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Abstract: The purpose of this paper is to extend the study of NW g#-closed
and NW g#-open sets using properties of sets. Also introduce the notion of Nano
Weakly g# — (NW g#) irresolute functions and Nano Weakly g# — (NW g#) home-
omorphisms in Nano topological spaces and studied some of their basic character-
izations. Also define the new sets such as NWg# kernel and NW g# surface by
using NW g#- open sets and NWg# - closed sets. The basic characterizations
with nano interior and nano closure are discussed. Also Nano infimum and Nano
supremum of sets are introduced using greatest lower bound and least upper bound
properties.
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1. Introduction

The topological spaces have many applications for different types of sets like
fuzzy sets, nano sets, permutation sets and soft sets. In 2013 Lellis Thivagar. M
and Carmel Richard [7] established Nano topology and introduced Nano continu-
ity, Nano irresolute, Nano open mappings and Nano homeomorphism. The term
irresoluteness was introduced by Crossley S.G and Hildebrand S.K [3] in 1972.
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Sulochanadevi. P and Bhuvaneswari. K [9] introduced nano regular generalized
irresolute maps in nano topological spaces. In 2016 Bhuvaneswari. K and Ezhi-
larasi. A [2] revealed the idea of nano semi generalized homeomorphisms in nano
topological spaces.

This research introduce some terminologies of the sets called NW g# kernel and
NW g# surface of the sets using NW g# - open sets and NW g# - closed sets in
Nano topological spaces. Nano infimum and Nano supremum of sets are introduced
based on the set inclusion principles and are defined using the concepts of greatest
lower bound and least upper bound properties. The Nano Hasse diagram for the
NW g#- closed sets and NW g#- open sets have been constructed by utilizing the
set inclusion principles and examining the distinctive features of the new sets. The
NW g# - irresolute functions and NW g#- homeomorphism in nano topological
spaces are introduced and investigate their relationship with other existing Nano
homeomorphisms.

Symbols Abbreviations
NW g# - closed (open) | Nano Weakly g# - closed set (open set)
NW g#ker(A) Nano Weakly g# kernel of a set A
NW g#surf(A) Nano Weakly g# surface of a set A
NWg#inf(A) Nano Weakly g# infimum of a set A
NW g#sup(A) Nano Weakly g# supremum of a set A

2. Preliminaries

Definition 2.1. [7] Let U be a non-empty finite set of objects called the universe
and R be an equivalence relation on U named as indiscernibility relation. Elements
belonging to the same equivalence class are said to be indiscernible with one another.
The pair (U, R) is said to be approximation space. Let X C U.
1. The Lower approximation of X with respect to R is the set of all objects which
can be for certain classified as X with respect to R and it is denoted by Lr(X).
That is
Lp(X) = | J{R(z) : R(z) C X},
zeU

where R(X) denotes the equivalence class determined by X.
2. The Upper approzimation of X with respect to R is the set of all objects which
can be possibly classified as X with respect to R and it is denoted by Ur(X). That
8

Un(X) = |J{R@) : R@) N X # ¢},

zeU
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3. The boundary region of X with respect to R is the set of all objects which can be

classified neither as X nor as not X with respect to R and it is denoted by Br(X).
Br(X) = Ur(X) — Lr(X).

Example 2.2. Let U = {a,b,c,d},U/R = {{a},{c},{b,d}} let X = {a,d} C U.

Now

U | R(z) = U/R | Lp(X) =

R(z) CX | Up(X) = R(z)N X # ¢
{a} {a} A

A
A
A

{b} {b, d}
{c} {c}
{dt | {bd}

From the above table,
1. The Lower approximation of X with respect to R is Lr(X) = {a}.
2. The Upper approximation of X with respect to R is Ur(X) = {a,b,d}.
3. The boundary region of X with respect to R is Br(X) = {b,d}.

Definition 2.3. [7] Let U be the universe, R be an equivalence relation on U and
TrR(X) ={U,®, Lr(X),Ur(X), Br(X)} where X C U.

Then Tr(X) satisfies the following axioms:

1. U and ¢ € tp(X),

2. The union of elements of any subcollection of Tr(X) is in Tr(X).

3. The intersection of the elements of any finite subcollection of Tr(X) is in Tr(X).
Tr(X) is a topology on U called the Nano topology on U with respect to X. We call
(U, (X)) is the Nano Topological Space.

Example 2.4. From example 2.2 The Nano topology on U with respect to X is
Tr(X) =A{U, ®,{a},{a,b,d}, {b,d}}.

Definition 2.5. [7] (U, (X)) is a Nano Topological Space with respect to X and
if AC U, then

e The Nano interior of A is defined as the union of all nano open subsets of A
and it is denoted by Nint(A), which is the largest nano open subset of A.

e The Nano closure of A is defined as the intersection of all nano closed sets
containing A and it is denoted by Ncl(A), which is the smallest nano closed
set containing A.

Definition 2.6. [7] Let (U, 7r(X)) and (V, 75 (Y')) be two Nano Topological Spaces.
A function f: (U, Tr(X)) = (V.7 (Y)) is Nano continuous if the inverse image
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of every Nano open set in (V, 7 (Y)) is Nano open in (U, Tr(X)).

Definition 2.7. [5] Let (U, 7r(X)) and (V, 75 (Y')) be two Nano Topological Spaces.
A function f: (U, mr(X)) = (V.75 (Y)) is Nano Weakly g#- continuous (NW g#
- continuous) if the inverse image of every nano open set in (V, 7 (Y)) is NWq#-
open in (U, 7r(X)).

Definition 2.8. [7] Let (U, 7r(X)) be a Nano Topological Space and A C U. The
set Nano kernel of A is defined by Nker(A) = ({U : A C U, U € tr(X)}. It is
denoted by Nker(A).

Definition 2.9. [6] A relation R on a set A is called a partially ordered set or
poset if the relation R is reflexive, antisymmetric and transitive.

Definition 2.10. [6] A simplified form of the digraph of a partial ordering rela-
tion on a finite set that contains the information of the relation is called a Hasse
diagram.

Definition 2.11. [6] Let A be subset of a partially ordered set (P, <) and if y is

an element of P such that a <y for all elements a € A, then y is called an upper
bound of A.

Definition 2.12. [6] Let A be subset of a partially ordered set (P, <) and if x is
an element of P such that x < a for all elements a € A, then x is called the lower
bound of A.

Definition 2.13. [6] The element [ is called the least upper bound (LUB) or Supre-
mum of the subset A of a poset (P, <) if l is an upper bound that is less than every
other upper bound of A.

Definition 2.14. [6] The element g is called the greatest lower bound (GLB) or
Infimum of the subset A of a poset (P, <) if g is a lower bound that is greater than
every other Lower bound of A.

Definition 2.15. [5] A Nano Topological Space (U, Tr(X)) is NW g# - compact if
every NW g# open cover of (U, Tr(X)) has a finite sub cover.

Definition 2.16. [5] A Nano Topological Space (U, (X)) is NW g# - connected
if 1t cannot be expressed as the disjoint union of two nonempty NW g#- open sets.

3. Nano Weakly g# Kernel and Nano Weakly ¢g# Surface of a set
In this section we define and study the properties of Nano Weakly g# kernel
and Nano Weakly g# surface of a set in Nano Topological Spaces.

Definition 3.1. Let (U, 7r(X)) be a nano topological space and A C U. The Nano
hasse diagram of the nano topological space is a digraph that contains the relation
between its nano subsets.
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Example 3.2. Let U = {a,b,¢,d} with U/R = {{a},{b},{c,d}} and X =
{a,c} then the Nano topology 7r(X) = {U, ¢,{a},{c,d},{a,c,d}} and 75(X)
{U,¢,{b,c.d} {a,b}, {b}}.
NW g# - open sets are {U, ¢, {a}, {d}, {c}, {c,d},{a,d},{a,c},{a,c,d}, {a,b,d}, {a,b,c}}.
NW g# - closed sets are {U, ¢, {b}, {c},{d}, {a,b},{b,c}, {b,d},{a,b,c},{a,b,d}, {b,c,d}}.
Nano Hasse Diagram of NW g# - closed sets and NW g# - open sets

u U
a,,c/ bcd xb d} fabc f{a c::’kb, d}
! ‘\< Nﬂ f /' t T
{a E)" b ¢} {b, d} {a, C} {c, d} {a, d}

A /T/ > f ‘\/I -Vl
{b} {c} {d} a) f’c) {d}
{®} {®}
Figure 3.7 Figure 3.2

Definition 3.3. Let (U, mr(X)) be a nano topological space. The set NW g# kernel
of A is defined as the intersection of all NW g# - open sets of U containing A and
it is denoted by NW g#ker(A). NWg#ker(A) = ({B| AC B: B is NWg# —
open}.

Definition 3.4. Let (U, Tr(X)) be a Nano topological space. The set NW g#
surface of A is defined as the union of all NW g#- closed sets of U contained in A
and it is denoted by NW g#sur f(A).

NWg#surf(A) =U{B | B C A; B is NWg# closed}.

From Figure 3.1, NW g#surf(b) = {b} U{¢} = {b}.
From Figure 3.2, NW g#ker(c) = {c}.

NW g#surf(a) = {¢}. NW g#ker(a,d) = {a,d}.
NW g#surf(c) = {c}. NW g#ker(b,c,d) = U.
NW g#surf(a,b,c) = {a,b,c}. NW g#ker(b) =U.
NW g#surf(a,b) = {a,b}. NW g#ker(a,b,d) = {a,b,d}.
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Remark 3.5. The NWg#ker(A) is the smallest NW g# open set that contains
A and the set NW g#sur f(A) is the largest NW g#- closed subset of A.

Remark 3.6. The subsets which are not in the hasse diagram have NW g#sur f
as {¢} and NW g#ker as U.

Theorem 3.7. Let A and B be the subsets of (U, 7r(X)) then

(i) NWg#ker(U) =U and NW g#ker(¢) = ¢

(ii) A C NW g#ker(A)

(iii) If A C B, B is NWg# open set then NW g#ker(A) C B

(i) If A C B then NW g#ker(A) C NW g#ker(B)

Proof. (i) Since U is the only NW g# - open set containing U, NW g#ker(U) = U.
Also ¢ is the only NW g#- open set containing ¢. Hence NW g#ker(¢) = ¢.

(ii) From definition 3.3 the proof is obvious.

(iii) Assume that A C B, B is NWg# - open. NWg#ker(A) = N{B : B is
NW g#— open and A C B}. Also NWg#ker(A) C {NWg# — openset D A.} In
particular, the set B. Hence NW g#ker(A) C B.

(iv)Let A C B then by definition 3.3. NWg#ker(B) = N{H : H isNW g# - open
and B C H}. Now H is NWg# - open and B C H, by (iii)) NWg#ker(B) C H.
Since A C B, A C B C H, which is NW g#- open set = NWg#ker(A) C H.
Also NWg#ker(A) CN{H : H is NWg#- open and B C H} = NW g#ker(B).
Hence NWg#ker(A) C NW g#ker(B).

Theorem 3.8. If a subset A of (U, Tr(X)) is NW g#- open then NW g#ker(A) =
A but not conversely.

Proof. Let A be a NW g#-open subset of U. By Theorem 3.7, A C NW g#ker(A).
Also A is NWg#- open set contained in A which implies NW g#ker(A) C A.
Hence NW g#ker(A) = A. The converse of the above theorem is not true as seen
from the following example.

Example 3.9. In example 3.2 Let A = {a,b} then NWg#ker({a,b}) = {a,b}
but {a,b} is not NW g#- open set in U.

Remark 3.10. G is any subset of (U,7r(X)) then

(1) NW g#int(G) € NW g# ker(G)

(1)) NW g#surf(G) C NW g#cl(G)

From Ezample 3.2 NW g#int({a,b}) = {a} C NWg#ker({a,b}) = {a, b}
NW g#surf{a,c}) = {c} C NWg#cl({a,c}) ={a,b,c}.

Theorem 3.11. Let A and B be the subsets of (U,7r(X)). Then
(1) NWyg#surf(lU) =U and NW g#surf(¢) = ¢
(11) NW g#surf(A) C A.
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(1ii) If B is any NW g# closed set contained in A then B C NW g#surf(A)

() If A C B then NW g#surf(A) C NW g#surf(B)

Proof. (i) U is the only NW g# - closed set contained in U. By definition 3.4

NW g#surf(U) = U. Similarly, ¢ is the only NW g#- closed set contained in ¢.
Hence NW g#surf(¢) = ¢.

(ii) The proof is obvious.

(iii) Let A be subset of (U,7r(X)). B C A, B is NWg#- closed set. Since
NW g#surf(A) is the union of all NWg#- closed sets contained in A, NWg #
sur f(A) is contains every NWg# - closed set contained in A. In particular, the
set B. Hence B C NWg# surf(A).

(iv) Let A and B be the subsets of (U, (X)) such that A C B. By definition 3.4
NWg#surf(A) =U{H : HC A: H is NWg#:closed}. Since A is a subset of B,
NWg#surf(A) CU{H : H is NWg#closedandH C B} = NW g#surf(B).
Hence NWg#surf(A) C NWg#surf(B).

Theorem 3.12. If a subset A of (U, Tr(X)) is NWg#- closed then NW g#
surf(A) = A but not conversely.

Proof. Let A be a NW g#- closed subset of (U, 7r(X)). Then NW g#surf(A) C
A. Also A is NWg#- closed set contained in A. By Theorem 3.10, A C NWg#
surf(A). Hence NWg#surf(A) = A.

The converse of the above theorem is not true is seen from the following
example.

Example 3.13. In example 3.2 surf({c,d}) = {¢,d} but it is not NW g# - closed
in (U, 7r(X)).

4. Nano Infimum and Nano Supremum of subsets

This section defines the Nano infimum and Nano supremum of two subsets in
nano topological spaces.

Definition 4.1. The Nano supremum of a set A or the least upper bound of A
(LUB) is the smallest NW g#-open set that contains A. The Nano infimum of a
set A or the greatest lower bound (GLB) is the largest NW g#-closed subset of A.

Definition 4.2. If A and B are any two subsets of the nano topological space
(U, 7r(X)). Then the Nano infimum of A and B is defined as the greatest lower
bound of A and B. The Nano infimum is the largest NW g# -closed subset of A
and B.

Ninf(A,B) = GLB(A, B) = {largest NW g# — closed subset of A and B)}.

Definition 4.3. If A and B are any two subsets of the mnano topological space
(U, mr(X)). The Nano supremum of A and B is defined as the least upper bound
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of A and B. The Nano supremum is the smallest NW g# -open set that contains
both A and B.
Nsup(A, B) = LUB(A, B) = {Smallest NW g# —open set that contains both A and B}.

Example 4.4. Let U = {a,b,c,d} with U/R = {{a},{c},{b,d}} and X =
{a,b} then the Nano topology

TrR(X) =A{U, ¢, {a},{b,d},{a,b,d}} and Tre(X) = {U, ¢, {b, c,d},{a,c},{c}}.

NW g#—closed sets are {U, ¢, {b}, {c},{d}, {b, c},{c,d},{a,c}, {a,b,c}, {a,c,d}, {b,c,d}}.
NW g#—open sets are {¢,U, {a,c,d},{a,b,d},{a,b,c},{a,d},{a,b},{b,d},{d}, {b}, {a}}.

The Nano Hasse diagram of example 4.4
U}
> W
\

A

{a, b, c} {a, b, d} {a, c, d} {b, c, d}

l\‘b\/‘\/
'\\ ",
A

Y

A\

A

@bl fac {ad) b,

Figure 4.1

{a},{a,d}),{a,b},{b,d} and {a,b,d} are NW g#- open sets,
{c},{a,c},{b,c},{c,d} and {b,c,d} are NW g#-closed sets and
{®},{b},{d},{a,b,c},{a,c,d} and U are both NW g#-open and NW g#-closed
sets. From Figure 4.1,

Ninf({b,c},{b,c,d}) = GLB({b,c},{b,c,d}) = {b,c} Nsup({a},{a,d}) = LUB({a},{a,d})

= {CL, d}
Ninf({a,b},{a,b,d}) = {b} Nsup({c},{a,b,c}) ={a,b,c}
Ninf({a,b}{b,c},) = {®} Nsup({b,c},{b,d}) = U
Ninf({a.c.d}, {b.c.d}) = {c} Nsup({e}. {a.b.c}) = {a.b.c}

From the above Hasse diagram the GLB of an open set and a closed set is (). The
LUB of an open set and a closed set is U.
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5. On Nano Weakly ¢g# - Irresolute Functions in Nano Topological
Spaces

In this section a new form of irresolute functions called Nano Weakly g# -
irresolute functions in nano topological spaces is introduced and some of their
properties are analyzed.

Definition 5.1. Let (U, (X)) and (V,7r(Y)) be two nano topological spaces.
A function f : (U, mr(X)) = (V,7r(Y))) is Nano Weakly g* -irresolute NW g#
-irresolute) if the inverse image of every NW g% -open set in (V,7r/(Y)) isNW g#-
open set in (U, Tr(X)).

Example 5.2. Let U = {a,b,¢,d} with U/R = {{a},{d},{b,c}} and X = {a,c}
then the nano topology 7r(X) = {U, ¢,{a},{b,c},{a,b,c}}. Let V = {z,y,z,w}
with V/R' = {{y},{w},{z,2}} and Y = {z,y} then the nano topology 7r/(Y) =
{V.o. {y} {z, 2}, {z,y, 2} }-

Define f = (U, 7r(X)) = (V.7 (Y)) by f(a) =y, f(b) =z, f(¢c) = 2, and f(d) = w.
Then f~1(y) = {a}, f'(z,2) = {b,c}, and f~(z,y,2) = {a,b,c}. Thus the in-
verse image of every NW g# -open set in (V, 7x/(Y)) is NW g#-open in (U, 7(X)).
Hence f is NW g#-irresolute map.

Theorem 5.3. If f: (U, 7r(X)) = (V,7r/(Y)) and g : (V.7 (Y)) = (W, 7/ (Z))
are two NW g7 - irresolute functions then their composition is also NW g# - irres-
olute.

Proof. Let (U, (X)), (V,7r/(Y)), and (W, 7+ (Z)) be any three nano topological
spaces and let f : (U,7r(X)) — (V,7r/(Y)) and g : (V,7(Y)) — (W, TR/ (Z))
be two NW g#t-irresolute functions. The composition of two functions (g o f) :
(U, mr(X)) = (W, g (Z)). Assume that H is NWg# -open set in (W, g (Z)).
Since g is NW g#-irresolute, g~ '(H) is NWg#-open in (V,7r/(Y)). Also f is
NW g -irresolute, f~*(g7'(H)) = (g o f)"'(H) is NWg#-open in (U, 7r(X)).
Then for each NW g#t-open set H in (W, 7g:(Z)), (go f)~'(H) is NW g#t-open in
(U, 7r(X)). Hence (g o f) is NW g#-irresolute in nano topological spaces.

Theorem 5.4. Let [ : (U, mr(X)) = (V,7:(Y)) and g : (V,7(Y)) = (W, 1(Z))
be such that go f: (U, Tr(X)) — (W,Th(Z)) is NW g#-closed function.

(i) If f is nano continuous and injective then g is NW g#-closed.

(i) If g is NW g#t-irresolute and injective then f is NW g#-closed.

Proof. (i) Assume that f: (U, 7r(X)) = (V. 75(Y")) is nano continuous and injec-
tive. Let g : (V,71(Y)) = (W, 74(Z)) be such that go f : (U, (X)) = (W, 74(Z))
is NW g#-closed function. Let A be a nano closed subset of (V, 75(Y)). Since f is
nano continuous, f~1(A) is nano closed in (U, 7r(X)). Since go f is NW g# -closed
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and f is injective, (go f)(f7'(A)) = g(A) is NW g#-closed in (W, 74(Z)). Hence
the map g is NW g#-closed.

(ii) Assume that g : (V,7(Y)) — (W, 74(Z)) is NW g#t-irresolute and injective.
Let H be a nano closed set of (U, 7gr(X)). Then U — H is nano open set of
(U, 7r(X)). Since go f is NW g#-closed, (go f)(H) is NW g#-closed in (W, 75(Z)).
(W — (g o f)(H)) is NWg#-open in (W,74(Z)). Since g is NW g#-irresolute,
g1 (W = (g f)(H)) = V=g (g(f(H))) = V— f(H) is NW gt-open in (V, rh(Y)).
Therefore f(H) is NW g#-closed in (V,75(Y)). Thus for every nano closed set H
of (U, r(X)), f(H) is NWg# — closedin (V,75(Y)). Hence f is NWg# -closed
function in nano topological spaces.

Theorem 5.5. If f : (U, (X)) = (V,7r/(Y)) is NWg#- irresolute then it is
NW g#- continuous but not conversely.

Proof. Let f : (U,mp(X)) = (V,7r(Y)) be NW g#-irresolute and let G be a
nano open set in (V,7x(Y)). Since every nano open set is NWg# -open, G is
NWg# -open in (V,75(Y)). Also f is NW g#- irresolute f~1(G) is NW g# - open
in (U, 7r(X)). Thus the inverse image of every nano open set in (V, 75(Y)) is NW g#
- open in (U, 7g(X)). Hence f is NW g# - continuous.

The contrary of the preceding theorem is not true as evidenced by the
following example.

Example 5.6. In example 5.2 define f : (U, (X)) — (V,7o(Y)) by f(a) =
z, f(b) =y, f(c) = z, f(d) = w. The map f is NWg# -continuous. Now
Iy, z,w) = {b,c,d} which is not NWg# -open in (U,7r(X)). Hence f is not
NW g# -irresolute.

Theorem 5.7. Let f : (U, mr(X)) = (V,7(Y)) be a bijective function such that the
image of every nano ag- open set in (U, Tr(X)) is nano ag -open set in (V, 7(Y))
and NW g#- continuous, then f is NW g#-irresolute.

Proof. Assume thatf : (U, (X)) = (V,75(Y)) is bijective function such that the
image of every nano ag-open set in (U, 7z(X)) is nano ag- open set in(V, 74(Y")) and
NW g#-continuous. Let G be a NW g#- closed set in (V,75(Y)). Let f~1(G) C K,
where K is nano ag - open set in (U, 7r(X)) which implies G C f(K). By as-
sumption f(K) is nano ag- open set in (V,75(Y)). Since G is NWg#- closed
in (V,7,(Y)), Ncl(Nint(G)) C f(K) = f'(Nc(Nint(G))) C K. Since f is
NW g#- continuous and Ncl(Nint(G)) is nano closed in (V, 7,(Y)),
fHNcl(Nint(G))) is NWg#- closed in (U, 7r(X)). Since f~}(Ncl(Nint(G))) C
K and f~Y(Ncl(Nint(Q))) is NWg#- closed, Ncl(Nint(f~1(Ncl(Nint(G))))) C
K implies

Ncl(Nint(f~Y(G))) C K = f~YG) is NWg#- closed in (U,7r(X)). Hence f is
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NW g#- irresolute.

Theorem 5.8. If f: (U, 7r(X)) — (V,73(Y)) is NWg# - irresolute and

g: (Vitp(Y) — (W, T4(Z)) is NWg# - continuous then go f : (U, 7r(X)) —
(W, t(Z)) is NW g# - continuous.

Proof. Let f: (U, 7r(X)) — (V,75(Y)) be NW g# - irresolute and

g: (V,mp(Y)) — (W, 14(Z)) is NWg# - continuous. Let A be a nano open set
in (W, 74(Z)). g is NW g4 - continuous, for each open set A in (W, 74(2)), g7 (A)
is NWg# - open in (V,75(Y)). Since f is NWg# - irresolute, f~'(g'(A)) is
NWg# - open in (U, 7r(X)). Thus f~ (g7 (A)) = (go f)"1(A) is NWg# - open
in (U, 7r(X)). Therefore, g o f is NW g# - continuous.

Theorem 5.9. If f: (U, r(X)) — (V,75(Y)) is a surjective, NW g#- irresolute
function. If (U, Tr(X)) is NW g#- compact then (V,7,(Y))is NW g#- compact.
Proof. Let f : (U, mr(X)) — (V,75(Y)) be surjective and NW g#- irresolute.
By theorem 5.5. f is NW g#- continuous. The function f is surjective, NW g#-
continuous function if (U, 7r(X)) is NWg# compact then (V, 7,(Y")) is nano com-
pact. Every nano compact set is NW g#- compact. Hence (V,75(Y)) is NW g#-
compact in nano topological spaces.

Theorem 5.10. If f : (U, (X)) — (V,7r/(Y")) is surjective, NW g# - irresolute
and (U, Tr(X)) is NWg# -connected then (V,7r(Y)) is NWg# - connected.
Proof. Let f : (U, mr(X)) = (V,7r/(Y)) be surjective, NWg# - irresolute and
(U, mr(X)) is NWg#- connected. Suppose (V,7r/(Y)) is not NWg#- connected
then V.= AU B and AN B = {¢}where A and B are NWg# open sets in
(V,7r/(Y)). Since f is NWg# - irresolute and surjection, U = f~1(A) U f~!(B)
where f~!(A) and f~!(B) are disjoint non empty NW g#- open subsets of (U, 7r(X)).
This contradicts the fact that (U, 7r(X)) is NW g# - connected. Therefore (V, 7r/(Y"))
is NW g# - connected.

6. Nano Weakly g#— Homeomorphism in Nano Topological Spaces
In this section we define and study the concept of Nano Weakly g#-homeomorphism
in nano topological spaces and obtain some of its properties.

Definition 6.1. The function f : (U, mr(X)) — (V,7r/(Y)) is said to be Nano
Weakly g# - homeomorphism (NW g#- homeomorphism) if

(i) [ is bijective

(i) f is NWg# -continuous

(iii) f is NWg# - open map

Example 6.2. Let U = {a,b,c,d} with U/R = {{a},{d},{b,c}} and X =
{a,c} then the Nano topology 7r(X) = {U,¢,{a},{b,c},{a,b,c}}. Let V =
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{z,y,z,w} with V/R = {{y},{w},{z,2}} and Y = {z,y}. Then the nano
topology 7r/(Y) = {V, ¢, {y},{z,2},{z,y,2}}. Define the bijective function f :
(U> TR(X)) — (V7 TR’(Y)) by f((l) = y?f(b) =T, f(C) =%, and f(d) = w. Now
fla) =y, f({b,c}) = {x, 2z}, f({a,b,c}) = {z,y,z}. Thus f is NWg#- open
map. Then f~(y) = a, f*({z, z}) = {b,c} and f~*({z,y,2}) = {a,b,c}. Thus f
is NW g#- continuous. Hence f is NW g# - homeomorphism in Nano Topological
Spaces.

Theorem 6.3. FEvery Nano homeomorphism is a NW g#- homeomorphism but
not conversely.

Proof. Letf : (U mr(X)) — (V,7r(Y)) be a nano homeomorphism. The map-
ping f is bijective, nano continuous and nano open map. Every nano continuous
function is NW g#- continuous function and every nano open map is NW g#- open
map. Therefore, f is NW g#- continuous, NW g# - open map and bijective. Hence
f is NW g# - homeomorphism.

The contrary of the preceding theorem is not true as evidenced by the
following example.

Example 6.4. In example 6.2. Define the bijective function f : (U, 7r(X))

(V. 7(Y)) by f(a) = {ob £(B) = {2}, F() = {u}, and f(d) = {w}. Then f(a) =
{z}, F({b,c}) = {y, 2}, ,

f{a,b,c}) ={z,y, z} are NWg#- open set in (V, 74(Y)). Then f is NW g# home-
omorphism. The function f is not nano open map since f(a) = {x} is not nano
open in (V,75(Y)). The map f is not nano continuous since f~'({y}) = {c} is not
nano open in (U, 7gr(X)). Hence f is not nano homeomorphism.

Theorem 6.5. Let (U, 7r(X)) and (V,7r/(Y")) be two Nano topological spaces and
if (U r(X)) = (V,7r(Y)) then the following statements are true.

(i)Every No - homeomorphism is NW g# - homeomorphism but not conversely.
(ii)Every Nr - homeomorphism is NW g# - homeomorphism but not conversely.
(iii) Every Ngo - homeomorphism is NW g# - homeomorphism but not conversely.
(iv)Every Nag- homeomorphism is NW g# - homeomorphism but not conversely.
Proof. The proof is similar to Theorem 6.3.

The contrary of the preceding theorem is not true as evidenced by the
following examples.

Example 6.6. In example 6.4 the function f is NWg# - homeomorphism. The
function f is not nano « - homeomorphism since f(a) = {z} is not nano « - open
in (V,7r(Y)) for the nano open set {a} in (U,7z(X)). Also f is not nano « -
continuous since f~!(y) = {c} is not nano « - open set in (U, 7gr(X)) for the nano
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open set {y} in (V,7r/(Y)).

Example 6.7. Let U = {a,b,c,d} with U/R = {{a},{d},{b,c}} and X = {a,c}
then the nano topology 7r(X) = {U, ®, {a}, {b,c},{a,b,c}}. Let V = {z,y, z,w}
with V/R'(Y) = {{y},{w},{z,2}} and Y = {x,y} then 7 (Y) = {V,®,{y},
{z,z}, {z,y, z}}. Define the bijective function

[ (U mr(X)) = (Vim(Y)) by fla) =y, f(b) = z,f(c) = z and f(d) = w.
Then f is NW g# - homeomorphism. Then f is not nano regular open map since
f({a,b,c}) = {x,y, 2} is not nano regular - open set in (V,7x(Y)). Hence fis not
Nano regular - (Nr) homeomorphism.

Example 6.8. Let U = {a,b,¢,d} with U/R = {{a},{c},{b,d}} and X = {b,d}
then the Nano open sets of U with respect to X is 7r(X) = {U, ¢, {b,d}}. Let V =
{z,y,z,w} with V/R = {{y},{w}, {z, 2z} } and Y = {z, y} then the Nano open sets
of V with respect to Y is 7p/(Y) = {V, ¢, {y}, {2z}, {y, x}}. Define bijective function
[ (U, mr(X)) = (V,mr(Y)) by f(a) = w, f(b) = x, f(¢) =y and f(d) = z. Hence
fis NWg# - homeomorphism but f is not nano ag - continuous since the open
set {y} in (V,7r/(Y)), f*(y) = {c} is not Nag - open set in (U, 7r(X)). Hence f
is not Nag- homeomorphism.

Theorem 6.9. Let U = {a,b,c,d} with U/R = {{b},{d},{a,c}} and X = {a,b}

then the nano open sets of U with respect to X is Tr(X) = {U, ¢,{b},{a,c},{a,b,c}}.
Let V ={z,y,z,w} with V/R = {{z},{z}, {y,w}} and Y = {z,y} then the nano

open sets of V' with respect to 'Y is Tr(Y) = {V, ¢, {x},{y, w},{z,y,w}}. Define

bijective function f: (U, r(X)) = (V,7r(Y)) by f(a) =z, f(b) =y, f(c) = w and

f(d) = z. Hence f is NWg# - homeomorphism. But f is not Nag - continuous

since f~1(y,w) = {b,c} is not Nag- open set in (U,7,(X)). Hence f is not Nag -

homeomorphism.

Theorem 6.10. Let (U, (X)) and (V,7r/(Y)) be two Nano topological spaces
and f: (U, mr(X)) = (V.7 (Y)) then

(i)Every NW g#- homeomorphism is N 3-homeomorphism but not conversely.

(i1) Every NW g# - homeomorphism is N gsp - homeomorphism but not conversely.
Proof of (i). Let f: (U,7r(X)) — (V,7r/(Y)) be a nano NWg# - homeomor-
phism. The map f is bijective, NW g# - continuous and NW g# - open map. Every
NW g# - continuous function is N - continuous function and every NW g# - open
map is N [-open map. Hence f is N- continuous, NS - open map and bijective.
Therefore f is NS - homeomorphism.

The proof of (ii) is similar to proof of (i).

The contrary of the preceding theorem is not true as evidenced by the
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following example.

Example 6.11. Let U = {a,b,c,d} with U/R = {{a}, {c}, {b,d}} and X = {a, b}.

Then the Nano topology 7r(X) = {U, 0, {a},{b,d},{a,b,d}}. Let V = {z,y, z,w}

with V/R' = {{y},{w},{z,2}} and Y = {z,y} and the nano topology 7r (Y) =

{V,0,{y},{z, z},{x,y, 2} }. Define the bijective map f : (U, 7r(X)) = (V,7r/(Y))

by f(a) = {5}, £(b) = {=} /() = {«}, f(d) = {w}. Then f is N8 - homeomor-

phism and Ngsp - homeomorphism. But it is not NW g# - homeomorphism since
“1{x,z}) = {b,c} is not NWg# - open in (U, 7r(X)).

The relation between various types of Nano homeomorphisms are given by

Nano homeomorphism

Nr-homeomorphism ‘ ‘ Nf - homeomorphism

g

Na -homeomorphism — NW g#-homeomorphism

/

Nag - homeomorphism Ngsp-homeomorphism

A\

/

Nga - homeomorphism

Figure 5.1

The reverse implications of Figure 5.1 are not true in the above diagram.

Theorem 6.12. Let the bijective function f: (U, 7r(X)) — (V,Tr/(Y)) be NW g#
- homeomorphism if and only if f is NW g#- continuous and NW g# - closed map.
Proof. Assume that the bijective function f : (U, 7r(X)) — (V,7r/(Y)) is NWg#
- homeomorphism. Then f is NWg# - continuous and NW g# - open map. Let
G be a nano closed set in (U, 7(X)). Now U — G is nano open set in (U, 7,(X)).
By assumption f is NWg# - open map then f(U — G) is NW g# - open set in
(V,1r/(Y)). Now f(U) — f(G) =V — f(G) is NWg# - open set in (V,7r/(Y)).
Therefore f(G) is NWg# -closed set in (V, 7r/(Y")) for every nano closed set G in
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(U, mr(X)). Hence the function f is NWg# - closed map.

Conversely assume that f : (U, (X)) = (V,7r/(Y)) is NWg# - continuous and
NWg# - closed. Let A be a nano open set in (U, 7g(X)). Now U — A is nano
closed in (U, 7g(X)). By assumption f is NWg# - closed map, f(U —A) is NWg#
- closed in (V,7r/(Y)). Now f(U — A) = f(U) — f(A) =V — f(A) is NWg# -
closed in (V,7r/(Y)). Therefore f(A) is NWg# - open in (V,7r(Y)) for every
nano open set A in (U, 7g(X)). Thus f is NWg# - open map. Hence f is NWg#
- homeomorphism.

Theorem 6.13. A bijective function f : (U, mr(X)) — (V,mr(Y)) is NWg# -
continuous the following statements are equivalent.

(i)f is NWg# - open map.

(i) f is NWg# - homeomorphism.

(111)f is NWg# - closed map.

Proof. (i) = (i) The bijective function f : (U,7p(X)) — (V,7r/(Y)) is
NWg# - continuous and NWg#- open map. By definition 6.1, f is NWg#-
homeomorphism.

(11) = (i17) Assume that f is NWg# - homeomorphism f is bijective, NW g#-
continuous and NW g#- open map. Let A be a nano closed set in (U, 7g(X)). Now
U — A is nano open set in (U, 7g(X)). By assumption f is NWg# - open map,
F(U— A) is NW gt - open in (V, 7(Y)) and f(U — A) = F(U) — f(4) = V — f(4)
is NWg# -open in (V,7r/(Y)). Thus f(A) is NWg# - closed in (V,7x(Y)) for
every nano closed set A in (U, 7r(X)). Hence the map f is NW g# - closed map.
(i1i) = (i) Assume that f is NWg#- closed map. Let B be a nano open set in
(U, mr(X)). Then U — B is nano closed set in (U, 7(X)). By assumption, f(U — B)
is NW g#- closed set in (V,7r/(Y)). Now f(U — B) = f(U) — f(B) =V — f(B)
is NWg# - closed in (V,7r/(Y)). Hence f(B) is NWg# - open in (V,7x(Y)) for
every nano open set B in (U, 7gr(X)). Thus f is NW g#- open map.

Remark 6.14. The composition of two NW g# - homeomorphism is NW g# -
homeomorphism as seen in the following example.

Example 6.15. Let U = {a, b, ¢,d} with U/R = {{a}, {d}, {b,c}} and X = {a,c}
then the Nano topology 7r(X) = {U, ¢,{a},{b,c},{a,b,c}}. Let V = {x,y, z,w}
with V/R' = {{y}, {w},{z,2}} and Y = {z,y} then the nano topology 7# (Y) =
V.o {y}, {z, 2} {z,y, 2}}-

Define the bijective map f : (U, 7r(X)) — (V,7r/(Y)) by f(a) =y, f(b) =z, f(c) =
2 and f(d) = w. Now f(a) = y, f({b,¢}) = {z, 2}, f({a,b,c}) = {z,, 2}. Then
is NW g# - homeomorphism.

Let W = {p,q,r, s} with W/R" = {{p},{r},{q,s}} and Z = {p, ¢} then the nano
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topology with respect to W is mre (W) = {W,0,{p},{q, s}, {p,q,s}}. Define the
bijective map g : (V,7r/(Y)) = (W, 7r/(Z)) by g(x) = ¢,9(y) = p,g(z) = s, and
g(w) = r. Now g(y) = {p}.9({z,2}) = {¢, s}, 9({z,y,2}) = {p,¢,s}. Then g is
NW g# - homeomorphism.

The composition of two homeomorphisms g and f is given by (go f) : (U, 7r(X)) —
(W, 7r(Z)) by (g0 f)(a) =p,(go f)(b) =q,(go f)(c) =s,(g90 f)(d) =r. Then
(go f): (Utr(X)) = (W,Tr(Z)) is NW g# - homeomorphism.

7. Conclusion

In this article we have introduced the concept of two new classes of subsets
called NW g# kernel and NW g# surface of a nano topological space. Moreover,
NW g# kernel of a subset is the superior set in which it is the smallest NW g#-
open set that contains it and NW g# surface of a subset is the inferior set which
has the largest NW g# - closed set contained in it. The nano hasse diagram for the
NW g# - closed and NW g# -open sets are used to discover nano infimum and nano
supremum of two subsets by finding the GLB and LUB of the sets. The later part
Nano weakly g# - irresolute functions and Nano weakly g#- homeomorphisms in
nano topological spaces are introduced. Some of its properties have been discussed
with suitable examples. The proposed definitions can be applied and extended to
future research with some applications.
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