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Abstract: Recently, the authors introduced the leap Zagreb coindices (LZCIs)
of graphs. They presented many properties, so also, established upper and lower
bounds for them. They, also in last work, studied and presented the general formu-
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symmetric difference of graphs.
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1. Introduction

Throughout this paper, we assume that all graphs I' = (V| F) are simple. That
is finite, have neither loops, nor multiple, nor directed edges. Let I' be such a
graph, the cardinality of the vertex set V(I') and edge set E(I'), will be denoted
by n and m, are called the order and size of a graph I', respectively. A distance
from a vertex v to a vertex u, in I', denoted by d(u,v) (or dr(u,v) if there is any
confusion), and is the number of edges in a shortest path connecting them. the
open second neighborhood of a vertex v in T' is Ny(v) = {u € V(') : d(u,v) =
2}. The set of all second (2-distance) edges of a graph I' denoted and defined as
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E>(T) = {{u,v} € V(I') : d(u,v) = 2}, as well as we denote by u(I') (in short, u)
to the cardinality of Fy(I'). The second degree of v in I', denoted by ds(v/T") (or
dy(v) if no misunderstanding), is the number of second neighbors of v.

The eccentricity of a vertex v in a graph I, is e(v) = max{d(v,u) : u € V(I')},
the diameter of I" is diam(I") = max{e(v) : v € V(I')} and the radius is rad(I") =
min{e(v) : v € V(I')}. The induced subgraph (H) of I" is a graph with vertex set
H C V(I') and consists of all edges in E(I') that its both endpoints in H. An H-
free graph is a graph have no induced subgraph isomorphic to H. The complement
T of a graph T, is a graph with V(T') = V(I') and for any u,v € V(T'), uv € E(T),
if and only if uv ¢ E(I).

For any terminologies or notations not defined here, we refer the reader to [13].

A topological indices (TIs) of a graph are fixed parameters (invariants) that do
not change for isomorphic graphs. The most important and studied among TIs
the first and second Zagreb indices, which were defined in 1972, by Gutman and
Trinajestic [12], [11] and defined as:

Z d*(v) and Mp(T)= > d(u
veV (T uwveE(T)
For more details on these two indices and beyond, the reader is referred to the
surveys [5, 9].
Analogously, the coindices of the Zagreb indices, were put forward by Ali Ashrafi
et al. [2], as following:

W) = 3 () +d@w), and T = 3 d(w)d()

uvg E(T) uvg E(T)

For more about Zagreb coindices, see [1, 2, 6, 9].
Naji et al. [19], introduced leap Zagreb indices (LZIs) of a graph I". They
defined them as:

LM, (T Z d2(v), LMy(T Z dy(u)dy(v) and LMs(T Z d(v)dy(v

veV(T) uwveE(T) veV(T)

These LZIs have various applications in chemistry. Surprisingly, the first one is
very correlate with physical properties of chemical compounds, for instance, with
the entropy, the boiling point, DHVAP, HVAP and the accentric factor [4].

For more properties and details on LZIs , the readers may be refer to [3, 4, 15-22].

Recently, Ferdose and Shivashankara [7], introduced the leap Zagreb coindices
of a graph. They defined them as

L=y (dQ(quQ(v)) and L(T) = (dg(u)dg(v)>

uvg Eo(T) uwgE(I")
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L= > (d+dw).
wwg E(I)
They, also in [8], studied the first LZCI of many graph operations.
In this paper, the general formulas for L, and Ls of some graph operations is
presented.
The following results are useful and will be used in main our arguments through
this study.

Theorem 1.1. [22, 23| Let I" be a connected graph with n vertices and m edges.

Then
v) < < Z dl(u)> — dy(v).

u€Ny (7.1)
Equality is holding if and only if I' is a triangle- and quadrangle-free.
The following result directly follows from the above Theorem.

Corollary 1.2. [22] Let I" be a connected graph with n vertices and m edges. Then
Z d2 < Ml ) — 2m,

veV (T

and equality holds if and only sz is a {Cs, Cy}-free.

2. Main Results

For two graphs I'y and I'y, the vertex set, edge and second-edge sets will be
denoted by V(I'y), V(I'y), E(I'1), E(I'2), E2(I'1) and Ey(T'9), respectively, and their
cardinality by ni, ng, my, me, u(I'1) and p(T'y), respectively.

2.1. Union

Definition 2.1. [14] The union I'y Uy of graphs 'y and Ty is the graph whose
vertex set V(I'y UTy) = V(I'1) UV([y), and edge set E(I'y UTy) = E(I'y) U E(T9).

Clearly that |[V(I'yUL'9)| = ny+ng, |[E(T'1UTs)| = my+mg, and |Ey(I' UT)| =
p1 + 2, where p = u(I') = |Ey(T")]. So, the following result is straightforward,

Lemma 2.2. [17] Let T'y and T'y be two disjoint connected graphs with nq and ngy
vertices. Then for each v € V(I'y UTy),

dy(v/Ty), if v e V(Ty);
da(v/(T1 UTy)) = { do(v/Ty), if v e V([y).

Theorem 2.3. Let I'y and I's be connected graphs with ny, ny vertices and my, ms
edges, respectively. Then

Lo(T1UTy) < Lo(Ty)+Lo(Ty) + My (T1) My (L) —2my My (T'y) — 2my My (Ty) +4myms,.
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FEquality is holding if and only if Ty and Ty are (Cs, Cy)-free graphs.

Proof. From Lemma 2.2, if u,v € V(I'y UTy), then uv ¢ E(I'y UT) if and only if
u,v € V(I'y) and uv ¢ E(I'y), or u,v € V(I'y) and uwv ¢ E(I'y), or u € V(I';) and
v € V(Ty). Thus Ly(I'; UTy) is equal to the sum of Ly(I';) and Ly(T's). In addition,
the contributions which obtain from the missing edges between V(I'y) and V(I'y).
Where there are nins of them. Then by this and Corollary 1.2, we obtain

LuTy) = Y (/T UT)do(o/(T1 UT)))

uvg E(T'1UI'2)

= Y (/0 U)o/ UT)))

wéFE(T'1)

4 Z <d2 u/(I'1 UTy))dy(v/ (I U F2))>

uww¢E(T'2)

£ Y (el (0 U Ta)da(v/ (0, UT)))

ueV (1) veV (T2)

= > (dQ(u/Fl)dg(v/F1)>+ > (d2<u/Fz)d2(v/Fz)>

uvg E(T'1) uvg E(T'2)

Y ( (u/T, d2(v/F2)>

uEV(Fl) ”UGV(FQ)

= LT+ Lo(Ta) + Y > da(u/T1)ds(v/T)

ueV(I) veV (I'2)

(Fl +L2 FQ Z dz U/F Z d2 ’U/FQ

ueV (') veV(I2)
2(1) 4+ La(D2) 4 (My(Ty) — 2mq ) (My(Ty) — 2ms)
D) + Ta(T) + My (To) Mi(Ty) = 2(ma My (Th) + my My (Ts)) + 4myms.

I
&

A A
h| b‘|

r
o(T
Theorem 2.4. For connected graphs I'y and I'y of orders nq, ny and size mq, mo,
respectively.

L_g(rl U Fg) S L_g(F1> —|—L_3(F2) + nng(F1> + nlMl(F2> — 2(7127711 + nlmg).

Equality is holding if and only if T’y and Ty are (Cs, Cy)-free.

Proof. Like the arguments as in the proof of Theorem 2.3, and since there are
niny missing edges between V(I'y) and V(I'y) and by using Corollary 1.2. Then
we obtain
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L0 UT) = 3 (dafu/(Ty UTy)) +dy(v/ (D UT)))

’U/U¢E(F1UF2)

= Y (dafw/ (1 UTe)) + do(o/ (1 UT))

w¢E(T')

£ Y (a0 UT) + do(o/(D) UT)))

ww¢ E(T'2)

+ Z Z ( u/F1UF2)+d2(U/F1UF2))

ueV (1) veV(ly)

L3(TyUTy) = Z (dz(u/n) + d2(U/F1)) + Z <d2(u/F2) + d2<”/r2))

uw¢E(T') uvg¢ E(T'2)

+ Z Z (dg u/T') +d2(v/F2)>

ueV (') veV(T2)

= L3(I'y) + L3(I2) + Z Z do(u/T'1) + da(v/Ty)

ueV([) veV(Ty)
5(T1) + Ls(T2) +na > da(u/T1) +n1 D do(v/T)
ueV(Ty) veV (Tq)
< Ly(Ty) + L3(Ty) + no(My(Ty) — 2my) 4 ny (M (Ty) — 2msy)
< L_3(F1) + L_3(F2) + noM; (1) + ny M (F2) — 2(nemy + nyms).

Theorem 2.5. For k > 2, let I'y,..., 'y be connected graphs with n; vertices and
m; edges, for everyt=1,....k. Then

I
£

L_Q(U r;) < Z (L_Q(ri) + [My(Ty) — 2m,] Z[Ml(rj) - zmj]>. (1)
L_z(U L) < Y. (L_;;(Fi) +n Y [M(T)) - 2mj])- (2)
=1 =1 ;;1

FEqualities hold if and only if T';, fori=1,2,....k is a (Cs, Cy)-free.
From Theorem 2.5, the following result holds.
Corollary 2.6. Let F' be a connected graph with n vertices, m edges and diam(F) >
2, and let I' = kF', for k > 2. Then
k(k—1)
2

L) < kLy(F)+ (My(F) —2m)>*. (3)
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I5(T) < KL3(F) + nk(k — 1)(M;(F) — 2m). (4)

Equality is holding if and only if F is a (Cs, Cy)-free.
From Corollary 2.6, the following results follow, for every n > 5.

o M(K,)=n(n—1)%, and Ly(K,) = L3(K,) =0
e M (P,) =4n —6, and Ly(P,) = 2(n? — Tn + 14), L3(P,) = 2n(n — 5)
e Mi(C,) = 4n, and Ly(C,) = L3(C,) = 2n(n — 3)
Corollary 2.7. Forp > 2 and n > 5, we have
1. Ly(pK,) = Ls(pK,) = 0,
2. Ly(pPy) = 2p(n® — Tn+14) + 2p(p — 1)(n — 2)?, L3(pP,) = 2np(np — 2p — 3)
3. Ly(pC,) = L3(pC,,) = 2np(np — 3)

2.2. Join

Definition 2.8. [14] For given graphs I'y and 'y with nqy,ny, my and mo orders and
sizes, respectively. The join graph T'y+Ts, is defined as the graph with V(I'1+1y) =
V() UV(Ty), and E(Ty +T9) = E(I'1) U E(T2) U {uv : Yu € V(I'y) and Yv €
V(T'2)}

It is clear that |V(I'y + I's)| = ny + ne and |E(T'y + T'g)| = my + ma + nina.

Lemma 2.9. [17] Let I'y and 'y be two graphs with ny and ny vertices. Then

ny —1—d/Ty), ifveV(Iy);
dQ(U/(Fl + F2)) = { ng —1— d(v/FQ), ifve V(FQ)

Theorem 2.10. Let I'y and I's be nontrivial graphs with ny, ne vertices and my,
mo edges, respectively. Then

LoDy +Ty) = My(Ty) + My(Ty). (5)

LTy +Ty) = M1<F_1)+M1<F_2) (6)

Proof. Since for nontrivial graphs I'y and I's, the join graph I'y + I's has diameter
at most two. Hence, if u,v € V(I'y + I'y), then wv ¢ E(I'y 4+ I'y), if and only if
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wv ¢ E(I'y), or uv ¢ E(I'y). Then by Lemma 2.9,

LI +T) = > (/T +To))da(v/ (T +T2)))

uw@E(l'1+T2)

= 2 (a0 + T2))dafv/(Ty +T2)))

uww¢E(T')

+ 3 (daluf (T4 To))dafv/ (T + )

uvg E(T2)

- ¥ (d(u/F_l)d(v/F_l)>+ > (d(u/ﬁ)d(v/r_ﬁ)
weB(TY) weE(T)

— My(Ty) + My (T).

This completes the proof of second LZCI of join graph, for third LZCI, we have

LTy +T,) = m;ﬁ | (d2(u/(T1 +T2)) + da(v/ (T +T2) )
- g%)@xwau+m»+@wmn+TﬂD
¥ ;%)( 2/ () +T2)) + da(v/(T) +T2)
_ EE%F) (d(u/T7) + d(w/T)) + EE?;) (d(w/T5) + d(o/T5)

= My(Ty) + My(T).

From Theorem 2.10, the following generalization follows.

Proposition 2.11. For k > 2, let I'y, ...,y be connected graphs with n; vertices
and m; edges, respectively. Then

Zr ZM2 ). (7)
L_s(z Fi) = Z MI(F_Z> (8)
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By using the following facts, which is found in [10], and state that
1 2n — 3
MyT) = Sn(n—1)"+2m* = 3m(n— 1)+ "2 My(T) — My(T)  (9)
M,(T) = M) +n(n—1)>2—4m(n—1). (10)

The following results are straightforward.

Corollary 2.12. For connected graphs I'y,....,['yx, k > 2, with n; vertices and m;
edges, for everyt1=1,2,..., k.

k k
=1 1

2 2
(11)

(Ml(l“i) i — 1)? — dma(ni — 1)). (12)
1

i=

k k
Ly() i) =
i=1 i—

2.3. Cartesian product

Definition 2.13. [14] The Cartesian product of two graphs I'y and Ty, denoted
by T100,, is a graph with V(I'1OC) = V(I'y) x V(T'y), such that if u = (uq,us)
and v = (vy,vy) vertices in V(I'{00), then wv € E(I'1ODy), if and only if either
(u1 = vy and ugvy € E(I'9)) or (ug = ve and ujv; € E(I')).

The Cartesian product of graphs is commutative and associative in operation.
V(I,O0,)| = [V(C)|[V(T)], and d(u,v) = dr, (u1,01) + dr, (uz, vs), for every
u,v € V(IhOTy).

Lemma 2.14. [17] For any connected graphs I'y and T's. If (u,v) € V(I')Oy),
then
dg((u, U)/(Fﬂ:]rg)) = d2(u/F1) + dl(u/Fl)dl(v/Fg) + dg(U/FQ).

The following result is required to prove our main result,

Theorem 2.15. [18] Let I'y and I'y be two nontrivial connected graphs with ny, ny
vertices and my, my edges, respectively. Then

Ly(T10O0y) = 1Ly (T'1) -+ Ly (T) +2ma(M; (Ty) +24(T'1 )+ 2ma (M; (D) +24(T'2)).

Theorem 2.16. Let I'y and I's be two nontrivial connected graphs with ny, no
vertices and p(T'y), p(I's) second edges, respectively. Then the third leap coindex of
(I'hOTy) is given by

Ls(T,00) = My(T) [Qng(nlng —-1)— QmQ] + M;(T9) [in(nlng —-1) - 2m1]

— ’I’L2L3<F1) — nng(Fg) — 4(n1n2 — 1)(n1m2 + ’I’Lgml) + 4n1n2m1m2.
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With equality if and only if Ty and Ty are (C3, Cy)-free graphs.
Proof. From Lemma 2.14, Theorem 2.15 and by using Corollary 1.2 and applying

the fact that state for any graph I', Lz(T') = (n — 1) Z do(v/T) — L3(T"), we
veV(T)
obtain

Ly(00O0y) = (mnp — 1) Y (dQ((u,v)/(an)) — Ls(I,000)
(u,v)eV(I'1Ory)

=(mun2 -1 Y Y ( rlmrz))) Ls(T,000y)

ueV (T1) veV(le)

TL1TL2 — 1 Z Z |: u/F1 + dl(u/l“l)dl(v/l“g) + dQ(U/FQ)):| — L3(F1|:|F2)
ueV (') veV(T2)

= (ning — 1) [ng Z da(u/T1) + 2myimg + ny Z dg(v/l—‘g)}
ueV (1) ueV (1)

- [nng(Fl) 4 2ma (M (T1) + 2u(T1)) + na L (Do) + 2my (M (Ta) + 2u(r2))}
= (nlng — 1) [2n2u(1“1) + dmimsg + 2n1u(1“2)}

~ [naLs(ry )+ 1 Ly(T2) + 2ma (M1(T) + 24(T2)) |

) )
=2u(T) [2712( ng —1) — mg] —ngoL3(T'1) — 2mo M, (T'7)
+2pu(T'2) [in(nlm -1)— ml] —n1L3(T2) — 2my M1 (T'2) + 4mima(ning — 1)
< (My(T1) —2m) [2n2(n1n2 —1)— mg] —noL3(T'1) — 2ma M, (T'y) + (M1 (T'2) — 2ma)
[in(nlng —-1)— ml] —n1L3(T2) — 2my M7 (T'2) + 4myma(ning — 1)

+ 2m2(M1 (Fl) + 2M(F1

= M;(I'y) [an(nlnz —-1) - 2m2] —4dming(n — Ing — 1) + 2myme — noL3(T'1)
+ M;(T2) [2n1(n1n2 -1)— 2m1} — 4dmoni(n — 1Ing — 1) + 2mymg — ny L3(T9)
+ 4dmyma(ning — 1)

= My(Ty) [2n5(mang — 1) = 2ma| — naLa(Ty) + My (T2) [2m (nanz — 1) = 2my

—n1L3(Ty) — 4(ning — 1)(nymg + namy) + 4nyngmima.

As an application of this result, we list explicit formulae for the third leap
Zagreb coindex for the cartesian product of two complete graphs with p and ¢
vertices and the rectangular grid P,[1F,, the Cj-nanotube P,[1C,, and the Cj-
nanotorus C,U1C,, respectively. From Theorem 2.16, by plugging in the expressions
the following values the next result follows.

° Ml(Kp) = p(p - 1)27 and LS(Kp) =0,
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° Ml(Pp) = 4p — 6, and Lg(Pp) = 2(2p —_ 5)7
® M1 (Cp) = 4]), and Lg(Cp) = 4p

Observation 2.17. For the integers number p,q > 5, the following results holds:

¢ TK,0K) = 409)[(5) + (439)] + 200 (3) — €29)] + 200+ 4 - 1)

o L3(P,0F,) =8pq(pg —4) — 2(p + q)(4pg — 13) — 24.
o Ly(P,0C,) = 4q(p — 1)(3pq — 8).
o L3(C,0C,) = 4pa(3pq — 8).

2.4. Composition

Definition 2.18. [14] The composition of two graphs T'y and Ty with disjoint
vertez sets and edge sets, denote by I'1[['3], is a graph on vertex set V(I'1[I's]) =
V([y) x V(T'y) in which two vertices (ui,v1) and (ug,ve) are adjacent whenever
urug € E(T') or uy = uy and vyvy € V(I'y).

The composition of graphs is not commutative and |E (T [[s])| = nymsa +n3m;.

Lemma 2.19. [17] For any two graphs I'y of order ny and T's of order ny, such
that V(T'1) NV (T'y) = ¢. Then for every (u,v) € V(I'1[Ts]),

da((u,v)/(T1[T3])) = nady(u/Ty) + dy(v/Ts).

We need the following result to show our main result,

Theorem 2.20. For nontrivial connected graphs I'y and T's with ny,ny vertices
and mq, mo edges, respectively.
L3(F [FQ]) —77,2L3(F1> nlMl(FQ) 4n2m1m2—|—2(n2—1)(nlmg—i—ngml)—i—Qngmgu(Fl).

Where, u(I'y) = Z da(v/Ty).

veV (')

Theorem 2.21. Let I'y and I's be two nontrivial connected graphs with ny, no
vertices and p(I'1), p(I'e) second edges, respectively. Then

Ts(T1[Ta]) < oM, (T)) [ng(nlng 1) - mg] — m3La(Ty) + nMi(Ts) — (nama — 1)
[ng(nl —2my) — nl} — 2(nymg + 2n3m;) [ng(nl +1) - 2)} + 8ngmyms.

The equality holds if and only if both the graphs I’y and Ty are (Cs, Cy)-free.
Proof. From Lemma 2.19, Theorem 2.20 and by using the fact that state for a
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graph I,
Ly(T) = (n—1) Y dy(v/T) — Ls(T). Thus

veV(T)

Ly(Ti[Ta]) = (mna — 1) > da((u,0)/(T1[T])) — Ls(T1[T2))

(u v)GV(I‘l [FQ])

(ming—1) Y > [da(u/T1) — (ng — 1) — d(v/T2)] — Lg(T'1[T])

ueV (') veV(T2)
= (ning2 — 1) [Qngu(Fl) + ninz(ng — 1) — 2nymy
— [n3La(T1) =y My (T2) = dngmyms + 2(nz = 1)(nyma + ) + 2namap(T) |
= 2nou(T'y) [ng(nlng —-1)— mg] + nina(ng — 1)(ning — 1)
—2nima(ning — 1) — n%Lg(Fl) + n1 My (T'2) 4+ dngmime — 2(ng — 1)(n1mae + n%mg)
< ng(My(T'1) — 2my) [nz(anLQ —-1)— mg] + nina(ng — 1)(ning — 1)
— 2nyma(ning — 1) — n3L3(T'1) + ny My (Dy) + 4ngmyima — 2(ng — 1)(nyma + n3ms)
= noM;(T'y) _ng(nlng —-1)— mg_ — 4n%m1(n1n2 — 1) + dngmimg + ning(ng — 1)(ning — 1)
- 2n1m2(n_1n2 —-1) - nng(Fl_) + n1 My (T2) 4 4ngmymsa — 2(ng — 1)(n1ms + nams)
= noM;(T'q) —ng(nlng —1)— ma| = n2L3(F1) + n1Mi(T9) — 2(ning — 1)(n1me + 2n2m1)

=+ nlng(nQ — 1)(n1n2 — 1) + 8n2m1m2 — 2(ng — 1)(n1m2 + n2m2)

(

=naM;(I'1) ng(nlng — 1) —mg| —n3L3(I'y) + ny My (T'y) — 2n3my (ning — 1)
—2(nyme + 2n2m1) [(nlng — 1) (ng — 1)] + nina(ng — 1)(ning — 1) + 8namime

=naM;(T'1)|n2(ning — 1) — ma| — n2L3(F1) (ning — 1) [nlng(ng —-1)— 2n2m1]

— 2(nymy + 2n3my) [(ning — 1) (ng — 1)] + 8nagmymg + ny M;(T'2)

= n2M1 (Fl) :ng(nlng — 1) — mg_ — TLQL3(F1) — (TLlTLQ — 1) [TLQ(’I’Ll — 2m1) — ’I’Ll]

— 2(nyma + 2n3m;) [n2(n1 + 1) — 2)] + 8ngmymg + ny My (I's).

2.5. Disjunction

Definition 2.22. [14] The disjunction graph I'y V Ty of two graphs 'y and T'y with
disjoint vertez and edge sets is a graph with V(I'y VIy) = V(I'1) x V(I'g) and if two
vertices u = (uy,us), v = (v1,v9) in V(I'y VTy), then uv € E(I'y VI'y), whenever
wvy € E(T'1) or uguy € E(Ty).

The disjunction operation I'y V I'y is commutative, diam(I'; V I's) < 2 and
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|E(F1 V Pg) == n%mg + n%ml - 2m1m2.

Lemma 2.23. [17] Let Iy and T'y be two graphs with nq and ne vertices and my
and mo edges, respectively. Then

1. dl((u,v)/(Fl V Fg)) = ngdl(U/Fl) + nldl(v/Fg) - dl(U/Fl)dl(U/Fg)
2. do((u,v)/(T'1VI9)) = (ning—1)—nady (u/T1) —nidy (v/Te)+di (u/T)dy (v/Ts).

Since the diameter of I'y V I'y is at most two, bring in the mind that, “if
diam(I') < 2, then L3(I') = Ly(T')”, (see Theorem 4.3, in [7]), and by using
Theorem 2.18 in [18], the following expression of third leap coindex of I'; V I'y
is straightforward.

Theorem 2.24. If one of the graphs I'y and 'y is not complete with ny,no, mq and

my orders and sizes, respectively, then

L_g(rl V Fg) = (nlng — 4n2mg)M1(F1) + (ngnf — 4n1m1)M1(F2) + Ml(rl)Ml(Fg)
+ 8n1n2m2 + nlng(nlng — ].)2 — 4(72,1712 — 1)(n§m1 + n%mQ - 2m1m2).

2.6. Symmetric difference

Definition 2.25. [14] The Symmetric difference I'y @ 'y of two graphs T'y and T'y
with disjoint vertex sets and edge sets is the graph with vertex set V(I'y) x V(I'g)
in which (uy,vy) is adjacent with (ug,vy) whenever uy is adjacent with ug in T'y or
vy 18 adjacent with ve in 'y but not both.

The Symmetric difference is commutative, with [V (I} & I'y)| = niny vertices,
diam(T; ® Ty) < 2 and |E(T; & T'y)| = n?msy + nmy — 4myms edges.

Lemma 2.26. Let I'y and 'y be distinct graphs of nq and no orders and my and
mo sizes, respectively. Then

1. di((u,v)/(T1 ®T9)) = nody (u/T1) + nidy (v/Ty) — 2dy (u/T)dy (v/T2)
2. dg((U,’U)/(F1@F2)) = (nlng—1)—ngdl(U/Fl)—’flldl(U/F2)+2d1(U/F1)d1(U/Fg).

By similar arguments as in Theorem 2.26, the following expression of third leap
coindex of I'y @ I'y is straightforward.

Theorem 2.27. Let 'y and I'y be two graphs, such that one of them is not complete
with ny and ny vertices and my and mo edges, respectively. Then

L_g(F1 D Fz) = (nlng — 8n2m2)M1(F1) + (HQTL% — 8n1m1)M1(F2) + 4M1(F1)M1<F2)

+ 8ningmims + nina((ning — 1) — 4(ning — 1)(nimy + n2m2 — 4myms).
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