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Abstract: In this paper, we define Hyperbolic Kenmotsu manifolds and the gener-
alized symmetric metric connection on this manifold. Further we discuss curvature
tensor and Ricci curvature tensor with respect to the generalized symmetric met-
ric connection. We also study Ricci semi-symmetric 3-dim Hyperbolic Kenmotsu
manifold with the generalized symmetric metric connection and Projectively flat
manifold with respect to the generalized symmetric metric connection.
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1. Introduction
A linear connection ∇̄ is said to be the generalized symmetric metric connection

if its torsion tensor T is of the form

T (X, Y ) = α{η(Y )X − η(X)Y }+ β{η(Y )ϕX − η(X)ϕY }, (1.1)

for any vector fields X, Y on a manifold, where α and β are smooth functions. ϕ is a
tensor of type (1,1) and η is a 1-form associated with a non-vanishing smooth non-
null unit vector field ξ. Moreover, the connection ∇̄ is said to be the generalized
symmetric metric connection if there is a Riemannian metric g in M such that
∇̄g = 0, otherwise it is non metric.
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In the equation (1.1), the generalized symmetric metric connection reduces to a
semi-symmetric and quarter-symmetric respectively when (α,β)= (1,0) and (α,β)
= (0,1).

Thus , it can be suggested that the generalized symmetric metric connection
came in the idea by the generalized semi-symmetric and quarter-symmetric connec-
tion. This two connection play an important role for both the geometry study and
applications to physics. H. A. Hayden [7] introduced a metric connection with non-
zero torsion on a Riemannian manifold. The properties of Riemannian manifolds
with semi-symmetric (symmetric) and non-metric connection have been studied by
many authors (see [1, 3, 5]). The idea of quarter-symmetric linear connections in a
differential manifold was introduced by S. Golab [6]. Sharfuddin and Hussian [11]
defined a semi-symmetric metric connection in an almost contact manifold.

On the other hand, the notion of almost contact Hyperbolic (f, g, η, ξ)-structure
was introduced by Upadhyay and Dube [12]. Further, it was studied by number of
authors [2, 8]. A non-zero vector field v ∈ Tp(M) is said to be timelike (respectively.,
null, space-like, and non-space-like) if it satisfies gp(v, v) < 0 (respectively.,= 0, >
0 and ≤ 0) [10], where Tp(M) denotes the tangent space of M at point p. Let
{e1, e2..., e2n, e2n+1= ξ} be a local orthonormal basis of vector fields in a (2n+1)-
dimensional semi-Riemannian manifold. Thus, the Ricci tensor S and the scalar
curvature τ of a (2n+1)-dimensional almost Hyperbolic contact metric manifold
M2n+1 endowed with the semi-Riemannian metric g are, respectively, defined as
follows :

S(X, Y ) =
2n+1∑
i=1

εig(R(ei, X)Y, ei)

=
2n∑
i=1

g(R(ei, X)Y, ei)− g(R(ξ,X)Y, ξ),

τ =
2n+1∑
i=1

εiS(ei, ei) =
2n∑
i=1

εiS(ei, ei)− S(ξ, ξ) (1.2)

for all vector fields X and Y , where εi = g(ei, ei), ξ is the unit timelike vector field,
that is g(ξ, ξ) = -1 and R represents the curvature tensor of M2n+1 [10].
In 1972, Kenmotsu [9] studied a class of contact Riemannian manifolds satisfying
some special conditions named as Kenmotsu manifold. Kenmotsu proved that
a locally Kenmotsu manifold is a warped product I ×f M of an interval I and
a Kaehler manifold M with wraping functionf(t) = set ; where s is a non-zero
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constant. This is expressed by the condition

(∇Xϕ)Y = g(ϕX, Y )ξ − η(Y )ϕX, (1.3)

for all vector fields X and Y .
In this paper, we studied the properties of 3-dimensional Hyperbolic Kenmotsu
manifolds with the generalized symmetric metric connection.

Definition 1.1. A hyperbolic Kenmotsu manifold M is said to be the generalized
η–Einstein manifold [13] if its Ricci tensor S is of the form

S(X, Y ) = ag(X, Y ) + bη(X)η(Y ) + cg(ϕX, Y ). (1.4)

where a, b, c are scalar functions.

2. Preliminaries
Let M be a (2n + 1)-dimensional almost Hyperbolic contact manifold with a

fundamental tensor field ϕ of type (1,1), ξ is a vector field, η is a 1-form. Then the
structure (ϕ,η,ξ) satisfies,

ϕ2 = I + η ⊗ ξ, ϕ(ξ) = 0, η(ϕ) = 0 (2.1)

rank(ϕ) = 2n

η(ξ) = −1 (2.2)

where I is the identity endomorphism of the tangent bundle of M2n+1. An almost
Hyperbolic contact manifold M2n+1 is said to be an almost Hyperbolic contact
metric manifold if the semi-Riemannian metric g of M2n+1 satisfies

g(ϕX, ϕY ) = −g(X, Y )− η(X)η(Y ) (2.3)

g(ϕX, Y ) = −g(X,ϕY ) (2.4)

∇Xξ = −X − η(X)ξ (2.5)

(∇Xη)(Y ) = g(ϕX, ϕY ) = −g(X, Y )− η(X)η(Y ) (2.6)

g(X, ξ) = η(X) (2.7)

∇XfY = (Xf)Y + f∇XY (2.8)

where X, Y ∈ χ(M) and ∇ is the Levi- Civita connection.
The structure (ϕ, ξ, η, g) onM2n+1 is called almost Hyperbolic contact metric struc-
ture. In a 3-dimensional Hyperbolic Kenmotsu manifold M , the following relations
are hold

R(X, Y )ξ = η(Y )X − η(X)Y (2.9)
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R(X, ξ)ξ = −X − η(X)ξ (2.10)

R(ξ,X)Y = g(X, Y )ξ − η(Y )X (2.11)

S(X, ξ) = 2η(X) (2.12)

S(ξ, ξ) = −2 (2.13)

Qξ = 2ξ (2.14)

g(ξ, ξ) = −1 (2.15)

where R is the Riemannian curvature tensor and S is Ricci tensor defined by
S(X, Y ) = g(QX, Y ), where Q is Ricci operator.

3. Generalized Symmetric Metric Connection in a Hyperbolic Kenmotsu
Manifold

Let ∇ be Levi-Civita connection and ∇̃ be a linear connection in Hyperbolic
Kenmotsu manifold M . The linear connection ∇̃ satisfying

∇̃XY = ∇XY +H(X, Y ) (3.1)

for all vector fields X, Y ∈ X(M), is known to be the generalized symmetric metric
connection ∇̃. Here H is (1, 2)-type tensor such that

H(X, Y ) =
1

2

[
T (X, Y ) + T̃ (X, Y ) + T̃ (Y,X)

]
(3.2)

where T is torsion tensor of ∇̃ and

g(T̃ (X, Y ),W ) = g(T (W,X), Y ) (3.3)

In view of (1.1), (3.3) and (3.2, we have

T̃ (X, Y ) = α
[
η(X)Y − g(X, Y )ξ

]
+ β

[
η(X)ϕY − g(ϕX, Y )ξ

]
(3.4)

and hence
H(X, Y ) = αη(Y )X − βη(X)ϕY + βg(ϕX, Y )ξ (3.5)

Thus we conclude

Corollary. In a Hyperbolic Kenmotsu manifold, the generalized symmetric metric
connection ∇̃ of type (α, β) is given by

∇̃XY = ∇XY + αη(Y )X + β
[
g(ϕX, Y )ξ − η(X)ϕY

]
(3.6)
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which is obtained by using (3.1) and (3.5).
The generalized symmetric connection reduces to a semi-symmetric and quarter-
symmetric respectively when (α,β)= (1,0) and (α,β) = (0,1).

4. Curvature Tensor on Hyperbolic Kenmotsu Manifold with the Gen-
eralized Symmetric Metric Connection

The curvature tensor R̃ of the generalized symmetric metric connection ∇̃ in
M is defined as

R̃(X, Y )Z = ∇̃X∇̃YZ − ∇̃Y ∇̃XZ − ∇̃[X,Y ]Z (4.1)

By virtue of equations (2.1), (2.2), (2.5), (3.6) and (4.1), we obtain a relation
between the curvature tensor R̃ of the generalized symmetric metric connection ∇̃
and the curvature tensor R of Levi-Civita connection ∇ as

R̃(X, Y )Z =R(X, Y )Z

+ α
[
g(Y, Z)X − g(X,Z)Y

]
+ α(1 + α)

[
η(Y )X − η(X)Y

]
η(Z)

+ β(1 + α)
[
g(ϕY, Z)X − g(ϕX,Z)Y

]
− β2

[
g(Y, Z)η(X)− g(X,Z)η(Y )

]
ξ

+ 2β(1 + α)g(ϕX, Y )η(Z)ξ

+ β
[
g(ϕY, Z)η(X)− g(ϕX,Z)η(Y )

]
ξ, (4.2)

where X, Y, Z ∈ χ(M).
Taking inner product with W in (4.2), we get

R̃((X, Y )Z,W ) =R((X, Y )Z,W )

+ α
[
g(Y, Z)g(X,W )− g(X,Z)g(Y,W )

]
+ α(1 + α)

[
η(Y )g(X,W )− η(X)g(Y,W )

]
η(Z)

+ β(1 + α)
[
g(ϕY, Z)g(X,W )− g(ϕX,Z)g(Y,W )

]
− β2

[
g(Y, Z)η(X)− g(X,Z)η(Y )

]
g(ξ,W )

+ 2β(1 + α)
[
g(ϕX, Y )η(Z)

]
g(ξ,W )

+ β
[
g(ϕY, Z)η(X)− g(ϕX,Z)η(Y )

]
g(ξ,W ). (4.3)

Taking inner product with ξ in (4.2), we have

g(R̃(X, Y )Z, ξ) = η(R̃(X, Y )Z) =
[
g(Y, Z)η(X)− g(X,Z)η(Y )

]
.
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Contracting (4.2) with respect to X, we have

S̃(Y, Z) =S(Y, Z) + (2α− β2)g(Y, Z)

+ (2α(1 + α) + β2)η(Y )η(Z)

+ β(4(1 + α) + 1)g(ϕY, Z). (4.4)

Again using (4.2), we get

R̃(X, Y )ξ =(1− α2)
[
η(Y )X − η(X)Y

]
− 2β(1 + α)g(ϕX, Y )ξ. (4.5)

and

R̃(ξ,X)Y =(1 + α + β2)g(Y, Z)ξ + (α2 − 1)η(Z)Y

+ (α + α2 + β2)η(Y )η(Z)ξ

+ αβg(ϕY, Z)ξ. (4.6)

Putting Z = ξ in (4.4), we get

S̃(Y, ξ) = S(Y, ξ)− 2(α2 + β2)η(Y ). (4.7)

Using (2.12) in above equation

S̃(Y, ξ) = 2(1− β2 − α2)η(Y ). (4.8)

5. Ricci Semi-symmetric 3-dimensional Hyperbolic Kenmotsu Manifolds
with the Generalized Symmetric Metric Connection

A Hyperbolic kenmotsu manifold with the generalized symmetric metric con-
nection is called Ricci semi-symmetric if R̄.S̄ = 0, Then

S̄(R̄(X, Y )Z,W ) + S̄(Z, R̄(X, Y )W ) = 0. (5.1)

Using (4.3) and (4.4) in (5.1), we get

S(R(X, Y )Z,W ) + S(Z,R(X, Y )W )

+ (2α− β2)[g(R(X, Y )Z,W ) + g(Z,R(X, Y )W )]

+ 2α(1 + α)β2[η(R(X, Y )Z)η(W ) + η(Z)η(R(X, Y )W )]

+ β((1 + α)4 + 1)[g(ϕR(X, Y )Z,W ) + g(ϕZ,R(X, Y )W )]

+ [αg(Y, Z) + α(1 + α)η(Y )η(Z) + β(1 + α)g(ϕY, Z)]S̄(X,W )

+ [−αg(X,Z)− α(1 + α)η(X)η(Z)− β(1 + α)g(ϕX,Z)]S̄(Y,W )

+
[
2β(1 + α)[g(ϕX, Y )η(Z)]
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+ β[g(ϕY, Z)η(X)− g(ϕX,Z)η(Y )]

− β2[g(Y, Z)η(X)− g(X,Z)η(Y )]
]
S̄(ξ,W )

+ [αg(Y,W ) + α(1 + α)η(Y )η(W ) + β(1 + α)g(ϕY,W )]S̄(Z,X)

+ [−αg(X,W )− α(1 + α)η(X)η(W )− β(1 + α)g(ϕX,W )]S̄(Z, Y )

+
[
2β(1 + α)[g(ϕX, Y )η(W )]

+ β[g(ϕY,W )η(Z)− g(ϕX,W )η(Y )]

− β2[g(Y,W )η(X)− g(X,W )η(Y )]
]
S̄(Z, ξ) = 0. (5.2)

If a 3-dimensional Hyperbolic Kenmotsu manifold with the generalized symmetric
metric connection becomes Ricci semi-symmetric, then

S(R(X, Y )Z,W ) + S(Z,R(X, Y )W ) = 0. (5.3)

Using (5.3), (5.2) reduces to

(2α− β2)[g(R(X, Y )Z,W ) + g(Z,R(X, Y )W )]

+ 2α(1 + α)β2[η(R(X, Y )Z)η(W ) + η(Z)η(R(X, Y )W )]

+ β((1 + α)4 + 1)[g(ϕR(X, Y )Z,W ) + g(ϕZ,R(X, Y )W )]

+ [αg(Y, Z) + α(1 + α)η(Y )η(Z) + β(1 + α)g(ϕY, Z)]S̄(X,W )

+ [−αg(X,Z)− α(1 + α)η(X)η(Z)− β(1 + α)g(ϕX,Z)]S̄(Y,W )

+
[
2β(1 + α)[g(ϕX, Y )η(Z)]

+ β[g(ϕY, Z)η(X)− g(ϕX,Z)η(Y )]

− β2[g(Y, Z)η(X)− g(X,Z)η(Y )]
]
S̄(ξ,W )

+ [αg(Y,W ) + α(1 + α)η(Y )η(W ) + β(1 + α)g(ϕY,W )]S̄(Z,X)

+ [−αg(X,W )− α(1 + α)η(X)η(W )− β(1 + α)g(ϕX,W )]S̄(Z, Y )

+
[
2β(1 + α)[g(ϕX, Y )η(W )]

+ β[g(ϕY,W )η(Z)− g(ϕX,W )η(Y )]

− β2[g(Y,W )η(X)− g(X,W )η(Y )]
]
S̄(Z, ξ) = 0. (5.4)

Putting W=ξ in (5.4), we obtain

[η(X)g(Y, Z)− η(Y )g(X,Z)][2β2(1− β2) + α(2− 5αβ2 − 4β2)]

+ η(X)g(ϕY, Z)(β(4(1 + α) + 1)(1− α2) + 2αβ(1− α2 − β2))

+ η(Y )g(ϕX,Z)(2(1− α2 − β2)− β(4(1 + α) + 1)(1− α2)

+ α2[η(X)S̄(Z, Y )− η(Y )S̄(Z,X)]

− 4β(1 + α)(2− 2α2 − 2β2)η(Z)g(ϕX, Y ) = 0. (5.5)
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Again putting X=ξ in (5.5), we get

− (g(Y, Z) + η(Y )η(Z))[2β2(1− β2) + α(2− 5αβ2 − 4β2)]

− g(ϕY, Z)[β(4(1 + α) + 1)(1− α2) + 2αβ(1− α2 − β2)]

+ α2[−S̄(Z, Y )− (2− 2α2 − 2β2)η(Y )η(Z)] = 0. (5.6)

which gives

S̄(Y, Z) =
1

−α2

{
[2β2(1− β2) + α(2− 5αβ2 − 4β2)]g(Y, Z)

+ [2β2(1− β2) + 2α2(1− α2) + 2α2 − 7α2β2 − 4αβ2]η(Y )η(Z)

+ [β(4(1 + α) + 1)(1− α2) + 2αβ(1− α2 − β2)]g(ϕY, Z)

}
. (5.7)

Thus we have

Theorem 5.1. A Ricci semi-symmetric 3-dimensional Hyperbolic Kenmotsu Man-
ifold with the generalized symmetric metric connection is generalized η-Einstein
manifold given as

S̄(Y, Z) = Ag(Y, Z) +Bη(Y )η(Z) + Cg(ϕY, Z).

Where
A = 1

−α2 [2β
2(1− β2) + α(2− 5αβ2 − 4β2)],

B = 1
−α2 [2β

2(1− β2) + 2α2(1− α2) + 2α2 − 7α2β2 − 4αβ2]
and
C = 1

−α2 [β(4(1 + α) + 1)(1− α2) + 2αβ(1− α2 − β2)].

6. Projectively flat 3-dimensional Hyperbolic Kenmotsu manifolds with
the Generalized Symmetric metric connection

In this section, we study Projectively flat 3-dimensional Hyperbolic Kenmotsu
manifolds with respect to the generalized symmetric metric connection. In a 3-
dimensional Hyperbolic Kenmotsu manifold, the Projective curvature tensor with
respect to the generalized symmetric metric connection is given by

P̄ (X, Y )Z = R̄(X, Y )Z − 1

2
{S̄(Y, Z)X − S̄(X,Z)Y }. (6.1)

If P = 0, then the manifold M is called Projectively flat manifold with respect to
the generalized symmetric metric connection .
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Let M be a Projectively flat manifold with respect to the generalized symmetric
metric connection. From (6.1), we have

R̄(X, Y )Z =
1

2
{S̄(Y, Z)X − S̄(X,Z)Y }. (6.2)

Using (4.3) and (4.4) in (6.2), we get

R((X, Y )Z,W )

+ α
[
g(Y, Z)g(X,W )− g(X,Z)g(Y,W )

]
+ α(1 + α)

[
η(Y )g(X,W )− η(X)g(Y,W )

]
η(Z)

+ β(1 + α)
[
g(φY, Z)g(X,W )− g(φX,Z)g(Y,W )

]
− β2

[
g(Y, Z)η(X)− g(X,Z)η(Y )

]
g(ξ,W )

+ 2β(1 + α)
[
g(φX, Y )η(Z)

]
g(ξ,W )

+ β
[
g(φY, Z)η(X)− g(φX,Z)η(Y )

]
g(ξ,W )

=
1

2
{[S(Y, Z)g(X,W )− S(X,Z)g(Y,W )]

+ (2α− β2)[(g(Y, Z)g(X,W )− g(X,Z)g(Y,W )]

+ (2α(1 + α) + β2)[η(Y )η(Z)g(X,W )− g(η(X)η(Z)g(Y,W )]

+ (β(4(1 + α) + 1)[g(ϕY, Z)g(X,W )− g(ϕX,Z)g(Y,W )]}. (6.3)

Now putting W = ξ in (6.3), we have

(1 +
3

2
β2)[η(X)g(Y, Z)− η(Y )g(X,Z)]

− (
5

2
β + αβ)[η(X)g(ϕY, Z)− η(Y )g(ϕX,Z)]

− 2β(1 + α)g(ϕX, Y )η(Z)

=
1

2
[η(X)S(Y, Z)− η(Y )S(X,Z)]. (6.4)

Again putting X = ξ in (6.4), we get

S(Y, Z) =(2 + 3β2)g(Y, Z) + 3β2η(Y )η(Z)

− (5β +
1

2
αβ)g(ϕY, Z). (6.5)

Thus, we have
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Theorem 6.1. A Projectively flat 3-dimensional Hyperbolic Kenmotsu manifold
with the generalized symmetric metric connection is the generalized η-Einstein man-
ifold with respect to Levi-Civita connection is given by

S(Y, Z) = (2 + 3β2)g(Y, Z) + 3β2η(Y )η(Z)

−(5β +
1

2
αβ)g(ϕY, Z).
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