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Abstract: In this paper, we introduce 2-woven frames in 2- Hilbert spaces and
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1. Introduction

Frames in Hilbert space were introduced by Duffin and Schaeffer in their work
on nonharmonic Fourier series [6], reintroduced by Daubechies et al. [4] in 1986
and since then work on frames is going on. Frame theory has left a distinct mark
in applied mathematics and engineering and some properties of frames have made
them an important part of functional analysis [7, 9].

The concept of 2-inner product space was first introduced by Diminnie et al.
[5] and frames in 2-Hilbert space were introduced by Arefijamaal and Sadeghi [1].

The concept of woven frames was introduced to deal with some problems in
wireless sensor networks and signal processing by Bemrose et al. [2] in 2015 and
frame related operators for woven frames were recently defined by A. Rahimi et al.
8].

Throughout the paper, I denotes a finite or countably infinite index set, N set
of natural numbers and for k € N, [k] = {1, ...k}, [k]* =N\ [k] = {k+ 1,k +2,...}.
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2. Preliminaries

Lemma 2.1. [1] Let (X, (-,-|-)) be a 2-inner product space and x,z € X. Then,

2, 2| = sup{l{z, ylz2)l;y € X, |ly, 2]l = 1}.
Definition 2.1. [1] Let (X(-,-|-)) be a 2- Hilbert space and n € X. A sequence

{z;}ier of elements of X is called a 2-frame associated to n if there exist constants
0<C <D< oo such that for all x € X

Clla,nll> <Y 1@, ziln)* < Dllz, nl|*.
iel
The constants C' and D are called the lower and upper 2-frame bounds. If C' = D,
then {x;}icr is called a tight 2-frame.

Remark 1. A sequence {x;}ic; satisfying the upper 2-frame condition i.e.,
Soier @, @i|m))? < D|lz,n|?, is called a 2-Bessel sequence with Bessel bound D.

Definition 2.2. [2] Let F' = {f;j}icr for j € [k] be a family of frames for the
Hilbert space H. If there exists universal constants 0 < C < D < oo such that for
every partition {o;}jew of I, the family { fij}ies, jeix) @5 a frame for H with same
bounds C' and D, then F is called a woven frame. For every j € [k|, the frames

{fij}Yico, jew) are called weaving frames.
If C = D then F = {fi;}ier for j € [k] is called a tight woven frame.

Remark 2. If for every partition {0;}jew, the family { fi;}ico, jen is a Bessel
sequence then the family F' = {fi;}icr for j € [k] is called a Bessel woven.

Proposition 2.1. [3] Let H be a Hilbert space and T : H — H be a operator
satisfying || Z—T|| < 1, then T is invertible opetator, where I is an identity operator.

3. Woven frames in 2-Hilbert space
In this section, 2-woven frame is introduced and some results are proved for
2-weaving families of vectors.

Definition 3.1. Let (X, (-,-|-)) be a 2-Hilbert space and F = {fi;}icrjew be a
famaly of 2-frames for X associated to n. Then, F' is said to be a 2-woven frame
if for universal constants C and D with 0 < C' < D < oo, the family { fi;}ico; jelk
for every partition {o;} ;e of I is a 2-frame for X.

The constants C' and D are called lower and upper frame bounds respectively.
Further, each family { fi;}ico, jen is called a 2-weaving frame.

Proposition 3.1. Let F' = {fi;j}icije be a woven frame for Hilbert space X.
Then F' 1is also a 2-woven frame for 2-Hilbert space with the standard 2-inner
product associated ton € X (||n]] =1).
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Proof. Since F' = {fi; }ier,jefx) is a woven frame, therefore each family { fi; }ieo, jelx
is a frame. From Proposition (2.3) of [1], every frame for a Hilbert space is a 2-
frame for 2-Hilbert space. Therefore each family { fi;}ico,,jefr is a 2-frame for every
partition {o;};ep of I. Hence F' is a 2-woven frame.

The following example shows that the converse of the above proposition is not
true.

Example 1. Let ® = {e; +e9,e5} and ¥ = {ea, €1 + 3} be 2-frames associated to
1n = e, where e; and ey are mutually orthogonal vectors with unit norm. Then &
and ¥ are 2-woven frame for 2-Hilbert space R? with the standard 2-inner product.
But ® and ¥ are not woven frame for R?. Because for index set I = {1,2}, taking
o ={1}, 0¢ = {2} we get

{®i}ico U{Witicoe = {1 + 2,1 + €2}

Which is not a frame for R2.
Let X be a Hilbert space. For the subspace Y, generated by a fixed element
n € X, Z, denotes the orthogonal complement of Y.

Theorem 3.1. Let X be a Hilbert space and (X, (-,-|-)) be a 2-Hilbert space. Then
the family F' = { fi; }ic1 jew s 2-woven associated to n(||n|| = 1) if and only if it is
a woven frame for the Hilbert space Z, with same bounds.

Proof. Let F' = {fi;}icrjep be a 2-woven frame associated to n with bounds C
and D, i.e. for every partition {o;};cp of I and z € X,

Cllz,nl* < ZZI figlm)* < Dl mll*.

j=1i€o;

By simple calculation, we get

Cllz = (e, mnl® <YY" & = (w,mym, fiy)|* < Dllw = (z, )]

j:1 7;60"7'

Since x — (z,n)n € Z,. Therefore F' is a woven frame for Z,,.
Conversely. For any = € X, v — (z,n)n € Z,.
Since F' = { fij }ier,jer) be a woven frame with frame bounds C' and D for Z,, then

COlle — (e, mnl® < Y Y 1o = (,m)n. f3) P < Dlje — (x,m)n|)®

j=1 ico,
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Cla,xln) <Y > e, fulm)? < D, zln)

j=1ico;

k
Cllznl> <Y Y [, fin)]* < Dz, nl*.

j=1 i€a;
Hence F' = { f;j}icr,jep is a 2-woven frame for X associated to 7.
4. Operators for 2-woven frames
Let (*(I) with inner product (-, -) /standard 2-inner product (-, -|-) be a Hilbert /2-
Hilbert space of square summable sequences.

Following [8], we construct 2-Hilbert space as:
For each family of subspaces {(1*(1));};ep of I*(I), we have

((1); = {{aij}ieo, | aij € C, 05 C 1Y Jaiy|* < 00}, Vj € [K].

Now, taking
(Y o)) = H{aiiersen | {aities, € (P(1));},V] € K]
jelk]

and inner product

({zij Yierjem)s 1Yij Yierjem {7 berjemw) =

det | Wi Yier el Wi Yiersew) ({23 Yier e {2is Yiergemn)
({zij Yierjem \Wij Yiergem) ({2 bierjem) 12ij bierjen)

we can easily prove that (3, @®(1*(I));)1, with above inner product is a 2-Hilbert
space.

Throughout rest of the paper, we shall denote a 2-Hilbert space by X and 2-
woven frame { f;; }icr jen by F.
Like 2-frames and its extensions, we can characterize a 2-woven frame in terms of
its operators.

Theorem 4.1. Let X be a 2-Hilbert space and F be a 2-woven frame associated
to n with frame bounds C' and D. Then for F the 2-pre woven frame (synthesis)
operator

Ty (O @), — X, where
JE[K]

Y
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Teofaibicrgew = Y auly,

i€l jek]
is well defined and bounded.
Proof. Let {ai;}ierjem € (X cp ®(1*(I));)1,- By Lemma 2.1,

| Trofasbiergepnll> =1 D aifisnll?

i€l,jelk]
= sup{|( Z ai; fis ylm*, v € X, [ly,nll = 1}
i€l jelk]
< Y agPsup{ DO [ finymP v € X, lly.nll = 1}
iel jelk] iel,jelk]
<D Y ayl*
iel,jek]

Therefore
bounded.

Remark 3. The adjoint of Tp, defined as
Try: X = (Y @),
J€[k]

Tegr = {(x, fisIn) Yierjewy, Vo€ X

is called analysis operator of F'. Clearly, T, is well defined and bounded operator.

a;;fi; € X is well defined and ||Tp,, || < VD ie. Tpy is

iel,jelk]

Definition 4.1. Let F' be a 2-woven frame associated to n for the 2-Hilbert space
X. Then the operator Sg, : X — X is called 2-woven frame operator for I, defined
as
SpnT = TpnT;inx
= Try{(z, fijlm) Yier
= > (= fyln) i

iel,jelk]

Clearly, Spy = TpyTh, is bounded. Moreover ||Spy,n|| < D.
It can be proved easily that,

(Spogrzlny = > |, filn)*, Vo€ X.

i€l,jelk]
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Theorem 4.2. The 2-woven frame operator Sg, : X — X 1is self adjoint, positive
and invertible.

Proof. Clearly Sp, = Tp,T}, is self adjoint.

F' is 2-woven frame, therefore

Clla,nl]* < (Spyz,xln) < D|jz,n|?, Vo e X

CT < Sp, < DI.

Hence Sp, is a positive operator.
Furthermore, by Proposition 2.1,

IZ — D™ Spy,nll = sup [(Z — D' Spy)z, z|n)|

llz,nll=1

D-C

< < 1.

Hence Sp, is invertible operator.

Remark 4. Every x € X can be represented as

r = SFnS;;x = Z (SEE]% fijlm) fij

iel,jelk]

= > (& fuln)Spyfi

iel,jelk]

Theorem 4.3. Let F' = {fi;}icije be a finite family of 2-Bessel sequences in X
associated to m, then the following conditions are equivalent:

(i) F is 2-woven frame associated to n with universal bounds C' and D.
(it) For the operator Spyx = c; icpy (T fijln) fij, we have
CI < Sp, < DI,
where I 1is the identity operator.

Proof. (i) = (i1)

Since for every x € X,

(Spoz,aln) =Y e, fuln)l®

i€l jek]
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So,
Clla,nll* < (Seqz, xln) < Dllz,nl*, Vo e X

Hence,
C1 < Sp, < DI.

(ii) = (i)
Let T, be a 2-woven pre frame operator associated to 7, then we have
> N, film))? = (Seyw, xln) = (T, T, x|n)
i€l,jek]
= | T2, nll?
<N\ Tgp 0l Ml nll® = 1Sey nll |z, nl*
< Dz, n||*.

Again, we have
1
> N fulmP = 153,20
i€l jek]
> Clla,n))?, vz € X.

Hence, F'is a 2-woven frame.

Theorem 4.4. Let I be 2-woven frame for X and Spy, be 2-woven fmme operator

of F'. If the positive square root ofS s denoted as SF , then {SF77 fijYierjem 18
a tight 2-woven frame.
Proof. For x € X,

Segr =Y (@, fuln) fis
el jek]
_1
Substituting = = Sp,’z, we get

;,755: Z <S;§~”C,fij‘77>fij~

iel,jelk]
Hence,

v =S73( > <I,S;n%fij|77>fij)

iel,jelk]

= Y (@, Sl ful)STE Sy

el jek]
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Now,
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[z, nl|* = (z, z|n)
=( ) (x, S;Efij|77>5_%fijvx|77>

i€l jek]
_1 _1
= Z (, Spp [l (Spy fig: x, |n)
iel,jelk]
_1
= Z (2, Sp.2 fislm)]?.
i€l jelk]

_1
So {Sg, fijtierjer is tight 2-woven frame.

[9]
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