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Abstract: The focus of our research paper is on exploring a quasilinear parabolic
reaction-diffusion problem that includes a nonlinearity in gradient and nonlinear
boundary conditions. This problem is relevant to the study of diffusion in differ-
ent scientific fields. Our approach involves utilizing functional analysis techniques,
specifically Schauder’s fixed point theorem, to establish the existence of weak pe-
riodic solutions.
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1. Introduction

Reaction-diffusion equations can be used to quantitatively represent many peri-
odic phenomena in the physical, environmental, and biological domains. An exam-
ple of such systems is the one introduced by Badii [3], which models the movement
of water and salt in a porous medium subject to water extraction by mangrove
roots. One prominent example is also the Belousov-Zhabotinsky reaction, which
involves the periodic oscillation of chemical concentrations. This reaction has been
used to model phenomena such as heartbeats and circadian rhythms. Other re-
lated models can be found in [10]. For a selection of significant recent findings on



236 South FEast Asian J. of Mathematics and Mathematical Sciences

this topic, refer to [1, 5, 8, 6, 11, 12, 13, 15, 16|, and the associated references.
This work aims to study weak periodic solutions for a class of reaction-diffusion
models. To achieve this, we will use a methodology based on Schauder’s fixed point
theorem. We are then interested in the following problem

ou

E_dAu—ka\Vu\p:h(t,x) in Qr,

w(0,.) =u(T,.) in Q, (1.1)
ou

_a_nzg(gg,t)qug(t,x,u) on X,

where u = u (t,z), Q is an open regular bounded subset of RV, N > 1, with the
smooth boundary 992, T" > 0 is the period, Qr = ]0,T[ x Q, 37 = ]0,T[ x 09,
p>1,d>0,a>0 and n denote the unit normal vector to the boundary 0. h, g
and [ are prescribed functions satisfying the conditions of hypotheses (H;) — (Hs),
which we will mention in the next section.

Our research primarily concentrates on investigating periodic solutions within
a suitable space of T-periodic functions. To accomplish this objective, we will
utilize a particular theorem concerning maximal monotone mappings, along with
an appropriate fixed point argument.

Theorem 1.1. (for maximal monotone mappings) Let L be a linear closed, densely
defined operator from the reflexive space V to its dual V*, L maximal monotone and
let A be a bounded hemicontinuous monotone mapping from V to V*, then L+ A is
mazimal monotone in VxV*. Moreover, if L+ A is coercive, then Range(L + A) =
V*.

See [4] and [7] for the proof of this theorem as well as various applications.

The remainder of this paper is structured as follows: The next section outlines
the assumptions necessary for our problem and states our main result. In the third
section, we prove the existence and uniqueness of a periodic solution for an abstract
problem using maximal monotone mappings. The final section focuses on proving
the main result.

2. Statement of the main result
Throughout this work, we consider the following assumptions:

(Hy) f is a periodic positive continuous and bounded function such that

O<ﬂl Sﬁ(t,l') SﬁQa V(t,$) S ET-

(Hy) g: %7 x Rt — R is a periodic Carathéodory function in time, s — g (¢, z, s)
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is nondecreasing with respect to s for a.e., (t,z) € X7 and

s.g(t,z,s) >0 and |g(t,x,s)| < &(t,x) + |s| where ¢ € L? (7).

(Hs) h e L*(Qr).

Now, we present our functional framework for the periodic solutions of our
problem. We define v = {¢p € D(Q), div ¢ = 0}, and we will denote V' to the
adherence of v in H' (Q), V' to the topological dual space of V', H to the adherence
of vin L? () and X’ to the topological dual space of H.

We have V. C H C V'’ with continuous and dense injection, see Lions ([7],
p156).

Vv = L2(0,T; H' (Q)) N L= (0,T; HN W1 (Q)),
V' o= L2(0,T; (H' ()") + L' (0,T; X"),

with ¢ = 2p, and we denote by (H'(9))" the topological dual space of H' (Q)
and (-,-) present the duality pairing between V and V*. For more details and
information, see Lions ([7], pp 68-69). The standard norm of L?(0,T; H' (Q)) is
defined by

lull 220,710 ) = (/Q |Vu(t,:v)|2dtd:r—l—/Q |u(t,x)|2dtd:v> .

Throughout this paper, we equipped V with the norm

2

), == (/ \Vu (t, )| dtds + ﬁ(t,x)]ﬂ(t,x)]2dtda)

X
which is equivalent to the standard norm of L? (0, T; H' (Q)). We denote by @ the
trace of w on Y. Let us define the set

wW(0,T) := {uEV!%EV* andu(O):u(T)}

equipped with the norm HuHW(O,T) = [lully, + | %Hv*'
It is obvious that W (0,7) is dense in V due to the density of C* (Q) C
W(0,T) in V. To obtain further information on this matter, the reader may

consult [7].
We introduce the concept of a weak periodic solution to our problem.
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Definition 2.1. A function u is said to be a weak periodic solution of problem
(1.1), if u eV and for all o € W(0,T) N L>® (Qr), we have

—{u, %) + de VuVp dxdt + an |Vul? d:rdt+
fs, B(t,x)ap dodt + [, g(t,2, @) pdodt = fQ (t,z) @ dxdt.

We are now able to state the main result of this paper, which is the following
theorem.

Theorem 2.2. Under hypotheses (Hy)—(Hs), problem (1.1) admits a weak periodic
solution u € W(0,T).

3. Abstract problem

Using Theorem 1.1, we will prove the existence and uniqueness of a periodic
solution for an abstract problem formulated by means of maximal monotone map-
pings.

Having fixed w € V, we consider the problem

- <u, §> + de Vquodmdt + an IVw|? ¢ dxdt+

fz B (t, x) updodt + fz (t,z,u) pdodt = fQ (t,x) ¢ dxdt. (3.1)
In order to use Theorem 1.1, we must define two mappings L and A:
L is the linear operator defined by
L:W(0,T)— V" with (Lu,¢) = / updtdr, Yo € W(0,T).
T
This operator is closed, skew-adjoint (i.e., L = —L*) and maximal monotone

(see Lemma 1.1, p 313 and Section 2.2 of Chapter 3 in Lions [7]). As for the
operator A, it is defined as follows: A : V — V*,

(Au,p) =d VuV dxdt+ B (t,x) up deH—/ g(t,z,u) @ dodt, Vo e W(0,T).
QT ZT ET
Proposition 3.1. If the assumptions (H1) and (H2) are fulfilled, then the mapping
A is (i) hemicontinuous, (ii) monotone and (1ii) coercive.
Proof. (i) The hemicontinuity follows from the Holder inequality. In fact,
/ g(t,x,u) @ dadt’ :
Er

|(Au, )| < ‘d VuV dmdt‘ +

B(t,z)up dadt‘ +

Qr Er

We have

1 1
‘d VuV dazdt‘ < d(/ |Vu|? d:vdt) (/ IVl dxdt) <d|ully el
Qr T T
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1 1

B(t,x) s dadt] s( Bt ) o dadt)2 ( [ 56,2198 dadt)2 < llully llelly

X7 X7

~12 % 1 (/ 2 -2 )2 1
ul” dodt ) < — Vul|® dxdt + Blu|® dodt | = —|lully,
(/ZTH ) = (f v [ 14 = lul,

oL z 2 doat)” = L
([ 16 doin) <= (| 19l doa s [ 515 dadt) — -l

t,x,u) @ dodt U )
/zTg( i) ¢ ‘ \/—Hg“L? sy el + 5 || Iy llelly

Finally, we find

(Au,g)| < [(d+1+ )nunv fu&an@T}um,
JAu], < (d+1+ )HUHV = el

(ii) We have

(Au— Av,u—v) = d Vu—v)V(u—v) dedt + B(t,x)|a— o> dodt
Qr X
[ Lot~ gt 0] @ 0) dode.
S

According to (H2), the function s — g (¢, z, s) is nondecreasing with respect to s
for a.e., (t, ). So,

/2 lg(t,z,0) — g (t,z,a)] (@ —0) dodt >0,

then (Au — Av,u — v) > 0, which shows the strict monotony of A.
(iii) We have

(Au, u) :d/ \Vul® dedt + | B (t,2) |al? dadt+/ g (t,z,0) 4 dodt.
T X

X

According to (H2), we have g (t,z,%) @ > 0. Then

(Au, u) > d/ Vul? dedt+ [ B(tx)|af? dodt,
T

X
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and (Au,u) >d ||u||$,, which implies  lim %% —
Jully—>-+o0 1141y

Besides that, let G € V* be the linear functional defined as follows.

= +00; hence the coercivity.

(G, ) = —a/ IVwl? ¢ d:cdt+/ h(t,x) ¢ dzdt, Yo € W(0,T),

then, problem (3.1) can be reformulated in the following abstract form
Lu+ Au=G. (3.2)

Proposition 3.2. Let w € V be given and assuming (H1) and (H2),then the
problem (3.2) has a unique weak periodic solution.

Proof. The existence of weak periodic solution descends from Theorem 1.1.
Uniqueness is a consequence of the strict monotonicity. Indeed, suppose that
uy, ug are solutions of problem (3.2). So, Lu; + A (u1) = G and Lus + A (uz) = G,
which implies (Lu; + A (uy) — Lug — A (u2) ,u; —ug) = 0. It is a contradiction
because of the strict monotonicity.

4. Proof of the main result
This section will focus on proving Theorem 2.2.

Proof of Theorem 2.2. The existence of weak solutions to (1.1) will be based
on the research of fixed points for the mapping ¥ :V — V with w — V¥ (w) = u,
where u is the unique weak periodic solution of the following problem

g_j —dAu+a|Vol’ = h(t,z) inQr,
U (O, ) —u (T’ ) in €, (4‘1>
_a_zzﬁ(x,t)u+g(t,x,u) on Xr.

The existence and uniqueness of weak periodic solution u € W (0,7) C V of (4.1) is
a direct consequence of Badii’s theorem in Badii [2], and satisfy for all p € W (0,7T) ,

—{u,% S2) + de VuV dxdt + an \Vw|’ ¢ dxdt+

4.2
fz B(t,x) ugodadt+f2 (t,xz,u) ¢ dodt = fQ (t,x) ¢ dxdt (4.2)

which shows that the application is well defined.

It only remains to prove the existence of a fixed point for W. For this, it
is sufficient to prove that the conditions of Schauder’s fixed point theorem are
satisfied. This is exactly what we will present and prove in the following three
points.
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(i) Continuity of ¥ : We will prove some very important estimates and conver-
gences. Let w, € V be a sequence strongly converges to w in V. Moreover, let wu,
denote the weak periodic solution of the problem

Un, %—f> + de Vu,Vodrdt + an |Vw,|P pdrdt+ (4.3)
fs, Bt x) inpdadt + [, g (t,@,4,) pdxdt = fQ (t,z) @ dxdt.
Setting ¢ = u, as a test function in (4.3), we have
U, Oun +d V| dedt + a [, |Vw,|” u,dedt+
ot Qr Qr (4.4)
fz 2dadt+ fz (t,z,Uy) Updodt = fQ (t,x) u, dxdt.

The conditions (H) — (H3), the periodicity and the Young’s inequality give us

/ up, (t, ) (un), (t, z) dtde = /Q [u (T, ) — u? (0,2)] do = / h(t,z)u, dxdt.

(H1) — (H3) and the Young’s inequality give us

d/ |V, |? dadt + ﬁ(t ) |iin)? dadt+/ / (t,x, Up,) Upddt

T

1
< 2 (IVwa")? dudt+S / g P ddt -
28 QT 2 T 2 QT

Taking into account the equivalence of the norms in ), we have

(h (t,x))dedt—i—g/ | dazdt.
T

d/ Vo2 dedt + [ 8(t,2) [iin]? dodt — ec (T, ) |[unl,
T X

a (|vw PV dadt+ — [ |h(t, ) dedt
- 28 " 2e Qr ’

which give

(min {1,d} — ec(T,)) ||un||v < ;E/ (]an|p) dxdt + — / ‘h(t,x)|2 dzdt < ¢ (e).
Qr

T

We choose € small enough to obtain the following classical energy estimate ||u,||,, <
", where the positive real constant ¢’ is independent of n. From (4.3), we get that
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ouy,
8t
e, [[unllyyry < ¢, for all n € N. Thus, we can extract a subsequence denoted
Up, such that u, — u weakly in V as n — +o00. By Aubin’s theorem in [14], the
sequence u,, is precompact in L? (Qr). So, u, — u in L?(Qr) and a.e., in Qrp.
Furthermore, according to the trace theorem, see Morrey ([9], Theorem 3.1.4), we
have u,, — v in L* (X7) and a.e., in Xr.
Now, we prove that the sequence Vu, strongly converges to Vu in L? (Q7).
From (4.4), we have

is bounded in the V* norm; which proves the boundedness of u,, in W (0,7,

d/ \Vu,|* dedt = — b’(t,x)uidxdt—/ g (t,x, uy) updzdt

T ET ET

—a/ |an|pundxdt+/ h(t,x)u, dxdt.
T T

Since w,, strongly converges in V and strongly converges in L? (Qr), we can pass
to the limit in the last inequality, we obtain

d lim [, |V, |* dedt = — [, 8 wdodt — [y, g (t,z,u) uddt
—a fo, [Vw[” udxdt + fQT (t,x)u dzdt.

Moreover, setting ¢ = u as a test function in (4.3) , it comes

— <un, @> +d Vu,Vudxdt = —
Qr

o B (t, x) uyudodt —/ g (t, z,u,) udzdt

X X

—a/ |Vw,|” udmdt—i—/ h(t,z)u dxdt.
T T

Taking the limit as n — +o00, we have

deT \Vu|? dedt = _fz u dodt — fz (t,z,u) udxdt

—a [, [Vwl? udxdt —|— Jo, B (¢ x)u dxdt, (4.6)

: : : 2 _ 2
and by comparing (4.5) and (4.6), it results nEToo Jo, IVua|” dzdt = [, [Vul” dzdt.

Consequently, the mapping ¥ is continuous.
(ii) Compactness of ¥ : Let (w,) be a bounded sequence in V and we denote
u, = V¥ (w,). As in the previous step (up to a subsequence), we have

ou, 0O
w, — w weakly inV, u, = u weakly in V, N weakly in V*,

ot ot
u, — u strongly in L? (Qr) and a.e., in Qr,

u, — wu strongly in L? (X7) and a.e., in X7
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It suffices to prove the strong convergence of (Vu,) in L?(Qr). Note that the
absence of almost everywhere convergence of (Vw,) in Q7 poses a difficulty, but
we can overcome it. It is obvious that

/ \Vau, — Vul? dedt = / Vu, (Vu, — Vu) dedt — / Vu (Vu, — Vu) dzdt.
T T

T

Thanks to the weak convergence of (u,) in V, we have

lim Vu (Vu, — Vu) dzdt = 0.

n—-+00 Qr

Now, let (w,) be a bounded sequence in V and we denote u, = V¥ (w,). By the
same reasoning of the first step, we have

ou, 0
w, — w weaklyin V, u, = u weakly in V, N e weakly in V*,

ot ot
u, — u strongly in L*?(Qr) and a.e., in Qr,

u, — u strongly in L? (X7) and a.e., in Sp.
To get the compactness of U, it suffices to prove the strong convergence of (Vu,,)
in L?(Qr), noting that the difficulty is presented by the absence of the almost

everywhere convergence of (Vw,) in Q1 , but we can overcome this problem by
observing that

/ 'V, — Vu|” dedt = / Vu, (Vu, — Vu) dedt — / Vu (Vu, — Vu) dzdt.
T Qr Qr
Thanks to the weak convergence of (u,) in V, we get

lim Vu (Vu, — Vu) dzdt = 0.

n——+oo Qr

On the other hand, setting ¢ = u as a test function in (4.3), we obtain

— <Un7 %> + Vu,Vudxdt = —/ |Vw, |” udzdt — B (t, x) uyudodt
at QT T ET

—/ g(t,a:,un)udxdt+/ h(t,z)u dxdt,
X

T

and setting ¢ = u,, as a test function in (4.3), we obtain

— (tn, 22) + [, V| dxdt + [, |Vw,|” undxdt
+ng/8(t,fl?)u dadt+fZT (t, , up) updedt = fQ (t,7) u, dxdt,
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and we get

fQ Vuy, ( Vun—Vu)dmdt:—<aaut", Uy, > fz B(t,z) up (up —u) dodt

= Jg, 9t @, un) (up — u) dodt — fQT |Vw,|P (uy, — u) dedt + fQT (t,x) (up, — u) dadt,
(4.7)
then

1
a/ |\an|p(un—u)|d:cdt§a</ ([VunP)? dq:dt) tm = ull 2
T T

lim [|Vw,|? (u, —u)| = 0.

n—-+oo Qr

1
Note that (fQT (\an|p)2> * is convergent because w, € V, and

Bt @) up (un —u)dodt < </E (Jun])? dwdt) [un = ull 2527 5

X T

lim B (t, x) uy, (u, —u)dodt = 0.

n—-+oo S

Also

L 90 () o < (( [ o) ([ <\un>2)%> (-

lim g (t,x,uy,) (u, —u)dxdt = 0.

n—-+o0o Sr

VI

Ouy, \ . .
Also note that the periodicity and the weak convergence of (%) in V* yields

lim (2 A N T A
n—1>r—&{loo ot A n—+oo \ Ot > Un n—+oo \ Ot -

Now, we pass to the limit in (4.7), it results

lim Vu, (Vu, — Vu) dedt =0

n——+0o Qr

which ensures the compactness of .
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(iii) ¥ send the ball of V of R radius to itself. Indeed, we get the existence of
a constant R > 0 such that ¥ (B (0, R)) C B (0, R) where B (0, R) is the ball of
V with radius R. Let w € V and u = V¥ (w), by taking u as test function in the
equation satisfied by u, we easily find this estimate which completes the proof of
our theorem.
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