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Abstract: The concept of nearly pairwise Lindelof spaces, a well-known weaker
form of Lindel6f spaces, was introduced by Katetov and L. Krajewski in [11, 12]
and has since been extensively explored by numerous researchers. This paper
investigates the same concept in the context of a specific type of cover, referred to
as a regular cover. In particular, the primary objective is to examine the properties
of new generalizations of pairwise Lindelof spaces, termed nearly pairwise Lindelof
spaces.
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1. Introduction
A Lindel6fness studied by Katetov and L. Krajewski in [11] and [12], respec-
tively, is one of the most famous concepts in general topology. Many of its various



342 South FEast Asian J. of Mathematics and Mathematical Sciences

forms have been investigated. Among the various generalizations discussed in the
literature, compactness, paracompact spaces, and locally finite spaces can be high-
lighted [9, 13, 14, 15, 16, 17, 18].

In [10], Jamal A. Oudetallah introduced and studied pairwise expandability
spaces related to pairwise Lindelof spaces. Specifically, for m being an infinite
cardinal, a bitopological space (x,7,72) is called a 7,-m-expandable space with
respect to 7; if, for every 7,-locally finite collection F = {F, : a € A} with
| A |< m, there exists a 7-locally finite collection G = {G, : o € A} of open
subsets of x such that F, C G, for all & € A. Here, ¢ # j and (i,j = 1,2).

In recent years, significant advancements have been made in the study of topo-
logical properties, particularly in the context of bitopological spaces. The concept
of pairwise Lindelof spaces has been explored extensively due to its connections
with compactness and paracompactness in bitopological settings [8]. The exten-
sion to nearly pairwise Lindelof spaces introduces a nuanced perspective, enabling
a deeper understanding of how different types of covers influence the structure and
behavior of topological spaces [7]. Additionally, contributions on expandability and
its interplay with pairwise Lindelof spaces have enriched the theoretical framework
of bitopology, shedding light on their significance in broader mathematical contexts
[14, 15]. Such studies underscore the relevance of our work in investigating nearly
pairwise Lindelof spaces under regular covers, contributing to the growing body of
research in this field.

Recent research in ideal topological spaces has led to the development of sev-
eral key concepts, particularly in the area of continuity. Al-Omeri et al. (2014)
introduced new forms of contra-continuity, expanding the classical framework of
continuity in ideal spaces [1]. Building on this, their later work explored almost e-Z-
continuity, contributing to a deeper understanding of continuity in such spaces [2].
Further, Al-Omeri et al. (2018) investigated the degree of fuzzy semi-precontinuity
and semi-preirresolute functions, offering new insights into the interaction between
fuzzy structures and continuity [3]. Other important contributions from Al-Omeri
and collaborators include their study of a-local functions in topological groups,
which has been instrumental in advancing the theory of topological spaces [4]. For
further studies, the reader may refer to the references [5, 6, 19].

A bitopological space (x, 71, 72) is called 7,-expandable with respect to 7; if it is
7,-m~expandable for every cardinal m, where i # j and (i,j = 1,2). A bitopological
space (x, 71, T2) is called a pairwise expandable (P-expandable) space if it is a P-T5
space and is 7-expandable with respect to 7 and my-expandable with respect to
1.

In what follows, the space y will refer to a bitopological space (x, 71, 72). In
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[20], the authors introduced the concept of pairwise paracompact spaces. For a
subset A of x, Int(A) and CI(A) will respectively denote the interior and closure
of Ain y.

We say that a set A in x = (x, 71, 72) is 7-regularly open with respect to 7;
if Int™(C17(A)) = A for ¢ # j and (i,5 = 1,2). Moreover, A is called a pairwise
regularly open set in the space y if it is both 73-regularly open with respect to
and To-regularly open with respect to 71. Clearly, every pairwise regularly open
set is a pairwise open set. Similarly, a subset B of the space x is called a pairwise
regularly closed set if it is the complement of a pairwise regularly open set.

2. Pairwise Lindelof spaces

In this section, we introduce the concept of pairwise Lindelof spaces. Further-
more, we discuss other related concepts that stem from the notion of pairwise
Lindelof spaces and explore various theories associated with these concepts.

Definition 1. A pairwise open cover is a pairwise disjoint open cover induced by
an arbitrary open cover.

Definition 2. The pairwise open cover of x and the cover U of (x, A1, Aa) is called
the pairwise open cover of (x, A1, A2) if U C UL UUy, UNUy # 0, and U NUy # 0.

Definition 3. A bitopological space (x, A1, A2) is called A\ -Lindeldf with respect to
Ao if, for every A\i-open cover of x, there exists a countable \y-subcover.

Definition 4. [8] Suppose (x, A1, Aa) is a B-compact space, and (3, i1, p12) is B-
Lindeldf. Then, the product topology (x X B, A1 X p1, A2 X pg) is B-Lindeldf.

Definition 5. [8] A bitopological space (x, 1, A\2) is called a pairwise Lindeldf
space if, for every Ai-open cover of x, there exists a Ag-countable subcover of x,
and conversely.

Definition 6. [8] Let (x, A1, \2) be a bitopological space, and U be a cover of x.

We say that U is A Ag-open if U C Ay U Ag.

Definition 7. A bitopological space (x, M\, \2) is called a 2™ countable space if x
has a countable base with respect to both A1 and As.

Definition 8. A bitopological space (x, A1, A2) is called S-Lindeldf if and only if it
15 both Lindelof and pairwise Lindelof.

Theorem 1. If a bitopological space (x, A1, \2) is a 2"ocountable space, then it is
a parrwise Lindelof space.
Proof. Let y be a pairwise 2" countable space. Then, x has a countable base B

~1
with respect to A; and Ag, say B = {B;}3°,. Let U = {u, : @ € A} be a \-open
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cover of x (i = 1,2). Each u, is a union of some members of B. Since B is a base
for y, each u, is itself a union of members of B. Thus, this union forms a countable

Aj-subcover of U that covers y for each i # jN(i, j = 1,2). Therefore, x is Lindeldf.

Remark 1. Fvery pairwise compact space is a pairuise Lindelof space, but the
converse is not necessarily true.

Proof. Let x be a pairwise compact space. Then, every \;-open cover of y has a
finite A\;-subcover of x. Thus, for each A;-open cover of , there exists a countable
Aj-subcover of x for all ¢ # j (i,7 = 1,2). Hence, x is pairwise Lindelof. The
converse, however, need not be true.

Example 1. The space (R, 7,,7,) is a pairwise Lindel6f space but not pairwise
compact. Since B = {(a,b) : a < b, a,b € Q} is a countable base for R, it follows

that R is second countable. Furthermore, since every second countable space is
Lindeldf, the space (R, 7,,7,) is pairwise Lindeldf.

Theorem 2. Let (x, A1, \2) be a bitopological space. If x is a hereditary Lindeldf
space, then x is S-Lindelof.
Proof. Assume U = {u, : @ € A}U{vg : f € I'} is a A, Ag-open cover of

(X; A1, A2), such that u, € A\; for every o € A and vg € Ay for every 5 € I'. Since
U = U{u, : @ € A} is A\j-Lindeldf, there exists a countable set A; C A such that
U= U{u, : @ € Ay}. Similarly, since V= U{vg : § € I'} is Ap-Lindeldf, there
exists a countable set I'y C I' such that V' = U{vg : f € I'1}. It is clear that
{tuq 1 € Ay} U{vg : €Ty} is a countable subcover of U for x.

Corollary 1. FEvery second countable (x, A1, A2) is a bitopological space. Thus, x
1s pairwise S-Lindelof.

Example 2. Let x be a set and \; be the topology on x generated by the basis 3,
where 51 = {[z,y) : * < y; z,y € x}. Then, (x, A1, \2) is not hereditary Lindeldf;
however, it is S-Lindelof.

Theorem 3. A pairwise Lindeldf space is preserved under an onto pairwise con-
tinuous function.

Proof. Let i # j, where 4,5 = 1,2, and let f : (x, A1, A2) — (Y, 1, pe) be a
surjective continuous function. Suppose Y is a Lindelof space. We aim to show
that Y is also a Lindelof space. Assume U = {u, : @ € A} is a \;-open cover of Y.

Then, each u, is open in Y for a € A. Since f is continuous, the preimage f~!(ug)
is open in x for each o € A. As f is surjective, the collection {f~!(u,) : @ € A}
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forms an open cover of x. Since y is Lindelof, there exists a countable subcover
{f(uy) : a €T}, where I' C A and |T'| < ¥y = |N|. Thus, we have:

xS Ut

ael

Because f is onto, it follows that:

Y =f()C/ (U f—1<ua>) |t

Therefore, U has a countable \;-subcover of ¥, and so Y is a Lindelof space.

Remark 2. We know that a compact subset in a pairwise Hausdorff space is closed.
However, a Lindelof subset in a pairwise Hausdorff space need not be closed. For
example, (R, 7,,7,) is a pairwise Hausdorff space, and (0,1) is a Lindeléf subset of
R. Howewver, (0,1) is not pairwise closed in R.

Definition 9. A space (x, A1, A2) is called a pairwise space if and only if the
countable intersection of open sets is open.

Theorem 4. Fvery Lindelof subset of 7o is pairwise closed.

Proof. Let i # j with (i,j = 1,2), and let A be a Lindel6f subset of the pairwise
79 space x. To show that A is a pairwise closed set, it is enough to show that
X \ A is pairwise open. Let x € x \ A. Then = ¢ A, and for each a € A, we
have x # a. Since x is a T» space, there exist open sets u, and v, in x such that
T € Uy, a4 € vy, and u, Nv, = 0. Hence, V = {v, : a € A} forms a \;-open

cover of A. Since A is a pairwise Lindelof subset of y, the cover V' reduces to a

countable \;-subcover, say {v,, : @ € Ag}. Thus, A C Uaer Va,- For each v,
where o € Ay, there exists a corresponding u,,_, such that x € u,_, a, € v,,, and
Ugy NV, = 0. Let v* = Uyep, Yao and u* = [ cp, Ua,- Then, A Cv* and z € u*,
with u* Nv* C u,, Nv,, = 0 for all @« € Ag. Thus, u* Nov* = @, and consequently,
u* N Uqen, Vao = 0. Since A C v*, it follows that u* N A C u* Nv* = (). Therefore,
u* N (x \ A) # 0, where u* = (5, Ua,, Which is open since X is a pairwise space.
Hence, x \ A is pairwise open, and thus A is pairwise closed.

Theorem 5. If A is a Lindelof subset of a pairwise Hausdorff space x, then for
each © ¢ A, we can separate x and A into two disjoint open sets in x.

Proof. Let i # j, where (i,7 = 1,2). For each a € A, we have a # z since
x ¢ A. Since x is a pairwise Hausdorff space, there exist pairwise open sets
{uq(z),v(a) € x} such that = € u,(z), a € v(a), and u,(x) Nv(a) = 0. Hence,
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V = {v(a) : a € A} forms a A\;-open cover of A. Since A is a pairwise Lindel6f
subset of x, the cover V' can be reduced to a countable \j;-subcover of A, say

V ={v(a.) : @ € Ap}. TNhus,

AC Uv(aa):V.

aElNg

For each v(a,), where a € Ay, there exists a corresponding pairwise open set u,, ()
such that = € u,_(z) and u,, (x) Nv(a,) = 0. Let

u= ﬂ Uq,, (T).
aclg

Then, u is open since x is a pairwise space, and u C wu,, (z) for all a € Ay.
Therefore,
uNV(an) C Ug, () Nv(ag) = 0.

Thus, u Nv(as) = 0, and consequently,

un U v(aq) = 0.

aElNg

So, uNV = 0, where V' = (J,cp, ¥(aa). Therefore, x € v and A C V, with
uNV = (). Hence, we can separate x and A into two disjoint pairwise open sets in
X-

Theorem 6. Fvery disjoint Lindelof subset in a pairwise Hausdorff space can be
separated by disjoint open sets in x.

Proof. Let i # j, where (i,j) = 1,2. Assume A and B are disjoint Lindel6f subsets
of a pairwise Hausdorff space x. For each a € A, we have a ¢ B since AN B = ().
By Theorem (4), there exist \;-open sets u, and v, in y such that a € u,, B C v,,
and u, Nv, = 0. Hence, U = {u, : a € A} forms a \;-open cover of A. Since A is
a Lindelof subset of , the cover U can be reduced to a countable A;-subcover, say

U = {uq, : @ € Ay}, where Ag is countable. Thus,

AC Uuaa:u,

aENg

where u is open. For each u,, with a € Ay, there exists a corresponding open set
Va, such that B C v, v,, Nu,, = 0. Let

o
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Then, B C v, and v is open in Y. Since Y is a pairwise space, we have A C u,
B C v, and u, v are open in x. Moreover, since v C v, for all @ € Ay, we have:

v N U, C U, Nvg, = 0.

Therefore,
vNu=vN U Uq, = 0.

aElg
Thus, A and B can be separated into two disjoint \;-open sets in Y.

Theorem 7. Let x be a Lindelof space, and Y be a pairwise space. Then, the
projection P :x X x = Y 1s a closed map.

Proof. Let i # j, where (i,7 = 1,2), and let y € Y. Suppose G is open in x X x
such that P~!(y) € G. We aim to show that there exists a pairwise open set v
containing y in Y such that P~'(v) C G. Since G is open in x X x, for every
(xz,y) € G where (x,y) € x X Y, there exist P-open basic sets u, and v, in x and
Y, respectively, such that x € u,, y € v,, and

(z,y) € up x v, CG.

Hence, U = {u, : ¥ € x} forms a A;-open cover of x. Since y is a Lindelof space,

the cover U can be reduced to a Aj-countable subcover, say

{U;Ea NS Ao}, |A0‘ <Ny = ‘N|

Thus, x C Uyen, Yzo- For all {u,, : a € Ao}, there exist corresponding sets
{vg, : @ € Ao} such that y € v,_. Let

Since Ag is countable and Y is a pairwise space, v is open. Moreover,
Plv)CxyxvCuxvCd.

That is, P~'(v) C G. Hence, P is a closed map.

Theorem 8. Let f: x — Y be a closed, continuous, and surjective function. If

for ally € Y, the fibers f~'(y) are Lindelof and Y is Lindeldf, then x is Lindeldf.
Proof. Let i # j, where (i,j = 1,2), and let U = {u, : « € A} be a \-open cover
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of x. For all y € Y, we have f~!(y) C x, so U is a \;-open cover of f~!(y). Since
/~1(y) is Lindeldf, U can be reduced to a countable A;-subcover, say {u,,}. Thus,

f_l(y)g U Uy,

ayEAo

and therefore:
f_l(y) N (X_ U uay) -
ayEAo
It follows that:

yﬂf(x— U uay> = .

ayEAo
Define:
Oy—Y—f<X— U uay).
ayEAo

Since {u,,} are open in y, the set |J Uqy is open in x. Consequently, x —

ayEAo
Uaye A, Uay 18 closed in x, and since f is a closed map, f (X — Uaye Ao uay> is closed

in Y. Thus, O, is open in Y. For each y € Y, we have y € O,. Therefore,
O ={0, : y € Y} forms a \;-open cover of Y. Since Y is Lindel6f, O can be

reduced to a countable \;-subcover, say {O,, }rer,, where I'y is countable. Thus,

Since f~}(Y) = y, it follows that:
X = fﬁl(Y) < U fﬁl(oyr)'
rely
By the construction of O, , we have:
v= U v
ayEAo

Hence, U reduces to a countable Aj-subcover of x. Therefore, x is Lindelof.

Theorem 9. The product of two Lindelof spaces, one of which is a P-1o space, s
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Lindelof.

Proof. Let xy and Y be two Lindelof spaces, and suppose Y is a P-1, space. By
the previous theorem, the projection function P : y x Y — Y is P-closed. For all
y €Y, we have:

P y) =xx{y} =x.

Since x is Lindelof, it follows that P~'(y) is Lindel6f. Moreover, P is continuous
and onto, which implies that P is a perfect function. By Theorem 5, the product
space x X Y is Lindelof because Y is Lindelof and P is perfect. Therefore, x x Y
is Lindelof.

Definition 10. Suppose x = (x, ) is a bitopological space. We say that A C x is
a nearly open set if

A=(4)",
where A denotes the closure of A, and (Z)O denotes the interior of A.

Definition 11. Suppose x = (x, A1, A2) is a bitopological space. A subset A C x
1s called a pairwise nearly open set if

A= (Z)O mAN and A= (Z)° m Ao,

where A denotes the closure of A, and (Z)o denotes the interior of A in the re-
spective topologies.

3. On pairwise nearly Lindelof space

In this section, we explore the concept of pairwise nearly Lindelof spaces as
an extension of the nearly Lindelof property within the framework of bitopological
spaces. We define pairwise nearly open covers and investigate their role in charac-
terizing pairwise nearly compact and Lindelof spaces. Additionally, the relationship
between pairwise nearly Lindelof spaces and pairwise continuous functions is estab-
lished. The focus is on examining the preservation of the pairwise nearly Lindelof
property under specific mappings and their applications in bitopological structures.
Examples and counterexamples are provided to illustrate the distinctions between
pairwise nearly compact and pairwise nearly Lindelof spaces, emphasizing the im-
plications of these properties in general topology.

Definition 12. A collection U = {u, : € A} is called a nearly open cover if:

1. ug is a pairwise nearly open set for all o € A.

2. U ua=x

a€EA
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Definition 13. Suppose x = (x, A1, A2) is a bitopological space, and U = {u, : o €
A} is a pairwise nearly open cover of x. Then, S = {uq, : A € I',T' C A} is called
X

J = x

ael

a nearly subcover of x if

Definition 14. Suppose x = (x,A) is a topological space. We say that x is a
nearly compact space if every nearly open cover of x has a finite nearly subcover.

Definition 15. Suppose x = (x, A1, A2) is a bitopological space. Then, x is called
a pairwise nearly compact space if every pairwise nearly open cover has a finite
nearly subcover.

Definition 16. Suppose x = (x, A) is a topological space. Then, x is called a nearly
Lindelof space if every nearly open cover of x has a countable nearly subcover

Definition 17. Suppose x = (x, A1, A2) is a bitopological space. Then, x is called
a pairwise nearly Lindelof space if every pairwise nearly open cover has a countable
nearly subcover.

Definition 18. A bitopological space (x, A1, A2) is called S-nearly Lindeldf if and
only if it is both nearly Lindelof and pairwise nearly Lindelof.

Remark 3. Fvery pairwise nearly compact space is a pairwise nearly Lindelof
space, but the converse is not necessarily true.
Proof. Let x be a pairwise nearly compact space. Then, every nearly \;-open
cover of x has a finite A;-subcover of x. Thus, for each nearly \;-open cover of x,
there exists a countable A;-subcover of x for all i # j, where (i,j = 1,2). Hence,
X is pairwise nearly Lindelof. The converse, however, is not necessarily true.
Now, we present an example of a pairwise nearly Lindelof space that is not pair-
wise nearly compact. Consider (R, 7,,7,), where 7, is the usual topology. Since
B = {(a,b) : a < b, a,b € Q} is a countable base for (R,7,), the space (R, ,)
is second countable. Furthermore, since every second countable space is Lindelof,
(R, 7,) is a Lindelof space. Therefore, (R, 7,,7,) is a pairwise Lindeldf space, and
consequently, it is pairwise nearly Lindeléf. However, (R, 7,) is not compact be-
cause the open cover U = {(—n,n) : n € N} of R does not have a finite subcover.

Hence, (R, 7,,7,) is not pairwise compact, and therefore, it is not pairwise nearly
compact.

Theorem 10. Let (x, A1, A2) be a bitopological space. If x is a hereditary nearly
Lindelof space, then x is S-nearly Lindelof.
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Proof. Assume U = {u, : @ € A} U{vz : § € '} is a nearly A;, Ap-open cover

of (x, A1, A2), WheNre Uq € A\ for every a € A, and vz € Ay for every 5 € I'. Since
U = J{us : @ € A} is Aj-nearly Lindeldf, there exists a countable subset Ay C A

such that:
U=|J{ua: e}

Similarly, since V' = [J{vs : § € I'} is Ag-nearly Lindelof, there exists a countable
subset I'; C I'" such that:

V= U{U/B : B S Fl}
It is clear that:
{ttg :a € Ay} U{vg: e}

is a countable subcover of [/ for x. Therefore, y is S-nearly Lindelof.

Theorem 11. A pairwise nearly Lindelof space is preserved under an onto pairwise
continuous function.

Proof. Let ¢ # j, where (i,7 = 1,2). Let F : (x,A\1,A2) — (Y, 11, u2) be a
surjective continuous function, and suppose x is a nearly Lindelof space. We aim
to show that Y is also a nearly Lindelof space. Assume U = {u, : o € A}

is a nearly A;-open cover of Y. Then, u, is open for all a« € A. Since F is
continuous, the preimage F~!(u,) is open in yx for each a € A. As F is surjective,
{F~Y(uy) : a € A} forms an open cover of x. Because x is a nearly Lindelof space,
this cover can be reduced to a countable \;-subcover, say {F~!(u,) : @ € '}, where
I A and |T| < Ry = |N|. Thus:

xS U F ().
ael’

Since F' is surjective, we have:

Y=F(x)CF (U Fl(%)) < |t

acl’ acl’
Therefore, U has a countable Aj-subcover of Y, which proves that Y is a nearly
Lindelof space.

Remark 4. A compact subset in a pairwise nearly m-space is closed, but a nearly
Lindelof subset in a pairwise nearly mo-space need not be closed. For example,
(R, Tu, ) 1$ a pairwise nearly to-space, and (0,1) is a nearly Lindeldf subset of R.
However, (0,1) is not pairwise nearly closed in R.
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Definition 19. A space (x, A1, A2) is called a pairwise nearly pairwise space if and
only if the countable intersection of nearly open sets is nearly open.

Theorem 12. Fvery nearly Lindelof subset of a nearly m pairwise space is pairwise
nearly closed.

Proof. Let ¢ # j, where (i,j = 1,2). Let A be a nearly Lindel6f subset of a nearly
P-15 space x. To show that A is pairwise nearly closed, it is enough to show that
X \ 4 is pairwise nearly open. Let z € x \ A. Then z ¢ A, and for each a € A,
we have x # a. Since x is a 7, space, there exist nearly open sets u, and v, in x
such that = € ug, a € v,, and u, Nv, = (. Hence, V = {v, : a € A} forms a nearly

Ai-open cover of A. Since A is a P-nearly Lindelof subset of y, the cover /' reduces

to a countable \;-subcover, say:
V =A{v,, : a € Ao},

where Ay is countable. Thus:

AC U Vay, -

aclNg

For each v,,, where oo € Ay, there exists a corresponding nearly open set u,, such
that = € uq,, o € v,,, and ug, Nv,, = 0. Let:

V* = U Vo, U= ﬂ Ug,, -
a€lg acg
Then A CV* x € U*, and:
U'NV* Cug, Nug, =0 for all a € Ay.
Hence:
urnve=40.

Since A C V*, it follows that:

UNACU NV =0.

Thus, z € U* C x\ A, where U* = ﬂaer Uq,, 18 nearly open because Y is a pairwise
nearly space. Therefore, x \ A is pairwise nearly open, and A is pairwise nearly
closed.

Theorem 13. Let A be a nearly Lindelof subset of a pairwise nearly to-space .
Then, for each x ¢ A, we can separate x and A into two disjoint nearly open sets

mx.
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Proof. Let i # j, where (i,j) = 1,2. For each a € A, we have a # z since = ¢ A.
As x is a Ty-space, there exist pairwise nearly open sets u,(z) and v(a) in x such
that z € u,(x), a € v(a), and uy(x) Nwv(a) = 0. Hence, V = {v(a) : a € A} forms
a A;-open cover of A. Since A is a pairwise nearly Lindelof subset of y, the cover
V can be reduced to a countable Aj-subcover of A, say:

V ={v(aa) : @ € Ap}.

~

Thus:
AC U v(a,) =V.

acNg

For all v(a,), where a € Ay, there exists a corresponding pairwise nearly open set
Uq, (z) such that:

T € Uy, (), aq €v(a,), and wu,, (z) Nv(a,)=10.

Let:
U= ﬂ Uq,, (T).
aclNg
Since y is a pairwise nearly space, U is nearly open, and U C u,_(x) for all v € A,.
Hence:
UnNu(ay) C g, (z)Nov(a,) =0 for all a € A,.
Thus:
vnv=un J vla) =0
aclg
Therefore, . € U, A C V, and UNV = (). This shows that z and A can be
separated into two disjoint P-nearly open sets in Y.

Theorem 14. FEvery pair of disjoint nearly Lindeldf subsets in a pairwise nearly
Hausdorff space can be separated by disjoint nearly open sets in x.

Proof. Let i # j, where (i,j) = 1,2. Assume A and B are disjoint nearly Lindel6f
subsets of a pairwise nearly Hausdorff space x. For each a € A, we have a ¢ B
since AN B = (). By Theorem (4), there exist nearly \;-open sets u, and v, in x
such that a € u,, B C v,, and u, Nv, = . Hence, U = {u, : a € A} forms a

Ai-open cover of A. Since A is a nearly Lindel6f subset of x, the cover U can be

reduced to a countable \j;-subcover, say:

U={us, :a€ A},
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where Ay is countable. Thus:

AC | ta, =1,

aElNg

where U is open. For each u,,, where a € Ay, there exists a corresponding nearly
open set v,, such that B C v, and:

Va,, Mg, = 0.
Let:
T
aENg

Then B C v, and v is nearly open in y. Since x is a pairwise nearly space, we
have A C U, B C v, and U, v are nearly open in x. Moreover, since v C v, for all
a € Ay, we have:

v N U, C Ug, NVg, = 0.

Thus:
vNU=vN U Uq, = 0.

aEAg

Therefore, A and B can be separated by two disjoint nearly \;-open sets in x.

Theorem 15. Let x be a nearly Lindelof space and Y a pairwise nearly space.
Then, the projection P : x X x — Y 1s closed.

Proof. Let ¢ # j, where (i,j) = 1,2. Let y € Y and G be an open set in y X x
such that P~!(y) € G. We aim to show that there exists a pairwise nearly open
set v containing y in Y such that P~'(v) C G. Since G is open in x X Y, for each
(z,y) € G where (z,y) € x X Y, there exist pairwise nearly open basic sets u, and
v, in x and Y, respectively, such that:

T €U, YEU, and (zr,y)€ u, xv, CG.

Hence, U = {u, : © € x} forms a \;-open cover of . Since x is a nearly Lindelof

space, the cover U can be reduced to a Aj-countable subcover, say:

{ug, : a € Ao},

where [Ag| < R = |N|. Thus:

xS U tr-

aclNg
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For all {u,, : @ € Ay}, there exist corresponding pairwise nearly open sets {v,, :
a € Ag} such that:
Yy € vy, forall ae Ay

Let:

Since Ag is countable and Y is a pairwise nearly space, v is nearly open in Y.
Moreover:
Plv)CxyxvCuxvCd.

Thus, P~!(v) C G, which shows that P is closed.

Theorem 16. Let f: x — Y be a closed, continuous, surjective function. If for
ally € Y, the fibers f~(y) are nearly Lindelof, and if Y is nearly Lindelof, then
x 1s nearly Lindelof.

Proof. Let i # j, where (i,5 = 1,2). Let U = {u, : @« € A} be a nearly \-

open cover of y. For all y € Y, we have f~!(y) C ¥, so U is a A\-open cover of
f~Yy). Since f~1(y) is nearly Lindeldf, the cover {J can be reduced to a countable

Aj-subcover, say {uq,}. Thus:

This implies:

ay€Ng
Hence:
ymf (X_ U uay) :Q)
ayEAo
Define:

Oy:Y—f(X— U uay>.

ay€lg

Since u,, is open in y, the set Uqy is open in x. Consequently, X_Uaye Ao Uay

ay€Ng

is closed in y, and since f is closed, f (X — Uay€ Ao uay> is closed in Y. Thus, O,
isopen in Y. For all y € Y, we have y € O,, so:

0={0,:yeY}
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is a nearly A;-open cover of Y. Since Y is nearly Lindelof, O can be reduced to a

countable \;-subcover, say:
{0y, : 7 €Ty}, where I is countable.

Thus:

Since f~1(Y) = y, it follows that:

x=f1w)c | 10,

From the construction of O,, , we have:

Hence, U reduces to a countable Aj-subcover of x. Therefore, x is nearly Lindelof.

Theorem 17. The product of two nearly Lindelof spaces, one of which is a pairwise
Ty-space, is nearly Lindelof.

Proof. Let x and Y be two nearly Lindelof spaces, and suppose Y is a P-nearly
To-space. By the previous theorem, the projection function P : x x Y — Y is
pairwise closed. For all y € Y, we have:

P (y) =xx{y} =x.

Since Y is nearly Lindeldf, it follows that P~!(y) is nearly Lindelof. Furthermore,
P is continuous and surjective, making it a perfect function. By Theorem (5),
the product space x x Y is nearly Lindelof because Y is nearly Lindelof and P is
perfect. Thus, y X Y is nearly Lindelof.

4. Conclusion

In this work, we explored various properties and results related to nearly Lin-
delof spaces in the context of general topology and bitopological spaces. The exten-
sion of classical Lindelof and compactness properties to nearly open and pairwise
settings allowed for a deeper understanding of the structural and functional be-
havior of these spaces. Key results, such as the preservation of the nearly Lindelof
property under continuous surjective functions, the separation of disjoint subsets in
pairwise nearly Hausdorff spaces, and the conditions under which product spaces
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retain the nearly Lindelof property, were established. By examining specific exam-
ples and counterexamples, we highlighted the distinctions between nearly Lindelof
spaces and related concepts like compact and nearly compact spaces. These findings
not only expand the theoretical framework of general topology but also provide po-
tential applications in broader areas such as functional analysis and mathematical
modeling.Future research can focus on further generalizations of nearly Lindelof
spaces, their connections to other topological properties, and the exploration of
nearly Lindel6f spaces in more complex topological structures, such as bitopologi-
cal or fuzzy spaces.
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