figure 1: Conjugacy graph of symmetric group Sy

4. Applications of Structure Theorem

Theorem 4.1. [16] If o(G) = p™, where p is a prime number, then the center Z(G)
has at least one non-identity element in it.

Theorem 4.2. For a conjugacy graph T of a group G, if |V(T')| = p", then { > 2,
where ¢ denotes the number of isolated vertices in I.

Proof. Consider the class equation |V(I')] = ¢+ > (d(a) + 1), where
aeC(a),|C(a)|>1
summation runs over one arbitrary representative vertex a from each non-singleton
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component, where ¢ denotes the number of isolated vertices in I'. By the hypothesis,
we have |V(I')| = p”, where p is a prime number. We need to prove that ¢ > 2.
Further, it suffices to prove that p| (V([') — >  (d(a) + 1)). We know that,
a€C(a)
|G| = |C(a)| |N(a)|, this implies that |(,|‘((;a|)\ = |N(a)|. Since |N(a)| is an integer,
|C(a)| must divide |G| = p". Thus, |C(a)] = p*, where k is a positive integer
and k < n. By Theorem 3.2, we have |C(a)| = d(a) + 1 = p*. This implies
that > (d(a) + 1) = kip*, where k; is some positive integer. Thus, we have
a€C(a)

p" = {+ kyp¥, implying (p" — kip*) = £. Considering the term (p" — k,p¥) we have,
p | p" and p | p* which implies p | k1p*. Therefore p | (p" — kip*). Thus, p must
divide ¢. Hence, ¢ > 2.

Recall the following result, which is a consequence of Theorem 4.1.

Corollary 4.3. [16] If o(G) = p?, where p is a prime number, then G is Abelian.

In view of the result mentioned above, we have the following result.

Theorem 4.4. For a conjugacy graph T, if |V(T)| = p?, where p is a prime
number, then ¢ = V(I'), where ¢ denotes the number of isolated vertices in I.
Proof. Let H = Cf(a) denote the component corresponding to the conjugate
class of @ in the graph I' = I'(Gy). Consider the class equation |V(I'(Gg))| =
¢+ > (d(a) +1). By Theorem 3.2, we have that ¢ = |Z(G)|, where Z(G) is the
aeC(a)
center of the group G. By Corollary 2.4, £ = |Z(G)| must divide |V (['(Gy))| = p*.
Therefore, ¢ = |Z(G)| must be either 1 or p or p®. Now, since each non-singleton
component H also induces a subgraph in I'(Gg), |H| = d(a) + 1 must divide
\V(T(Gy))| = p*. Therefore, d(a) + 1 must be 1 or p or p*.
Case 1: Let d(a) +1 = 1. This implies d(a) = 0, and thus all the vertices in
['(Gy) are isolated vertices. Therefore, £ = |V (I'(Gy))|. The case becomes trivial.
Case 2: Let d(a) + 1 = p?. This implies that d(a) + 1 = |[V(I'(Gg))|. Thus, £ =0
is a contradiction to Theorem 4.2. Hence, this case is not possible.
Case 3: Let d(a)+1 = p. Let us consider a vertex a such that a is not an isolated
vertex in I'(Gy). This implies that a ¢ Z(G). We also have Z(G) C N(a) C G
as a ¢ Z(G), where N(a) is a normalizer of an element a € G. Now, in the
graph I'(Gy), Z(G) induces a proper subgraph of the subgraph induced by N(a)
in I'(Gy). Thus, by the corollary of Theorem 2.3, ¢ = | Z(G)| must divide |V (N (a).
Hence, |V (N(a))| is either p or p?, but since a is not an isolated vertex, |V (N (a))]
must be greater than /(= p). Moreover, we have, |G| = |C(a)||N(a)|; that is,

V(T(Gr))| = [V(C(a))| [V(N(a))|. Thus, we have [ = [V/(N(a))|, which
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is ﬁil = |[V(N(a))|. Hence, d(a) + 1 = p is not possible. This completes the
proof.
5. Conclusion

In this paper, we have defined a particular graph called the equivalence graph
derived from groups using the terminology of equivalence relation. We have also
constructed the conjugacy graphs as a special case of equivalence graphs based on
conjugacy relation and related observations. Further, we have also given graph
theoretical expression and proof for class equation and related results. As a further
scope of the study, the isomorphism of introduced graphs with any existing graphs
can be investigated. Representing the graphs introduced in the paper as inter-
section graphs and related study in structural aspects would be promising. The
applications of the class equation in group theory can be investigated in graph-
theoretical aspects.

Acknowledgement

The authors of the paper acknowledge the critical comments and suggestions
given by the anonymous referees which improved the quality of the paper in a
significant manner.

References

[1] Abdollahi A., Akbari S., and Maimani H. R., Non-commuting graph of a
group, J. Algebra, 298(2) (2006), 468-492.

[2] Abdullah M., Gebremichel B., Hayat S., and Koolen J. H., Distanceregular
graphs with a few g-distance eigenvalues. Discrete Math., 347(5) (2024),
113926.

[3] Abiad A., Brimkov B., Hayat S., Khramova A. P., and Koolen J. H., Ex-
tending a conjecture of graham and lov asz on the distance characteristic
polynomial, Linear Algebra Appl., 693 (2024), 63-82.

[4] Amreen J. and Naduvath S., On the non-inverse graph of a group, Discuss.
Math. - Gen. Algebra Appl., 42(2) (2022), 315-325.

[5] Amreen J. and Naduvath S., Order sum graph of a group, Baghdad Sci. J.,
(2022), 0181-0181.

[6] Beltr’an A., Felipe M. J., and Melchor C., Graphs associated to conjugacy
classes of normal subgroups in finite groups, J. Algebra, 443 (2015), 335-348.



A Study On Conjugacy Graphs 9

[7]

8]

[10]

[11]

[13]

[14]

[15]

[16]
[17]

Bertram E. A.] Herzog M., and Mann A., On a graph related to conjugacy
classes of groups, Bull. London Math. Soc., 22(6) (1990), 569-575.

Bianchi M., Herzog M., Pacifici E., and Saffirio G., On the regularity of a
graph related to conjugacy classes of groups, Eur. J. Comb, 33(7) (2012),
1402-1407.

Cameron P. J., Jannat F. E., Nath R. K., and Sharafdini R., A survey on
conjugacy class graphs of groups, Expo. Math., 42(4) (2024), 125585.

Chillag D. and Herzog M., On the length of the conjugacy classes of finite
groups, J. Algebra, 131(1) (1990), 110-125.

Chillag D., Herzog M., and Mann A., On the diameter of a graph related to
conjugacy classes of groups, Bull. London Math. Soc., 25(3) (1993), 255-262.

David C. and Royle G. F., Algebraic graph theory, Vol. 207. Springer Science
& Business Media, 2001.

Gallian J. A., Contemporary abstract algebra, Chapman and Hall/CRC,
2021.

Hayat S., Hosamani S. M., Khan A., Hutagi R. L., Mujumdar U. S.,; Alenazi
M. J., and Darussalam B., A novel edge-weighted matrix of a graph and
its spectral properties with potential applications, AIMS Math., 9(9) (2024),
24955-24976.

Hayat S., Khan A., and Alenazi M. J., On some distance spectral character-
istics of trees, Axioms, 13(8) (2024), 494.

Herstein I. N., Topics in algebra. John Wiley & Sons, 2006.

Khoshnevis D. and Mostaghim Z., Some properties of graph related to con-
jugacy classes of special linear group sls(f), Math. Sci. Lett., 4(2) (2015),
153.

Koolen J. H., Abdullah M., Gebremichel B., and Hayat S., Distanceregular
graphs with exactly one positive g-distance eigenvalue, Linear Algebra Appl.,
689 (2024), 230-246.

Rahman A. A., Fong W. H., and Hamid M. H. A., The conjugacy classes
and conjugacy class graphs of point groups of order at most 8, In AIP Conf.
Proc., Vol. 1974 (2018), 030007, 1-7.



10 South FEast Asian J. of Mathematics and Mathematical Sciences

[20] Robati S. M., On a graph related to subgroups generated by a conjugacy
class in finite groups, Algebra Colloq., 27(02) (2020), 193-198.

[21] West D. B., Introduction to graph theory, volume 2. Prentice Hall Upper
Saddle River, 2001.

[22] Williams J. S., The prime graph components of finite groups, In The Santa
Cruz Conference on Finite Groups (Univ California, Santa Cruz, Calif, 1979),
Proc Sympos Pure Math, Vol. 37 (1981), 195-196.

(23] Zakariya Y. F., Inverse graphs associated with finite groups, PhD thesis, King
Fahd University of Petroleum and Minerals (Saudi Arabia), 2015.



