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Abstract: In this paper, we introduce 2-woven frames in 2- Hilbert spaces and
explore some of their properties. Also, 2-woven frame operators are defined and
some related results for these operators are established in 2-Hilbert spaces.
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1. Introduction
Frames in Hilbert space were introduced by Duffin and Schaeffer in their work

on nonharmonic Fourier series [6], reintroduced by Daubechies et al. [4] in 1986
and since then work on frames is going on. Frame theory has left a distinct mark
in applied mathematics and engineering and some properties of frames have made
them an important part of functional analysis [7, 9].

The concept of 2-inner product space was first introduced by Diminnie et al.
[5] and frames in 2-Hilbert space were introduced by Arefijamaal and Sadeghi [1].

The concept of woven frames was introduced to deal with some problems in
wireless sensor networks and signal processing by Bemrose et al. [2] in 2015 and
frame related operators for woven frames were recently defined by A. Rahimi et al.
[8].

Throughout the paper, I denotes a finite or countably infinite index set, N set
of natural numbers and for k ∈ N, [k] = {1, ..., k}, [k]c = N\ [k] = {k+1, k+2, ...}.
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2. Preliminaries

Lemma 2.1. [1] Let (X, ⟨·, ·|·⟩) be a 2-inner product space and x, z ∈ X. Then,

∥x, z∥ = sup{|⟨x, y|z⟩|; y ∈ X, ∥y, z∥ = 1}.
Definition 2.1. [1] Let (X⟨·, ·|·⟩) be a 2- Hilbert space and η ∈ X. A sequence
{xi}i∈I of elements of X is called a 2-frame associated to η if there exist constants
0 < C ≤ D < ∞ such that for all x ∈ X

C∥x, η∥2 ≤
∑
i∈I

|⟨x, xi|η⟩|2 ≤ D∥x, η∥2.

The constants C and D are called the lower and upper 2-frame bounds. If C = D,
then {xi}i∈I is called a tight 2-frame.

Remark 1. A sequence {xi}i∈I satisfying the upper 2-frame condition i.e.,∑
i∈I |⟨x, xi|η⟩|2 ≤ D∥x, η∥2, is called a 2-Bessel sequence with Bessel bound D.

Definition 2.2. [2] Let F = {fij}i∈I for j ∈ [k] be a family of frames for the
Hilbert space H. If there exists universal constants 0 < C ≤ D < ∞ such that for
every partition {σj}j∈[k] of I, the family {fij}i∈σj ,j∈[k] is a frame for H with same
bounds C and D, then F is called a woven frame. For every j ∈ [k], the frames
{fij}i∈σj ,j∈[k] are called weaving frames.

If C = D then F = {fij}i∈I for j ∈ [k] is called a tight woven frame.

Remark 2. If for every partition {σj}j∈[k], the family {fij}i∈σj ,j∈[k] is a Bessel
sequence then the family F = {fij}i∈I for j ∈ [k] is called a Bessel woven.

Proposition 2.1. [3] Let H be a Hilbert space and T : H → H be a operator
satisfying ∥I−T∥ < 1, then T is invertible opetator, where I is an identity operator.

3. Woven frames in 2-Hilbert space
In this section, 2-woven frame is introduced and some results are proved for

2-weaving families of vectors.

Definition 3.1. Let (X, ⟨·, ·|·⟩) be a 2-Hilbert space and F = {fij}i∈I,j∈[k] be a
family of 2-frames for X associated to η. Then, F is said to be a 2-woven frame
if for universal constants C and D with 0 < C ≤ D < ∞, the family {fij}i∈σj ,j∈[k]
for every partition {σj}j∈[k] of I is a 2-frame for X.
The constants C and D are called lower and upper frame bounds respectively.
Further, each family {fij}i∈σj ,j∈[k] is called a 2-weaving frame.

Proposition 3.1. Let F = {fij}i∈I,j∈[k] be a woven frame for Hilbert space X.
Then F is also a 2-woven frame for 2-Hilbert space with the standard 2-inner
product associated to η ∈ X (∥η∥ = 1).
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Proof. Since F = {fij}i∈I,j∈[k] is a woven frame, therefore each family {fij}i∈σj ,j∈[k]
is a frame. From Proposition (2.3) of [1], every frame for a Hilbert space is a 2-
frame for 2-Hilbert space. Therefore each family {fij}i∈σj ,j∈[k] is a 2-frame for every
partition {σj}j∈[k] of I. Hence F is a 2-woven frame.

The following example shows that the converse of the above proposition is not
true.

Example 1. Let Φ = {e1+ e2, e2} and Ψ = {e2, e1+ e2} be 2-frames associated to
η = e1, where e1 and e2 are mutually orthogonal vectors with unit norm. Then Φ
and Ψ are 2-woven frame for 2-Hilbert space R2 with the standard 2-inner product.
But Φ and Ψ are not woven frame for R2. Because for index set I = {1, 2}, taking
σ = {1}, σc = {2} we get

{Φi}i∈σ ∪ {Ψi}i∈σc = {e1 + e2, e1 + e2}.

Which is not a frame for R2.
Let X be a Hilbert space. For the subspace Yη generated by a fixed element

η ∈ X, Zη denotes the orthogonal complement of Yη.

Theorem 3.1. Let X be a Hilbert space and (X, ⟨·, ·|·⟩) be a 2-Hilbert space. Then
the family F = {fij}i∈I,j∈[k] is 2-woven associated to η(∥η∥ = 1) if and only if it is
a woven frame for the Hilbert space Zη with same bounds.
Proof. Let F = {fij}i∈I,j∈[k] be a 2-woven frame associated to η with bounds C
and D, i.e. for every partition {σj}j∈[k] of I and x ∈ X,

C∥x, η∥2 ≤
k∑

j=1

∑
i∈σj

|⟨x, fij|η⟩|2 ≤ D∥x, η∥2.

By simple calculation, we get

C∥x− ⟨x, η⟩η∥2 ≤
k∑

j=1

∑
i∈σj

|⟨x− ⟨x, η⟩η, fij⟩|2 ≤ D∥x− ⟨x, η⟩η∥2.

Since x− ⟨x, η⟩η ∈ Zη. Therefore F is a woven frame for Zη.
Conversely. For any x ∈ X, x− ⟨x, η⟩η ∈ Zη.
Since F = {fij}i∈I,j∈[k] be a woven frame with frame bounds C and D for Zη, then

C∥x− ⟨x, η⟩η∥2 ≤
k∑

j=1

∑
i∈σj

| ⟨x− ⟨x, η⟩η, fij⟩|2 ≤ D∥x− ⟨x, η⟩η∥2
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C⟨x, x|η⟩ ≤
k∑

j=1

∑
i∈σj

|⟨x, fij|η⟩|2 ≤ D⟨x, x|η⟩

C∥x, η∥2 ≤
k∑

j=1

∑
i∈σj

|⟨x, fij|η⟩|2 ≤ D∥x, η∥2.

Hence F = {fij}i∈I,j∈[k] is a 2-woven frame for X associated to η.

4. Operators for 2-woven frames
Let l2(I) with inner product ⟨·, ·⟩/standard 2-inner product ⟨·, ·|·⟩ be a Hilbert/2-

Hilbert space of square summable sequences.
Following [8], we construct 2-Hilbert space as:
For each family of subspaces {(l2(I))j}j∈[k] of l2(I), we have

(l2(I))j = {{aij}i∈σj
| aij ∈ C, σj ⊂ I,

∑
i∈σj

|aij|2 < ∞}, ∀j ∈ [k].

Now, taking

(
∑
j∈[k]

⊕(l2(I))j)l2 = {{aij}i∈I,j∈[k] | {aij}i∈σj
∈ (l2(I))j},∀j ∈ [k]

and inner product

⟨{xij}i∈I,j∈[k], {yij}i∈I,j∈[k]|{zij}i∈I,j∈[k]⟩ =

det

∣∣∣∣⟨{xij}i∈I,j∈[k], {yij}i∈I,j∈[k]⟩ ⟨{xij}i∈I,j∈[k], {zij}i∈I,j∈[k]⟩
⟨{zij}i∈I,j∈[k], {yij}i∈I,j∈[k]⟩ ⟨{zij}i∈I,j∈[k], {zij}i∈I,j∈[k]⟩

∣∣∣∣ ,
we can easily prove that (

∑
j∈[k] ⊕(l2(I))j)l2 with above inner product is a 2-Hilbert

space.
Throughout rest of the paper, we shall denote a 2-Hilbert space by X and 2-

woven frame {fij}i∈I,j∈[k] by F .
Like 2-frames and its extensions, we can characterize a 2-woven frame in terms of
its operators.

Theorem 4.1. Let X be a 2-Hilbert space and F be a 2-woven frame associated
to η with frame bounds C and D. Then for F the 2-pre woven frame (synthesis)
operator

TFη : (
∑
j∈[k]

⊕(l2(I))j)l2 → X,where
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TFη{aij}i∈I,j∈[k] =
∑

i∈I,j∈[k]

aijfij,

is well defined and bounded.
Proof. Let {aij}i∈I,j∈[k] ∈ (

∑
j∈[k] ⊕(l2(I))j)l2 . By Lemma 2.1,

∥TFη{aij}i∈I,j∈[k], η∥2 = ∥
∑

i∈I,j∈[k]

aijfij, η∥2

= sup{|⟨
∑

i∈I,j∈[k]

aijfij, y|η⟩|2, y ∈ X, ∥y, η∥ = 1}

≤
∑

i∈I,j∈[k]

|aij|2sup{
∑

i∈I,j∈[k]

|⟨fij, y|η⟩|2, y ∈ X, ∥y, η∥ = 1}

≤ D
∑

i∈I,j∈[k]

|aij|2.

Therefore
∑

i∈I,j∈[k] aijfij ∈ X is well defined and ∥TFη, η∥ ≤
√
D i.e. TFη is

bounded.

Remark 3. The adjoint of TFη defined as

T ∗
Fη : X → (

∑
j∈[k]

⊕(l2(I))j)l2 ,

T ∗
Fηx = {⟨x, fij|η⟩}i∈I,j∈[k], ∀x ∈ X

is called analysis operator of F . Clearly, T ∗
Fη is well defined and bounded operator.

Definition 4.1. Let F be a 2-woven frame associated to η for the 2-Hilbert space
X. Then the operator SFη : X → X is called 2-woven frame operator for F , defined
as

SFηx = TFηT
∗
Fηx

= TFη{⟨x, fij|η⟩}i∈I
=

∑
i∈I,j∈[k]

⟨x, fij|η⟩fij.

Clearly, SFη = TFηT
∗
Fη is bounded. Moreover ∥SFη, η∥ ≤ D.

It can be proved easily that,

⟨SFηx, x|η⟩ =
∑

i∈I,j∈[k]

|⟨x, fij|η⟩|2, ∀x ∈ X.
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Theorem 4.2. The 2-woven frame operator SFη : X → X is self adjoint, positive
and invertible.
Proof. Clearly SFη = TFηT

∗
Fη is self adjoint.

F is 2-woven frame, therefore

C∥x, η∥2 ≤ ⟨SFηx, x|η⟩ ≤ D∥x, η∥2, ∀x ∈ X

CI ≤ SFη ≤ DI.

Hence SFη is a positive operator.
Furthermore, by Proposition 2.1,

∥I −D−1SFη, η∥ = sup
∥x,η∥=1

|⟨(I −D−1SFη)x, x|η⟩|

≤ D − C

D
< 1.

Hence SFη is invertible operator.

Remark 4. Every x ∈ X can be represented as

x = SFηS
−1
Fηx =

∑
i∈I,j∈[k]

⟨S−1
Fηx, fij|η⟩fij

=
∑

i∈I,j∈[k]

⟨x, fij|η⟩S−1
Fηfij.

Theorem 4.3. Let F = {fij}i∈I,j∈[k] be a finite family of 2-Bessel sequences in X
associated to η, then the following conditions are equivalent:

(i) F is 2-woven frame associated to η with universal bounds C and D.

(ii) For the operator SFηx =
∑

i∈I,j∈[k]⟨x, fij|η⟩fij, we have

CI ≤ SFη ≤ DI,

where I is the identity operator.

Proof. (i) ⇒ (ii)
Since for every x ∈ X,

⟨SFηx, x|η⟩ =
∑

i∈I,j∈[k]

|⟨x, fij|η⟩|2.
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So,
C∥x, η∥2 ≤ ⟨SFηx, x|η⟩ ≤ D∥x, η∥2, ∀x ∈ X

Hence,
CI ≤ SFη ≤ DI.

(ii) ⇒ (i)
Let TFη be a 2-woven pre frame operator associated to η, then we have∑

i∈I,j∈[k]

|⟨x, fij|η⟩|2 = ⟨SFηx, x|η⟩ = ⟨T ∗
Fηx, T

∗
Fηx|η⟩

= ∥T ∗
Fηx, η∥2

≤ ∥T ∗
Fη, η∥2∥x, η∥2 = ∥SFη, η∥2∥x, η∥2

≤ D∥x, η∥2.

Again, we have ∑
i∈I,j∈[k]

|⟨x, fij|η⟩|2 = ∥S
1
2
Fηx, η∥

2

≥ C∥x, η∥2, ∀x ∈ X.

Hence, F is a 2-woven frame.

Theorem 4.4. Let F be 2-woven frame for X and SFη be 2-woven frame operator

of F . If the positive square root of S−1
Fη is denoted as S

− 1
2

Fη , then {S− 1
2

Fη fij}i∈I,j∈[k] is
a tight 2-woven frame.
Proof. For x ∈ X,

SFηx =
∑

i∈I,j∈[k]

⟨x, fij|η⟩fij.

Substituting x = S
− 1

2
Fη x, we get

S
1
2
Fηx =

∑
i∈I,j∈[k]

⟨S− 1
2

Fη x, fij|η⟩fij.

Hence,

x = S− 1
2 (

∑
i∈I,j∈[k]

⟨x, S− 1
2

Fη fij|η⟩fij)

=
∑

i∈I,j∈[k]

⟨x, S− 1
2

Fη fij|η⟩S
− 1

2fij.
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Now,

∥x, η∥2 = ⟨x, x|η⟩

= ⟨
∑

i∈I,j∈[k]

⟨x, S− 1
2

Fη fij|η⟩S
− 1

2fij, x|η⟩

=
∑

i∈I,j∈[k]

⟨x, S− 1
2

Fη fij|η⟩⟨S
− 1

2
Fη fij, x, |η⟩

=
∑

i∈I,j∈[k]

|⟨x, S− 1
2

Fη fij|η⟩|
2.

So {S− 1
2

Fη fij}i∈I,j∈[k] is tight 2-woven frame.
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