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Abstract: In this paper we give estimates of the differences |y3|—|72| and |vy4| —|3]
for the class of functions f univalent in the unit disc and normalized by f(0) =
f'(0) —1 = 0. Here, 72, 73 and 4 are the initial logarithmic coefficients of the
function f.
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1. Introduction and Preliminaries
As usual, let A be the class of functions f that are analytic in the open unit
disc D = {z : |z| < 1} of the form

f(z):z+a2z2+a3z3+~-~, (1)

and let § be the subclass of A consisting of functions that are univalent in .
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One of the problems in the theory of univalent functions is finding sharp esti-
mates of logarithmic coefficient, ~,, of a univalent function f € S, defined by

log@ = QZ%Z”. (2)

From the relations (1) and (2), after equating the coefficients we receive the next
initial logarithmic coefficients:

1 1 1 1
"= %’ Yo = 5 (a3 — 5@%) 5 and Y3 = 5 (a4 — aa3 + gag) : (3)

Relatively little exact information is known about the logarithmic coefficients. The
natural conjecture |7y,| < 1/n, inspired by the Koebe function (whose logarithmic
coeflicients are 1/n) is false even in order of magnitude (see Duren [3, Section 8.1]),
and true only for the class of starlike functions ([11]). For the class S the sharp
estimates of single logarithmic coefficients are known only for «; and 7., namely,

1 1
hﬂélaM.hﬂ§§+—:0&5“.
e

In their papers [7] and [8], the authors gave estimates |y3| < 0.5566178... and
|74] < 0.51059... for the class S. Another reference on this topic is [10] with
variety of valuable results presented within.

In this paper we will give the estimates for the differences |y3|—|7y2| and |y4|—|s]
in the class §. The sharp estimates of |y| — |71| were established in [6], with a
simple proof given in [9] using different technique. The difference of the modulus of
two consecutive logarithmic coefficients gives a picture of their distribution and is
further useful for understanding their nature and estimating individual logarithmic
coefficients.

In this paper our main tool will be a method based on Grunsky’s coefficients,
used previously in [7] and [8]. This method is different than the method used in
6], or in [9].

We will use mainly the notations and results given in the book of N. A. Lebedev
(14).

Let f € S and let

log f(t> — f(Z) _ i wp’qtpzq’

t— =z
p,g=0
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where wy, , are so-called Grunsky’s coefficients with property w, , = wgp. For those
coefficients we have the next Grunsky’s inequality ([3, 4]):

o
E , Wp,qLp
p_

where z,, are arbitrary complex numbers such that last series converges.
Further, it is well-known that if function

o0

D

g=1

< Z |{L'p|2 (4)

f(z) =24 az® +azz’ +--- (5)
belongs to S, then also
f2(2) = Vf(22) =24+ e32° +c52° + -+

belongs to the class §. For the function fy we have the appropriate Grunsky’s
coefficients of the form wo,_19,-1, and the inequality (4) has the form

o0 o o 2

Top—
E (2¢—1) E Wop—1,2¢—1T2p—1 SE |2;p—_1|1- (6)
g=1 p=1

p=1
As it has been shown in [4, p. 57|, if f is given by (1) then the coefficients as,
as, aq and as are expressed by Grunsky’s coefficients wa,_124—1 of the function f,
given by (5) in the following way:

2

az = 2wy,
a3 = 2wis + 3w%l,

ay = 2wsz + 8wiiwiz + ?wlla
2 5 4 (7)
a5 = 2wss + 8wiiwss + dwis + 18wy wig + gwn,
0= 3w15 — 3w11w13 -+ wfl — 3(4.)33,
2 1y
0= w17 — w35 — wWiwsz — Wiz + 39

We note that in the book of Lebedev [4] there exists a typing mistake for the
coefficient as. Namely, instead of the term 5w, there is Swis.
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2. Main Results

Theorem 1. Let v, 3 and 74 be the logarithmic coefficients of function f € S.
Then

1
73| = |72l < —= and

1
\/g |ry4| |'73’ = \/7
Proof. For our consideration we need the following facts. From (6), choosing
Zop—1 = 0 when p = 3,4, ..., we have

]wllxl + W31$3|2 + 3|W13$1 + (JJ33.CE3|2 + 5|(JJ15.CE1 + W35.T3|2

2
x
+T|wirzy + warzs|* < |z1]? + E

If additionally, ;1 = 1 and z3 = 0, then
’(,U11‘2 + 3‘W13|2 + 5|w15|2 + 7|w17|2 <1,
and from here also
|u)11|2 + 3|W13|2 —+ 5|C¢)15|2 S ]_7
‘WHP + 3’0.)13‘2 S 1,

and
Jwig[* < 1.

From the previous inequalities we have
win| <1,
ol € 2=/ T= TP
|wis| < %\/1 — |wni[? = 3lwisl?,

1
|wi7| < —7\/1 — Jwi1]? — 3|wis]? — 5lwis .

V7

Also, from the fifth relation in (7) we obtain

W33 = W15 — Wiwiz + gw%y (9)
Now, for the first estimate of the theorem, using (3) and (7), we have
1 3 Ly
3l = el = 5 |aa — azas + Za3| — 5 |as — 543
2 3 2 2
1 (10)
= |wss + 2wiiwis| — w13 + Qw% 5
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and after applying |wy;| < 1, brings

1
13| — 2| < |wss + 2wiiwis] — |wia] - |wis + §w%1
1,
< [(wss + 2wiiwis) — (wi1) | wis + §w11
= |W33 + WWi3 — 5‘*’?1 .

From here, having in mind the relation (9) and inequalities (8), we receive

1 3 1 3

73| = |72l < |wis — ! < |wis| + g\wnf
1 1 11
SE\/l—|w11|2—3|W13|2+6|w11|3 (11)

=: ®(|wi1], |wis]),

where

1 1
O (u,v) = ﬁ\/l —u? — 30 + gug

with domain
1
Q_{(u,v):OSuSl,OSUSﬁ\/l—zﬂ}.

It remains to find the maximal value of ® on the domain 2.

Is easy to verify that the function ®(u,v) has no interior singular points in the
domain Q (®/ (u,v) = 0, if, and only of, v = 0). On the edges:
B(0,0) = —= = 0.44721.. .,

_u2

D (u,0) =

§|
§H

1— 302 < —= = 0.44721.
f

= 0.1(6).

®(0,v) =
i) @%VW) =

Using all previous facts and (11), we finally conclude that

al

03

1
<=
6

CTAI>—‘

1
|’V3‘ - |”Y2| < %
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As for second estimate of this theorem, from (2) we receive

_ 1 1 2 + 2 1 4
Y4 = 2 as Aoy 2a3 a2a3 4@2 s
and by using the relations (7),
1 2 2 5 4
Y4 = 5 2&)35 + 3w13 + 4&)11&)33 + 4w11w13 — 6&)11 . (12)

Next, from the last two relations in (7) we can express wss and wss and apply them
n (12). After some calculations, we receive

1
V4 = Wir + Winwis + Wflwl?) + §wf3 + Zw‘fl.
Now, using the above expression for -4, the expression for 3 obtained within (10),
Y3 = w33+ 2wi1w3, and the expressions for wss and wss from the last two lines from

(7), having in mind that |wq;| < 1, we receive:

V4] = |v3] < |val = w1 ]3]

< vy — wi17s]

= |W17 + iwi)’ — wal

< forr] + Slwsaf? + o [!

< |w1i7 5 w13 I w11 (13)

1 1 1
< .\ /1= 2_3 2_5 2 = 2, - 4
< 7\/ w1 |wis] |wis] +2|w13| + 12|Wn|

1 1 1
< —\/1— 2 _3 2 - 2 i 4
>~ ﬁ\/ ]w11| |CL)13’ + 2|(U13| -+ 12|W11|
= U(lwn|? Jwisl?),

where

1 1 1
U(s,t) = W\/1_8_3t+§t+ﬁs2’

0<s<1,0<t<3(1—s). Itis easily verified that the function ¥(s,t) attains
its maximum % for s =t = 0. Finally, from (13),

1
|74’ - "73| < W
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3. Conclusion
Previous theorem leads to the conjecture for the difference of the moduli of two
consecutive logarithmic coefficients of univalent functions.

Conjecture 1. If v, is logarithmic coefficient of function f € S, then

1
nl = | n-1| < —, n:3,4,....
il = et <~
One possible direction for studying this conjecture is by using techniques and
methods from [1, 2, 5, 12].
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