South Fast Asian J. of Mathematics and Mathematical Sciences
Vol. 20, No. 3 (2024), pp. 01-1}

DOI: 10.56827/SEAJMMS.2024.2003.1 ISSN (Online): 2582-0850
ISSN (Print): 0972-7752
VIL-MULTIPLICATIVE TOTAL ECCENTRICITY INDEX AND

VIL-MULTIPLICATIVE HYPER TOTAL ECCENTRICITY INDEX
OF SOME STANDARD GRAPHS

Narendra V. H., Mahalakshmi P.*, Deepika T.* and V. Lokesha**

Department of Mathematics,

Government Science College,
Chitradurga - 577001, Karnataka, INDIA

E-mail : narendravh@gmail.com

*Department of Mathematics,

School of Engineering, Dayananda Sagar University,
Bangaluru - 560078, Karnataka, INDIA

E-mail : mahalakshmi-maths@dsu.edu.in, deepika-maths@dsu.edu.in

**Department of Studies in Mathematics,

Vijayanagara Sri Krishnadevaraya University,
Ballari - 583105, Karnataka, INDIA

E-mail : v.lokesha@gmail.com

(Received: Jul. 23, 202/ Accepted: Dec. 20, 2024 Published: Dec. 30, 2024)

Abstract: In this article, we study the V L-multiplicative total eccentricity index
and V L-multiplicative hyper total eccentricity index of graphs. Also, established
the results of these indices for complete graphs, path with n-vertices, cycle graphs,
wheel graphs, star graphs and complete bipartite graphs.
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1. Introduction
Consider a finite graph G with n vertices and m edges. The vertex set of G is
denoted as V = V(@) and the edge set as E' = E(G). Let e = uv denotes the edge
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connecting the vertices v and v. In such a case, u and v are said to be adjacent.
In a simple graph G, the degree degg(v) or briefly d, of a vertex v is equal to
the number of neighboring vertices. A vertex v is considered as well-connected if
its degree is equal to (n — 1) meaning that it is adjacent to every other vertex in
G. Let dg(e) or briefly d. denote the degree of an edge in G. The eccentricity
e(v) of a vertex v is the distance to the vertex that is farthest from v. That is,
e(v) = max{d(u,v);u € V'}.

The total graph T(G) of G consists of all the vertices in V = V(G)J E(G)
where two vertices in T(G) are adjacent if and only if they are adjacent edges or
vertices in G or if one element is a vertex and the other is an edge in G that are
incident with each other.

The eccentricity of an edge e or a vertex u in T'(G) is denoted by er(e)(u) or
er(c)(e) respectively, [1].

Let K, represent the complete graph with n vertices, K ,) represent the star
graph with (n 4 1) vertices, C,, represent the cycle graph on n vertices and K,
represent the complete bipartite graph with (m + n) vertices.

Several topological indices that rely on vertex eccentricity have already been in
the focus of several investigations. The Topological indices are one of the mathe-
matical models that can be defined by assigning a real number.

The total eccentricity index of graph G is defined as:

£(G) = Z eq(v).

veV(Q)

In line with this measure, Dankelmann et al., [2], and Tang et al., [11] conducted
research on the mean eccentricity of graphs. Fathalikhani et al., [4] conducted a
study in which they examined the total eccentricity of several graph operations.

Results related Zagreb indices and found in [5]-[7], [9], [10]. Motivated from
these, Deepika. T [3] introduced the Veerabhadraiah Lokesha (VL) index in the
year 2021, defined as:

1
VL(G) = 5 > de+dy+4]
weE(G)

where d. = d,, +d, —2 and dy = d,, - d, — 2.
It is useful in QSPR and QSAR studies. Motivation from above, We define the
VL-multiplicative total eccentricity index by

1
§(VL)T H(G) = 5 H[eT(G)u +er@e +erau eT(G)e]

ue
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and the VL-multiplicative hyper total eccentricity index by

1
HEVLT (@) = 1 [ leryu+ er@e + er@u - er@el®

ue

where ep()u denotes the eccentricity of vertex u, erge denotes the eccentricity
of edge e and ue means that the vertex v and edge e are incident in G.
In the forthcoming section, we obtain results of defined indices for standard graphs.

2. Results of VL related indices on few standard graphs
Theorem 2.1. Let K,, be a complete graph with n vertices. Then

n(n—1)

(i) &VL)T][(K,) =32"7".
(ii) HEWVL)T [[(K.) = 102475
n(n—1)

Proof. Let K, be a complete graph with n vertices and m = ——— edges. Every

edge of K, is incident with exactly two vertices. Every vertex and edge has eccen-
tricity 2 in T'(G).
Consider,

(1) VLTI, = 311.lereu+ enee+ ereu - ercel
= 3 [Tulleru + er@e + eryu - er@el
'[GT(G)U + er@e + ere)v - era) e]]

=1l 2+2+2-2]- 2+2+2-2]

n(n—1)
2

— 32
and
(i) HE(VL)TII(K,) = ;1L ler@u + er@e + e - er@el?

= 3 [Tw ller@yu + ere + er@yu - er@el?
ler@yv + er@e + erev - er@el’]
=Tl [2+2+2-2* - 2+2+2-2]?

n(n—1)

=1024"=2"".
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Note 1: We observe that, HE(VL)T [[(K,) = [E(VL)T [](K,)]*.
Theorem 2.2. Let P, be a path with n vertices. Then

I, {(n+k+%) : (n+k+1+%)} if n is odd.
211, {2 (2n+i+ %)2} if n is even.

(@) (VLT[ (Pa) = {

2 2 5 , 9
ity He(VL)TT](P,) =

214 2 . 214 . .
i{n—i— %] e, [n+2k+%} if n is even.

Proof. Let P, be a path with n vertices. Then P, has (n—1) edges. Every edge of
P, is incident with exactly two vertices. T'(P,) has n point vertices and (n—1) line
vertices.

When n is odd:

Number of edges e =uv in G | £ of e in T(G) (er(G)) | € of end vertices (er(u), er(v))
2 (%) (), () + 1)
2 (%2 ((%52). (%32))
2 (n-2i-5) ((n-zﬁ-?))’ (n-2i-5))
El (= 1) (= 2),(n—T))

When n is even:
Number of edges e = uv in G | £ of e in T(G) (er(G)) | € of end vertices (er(u), er(v))

1 (2) ((5):(5))

2 241 ((5).(5)+1)
> G2 kg
== (77:';"1) ((n— 2)(” — 1)

Case(i): When n is odd: Eccentricity of central vertex is (%), eccentricity of

pendant vertices (n — 1), eccentricity of line vertices incident with central vertex is
("TH), eccentricity of line vertices incident with end vertices is (n — 1) in T(G).

(@) EVDTTIP) = 31Leler@u+ er@ge + er@u- ere)el
= % HuUEE(G)[[eT(G)u +er)e + e er)el
ler@v + er@e + er@yv - eryel]

= 32120 + (24 + (251) - (242

2

—~

SR + D)+ (5 + (5 + 1) - (53]
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w

321050 + (557) + (557) - ((39)] - 5205 + (%5°) + (%55) - (*59)] -

22n-=2)+(n=1)+n—-2)-(n—=1)+2(n—1)+ (n— 1)

N[

i | [(n+k+%) <n+k+1+w>]

When n is even: Eccentricity of central vertex is (%) and (), eccentricity of

pendant vertices (n — 1),eccentricity of line vertices incident with central vertex is

(%), eccentricity of line vertices incident with end vertices is (n — 1).

(i) SVL)T TI(P.) = 3 T1.leru + er@e + erau - er@el
= 3 [Luwenllerou + er@e + er@u - er@el
ler@yv +er@e + er@gv - er@)el]
=3[+ G +G) -GG+ E) +(5) - ()]
SRIG) + G +D)+E) - (G +1)]
G+ +GE+HD+ (G- (5+D]] -
A2n-2)+(n-1)+(n—-2)-(n—1)+2(n—1)+ (n —1)?
=20, 2 (2n+i+ %)%
Case(ii): When n is odd: Eccentricity of central vertex is (%5+), eccentricity of

pendant vertices (n — 1), eccentricity of line vertices incident with central vertex is

(%), eccentricity of line vertices incident with end vertices is (n — 1) in T(G).

(ii) HEVL)TTI(P,) = 1 ler@u + er@e + erau - er@el?
= 1 [L. ller@yu + er@e + er@u - er@el®

-[GT(G)U + er@e + ere)v - ere) 6]2]
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AN + (52) + (5 - (2 15 + (539 + (757) - ()P - .

4n=2)+(n-1)+n=2)-n=DP-[((n=1)+(n-1)+(n-1) (n- 1D

Py

=[1 {(n +k+ n2+2kn—1>2 : (n +k+ _n2+4kn+4k2+1>2}
k=1 4 4 ’

When n is even: Eccentricity of the central vertex is § and F, eccentricity of

pendant vertices is (n — 1), eccentricity of line vertices incident with the central
vertex is 7, and eccentricity of line vertices incident with end vertices is (n — 1).

(i) HEVL)TTI(P,) = 511 lercu+ er@e + er@u - ereel?

= 111 ller@u + er@ye + eryu - er@)el?

.
[\

-[GT(G)’U + er(G)e + er@)V - er(G)e

1 n? 4 m n24+4nk+4k> 4
— Lln 2| I, [0 2k 4 ikinkeas?

Theorem 2.3. Let C,, be a cycle graph with n > 4 vertices. Then

. n?46n45)° i¢ 1 s odd.
(1) &(VL)T H(On) = {n(4nf’32>2

5 if n is even.

242009 i s odd.
(i) HE(VL)T[](Ca) = {n[nzi%

091 if n is even.

Proof. Let C), be a cycle with n vertices. Then C), has n edges. Every edge of C,,
is incident with exactly two vertices. T'(G) has n point vertices and n line vertices.
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Case(i): When n is odd: Let n = 2k + 1, each point vertex of T(G) has
eccentricity ”+1 =k + 1, and each line vertex has eccentricity ”TH =k+1.

(i)  (VL)TTI(Cn) = 5]1Lleru + er@e + er@u - er@e]
= 3 [Tuller@yu + er@e + er@yu - er@el
ler@v + er@e + er@v - er@ell
= LI+ D)+ (k+ 1)+ (k+1)- (k+1)]
Jk+D)+(k+1D)+(E+1) - (K+1)]]

_ n(n?46n+5)2

- 32 :

When n is even: Let n = 2k. Each point vertex of T'(G) has eccentricity 5 and
each line vertex has eccentricity 7.

() SVLTTIC) = 51lelereu+ er@e + ereu- ercel

= 3 [Luller@u + er@e + er@u - er@)el
-[GT(G)’U -+ erG)e + eT(G)V * €T(G) 6]]

= 2L l[(k) + (k) + (k) - (k)] - [(k) + (k) + (k) - (K)]]

_ n(4n+n?)?
o 32 '

Case(ii): When n is odd: Let n = 2k + 1, each point vertex of T(G) has
eccentricity ”“ = k + 1, and each line vertex has eccentricity "TH =k+ 1

(i) HE(VL)TTI(Cn) = § 1. ler@u+ er@e + eru - erel®
= i [L ller@yu + er@e + er@yu - el
ler@yv + er@e + erev - er@el’]

=Tl [+ + (k+1)+(k+1)- (k+1))?

Jk+1) 4+ (k+1)+ (k+1)- (k+1)]?

n(n2+2n+9)*
1024
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When n is even: Let n = 2k, each point vertex of T(G) has eccentricity %, and
each line vertex has eccentricity 7.

(i) HEVL)TTI(Cn) = § L lereyu + ere + er@yu - ereyel?
= 111 ller@u + er@e + er@yu - er@el?
ler@yv + er@e + er@v - erel’]

= ¢ L [[(B) + (k) + (k) - (B)] - [(K) + (k) + (k) - (k)]

n[n?4-4n]*

1024
Theorem 2.4. Let W,, be a wheel graph with n > 5 vertices. Then
(1
(i) VLT ][W,) = —9800)
B (19800)2"
HEVL)T = —

Proof. Let W, be a wheel with n + 1 vertices. Then W,, has 2n edges. Every
edge of W, is incident with exactly two vertices. Let W,, = K; + C,,. Let v be the
central vertex of W,,, and vy, vs,...,v, be the vertices of C},,. We have n edges of
GG which are incident with the central vertex and n edges on the cycle.

Let E; = {set of all edges incident with central vertex} and Ey = {set of all edges
on with cycle}.

For ¢; = vu; € E(G) er(e)
vVi+1 € Fo(G). Then er(ejv1) =

(1) EVL)TTIW,) = 51L.lercu+ er@e + er@u - er@el

= 2and e () GT()—B Ifeii—l—l:
3, er(vi) =

= 5 [Luller@u + ere + eru - erce]

ler@yv + er@ye + er@)v - ereell

= L2 +2+2-2) - 2+3+2-3)] A [, [B+3+3-3]

[B+3+3-3]

(19800)™
T
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and
(i)  HEVLDTTIW,) = 311elercyu+ er@e + er@yu - ereel?

1 Huv[[eT YU+ epgye + erGu - €T(G)€]2
'[eT(G)U + er)e + erG)v - era) 6]2]
= MTper [(2+2+2-2)2- (2+3+2-3)]

Muer[(3+3+3-3)2- (3+3+3-3)7

(19800)%"
- 6 -

Note 2: We observe that, HE(VL)T [[(W,,) = [E(VL)T [T(W,)]2.
Theorem 2.5. Let K1, be a star graph. Then

VLT [[(Kam) O)H.

(i) HE (V)T | [ (k) = (4(2 -

Proof. Let K(; ) be a star graph with (n+ 1) vertices and n edges. Every edge of
K(1,n) is incident with exactly two vertices. Let u be a central vertex. Eccentricity
of u is one and all other point and line vertices are of eccentricity two in T'(G).

(i) EVLDTTI(Kam) = 5 Leler@u + er@e + er@u - ere)e]

= 5 [Lulleru + er@e + er@yu - er@el
ler@@yv + er@e + er@v - er@el]

=LA +2+1-2)-(2+2+2-2)]

(40)"
5 -

and
(i) HE (VLT TI(Kwn) = 11Lelereu+ er@e + ergu - erel®

= i Muveneller@u + er@e + er@yu - er@yel?
e + er@e + er@v - erc)el’]
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—4HuveE [(1+2+1 2)2-(2+2+2-2)?

(40)2n
4

Note 3: HE(VL)T [ Kan = E(VL)TT] Kanl.
Theorem 2.6. Let K, ) be a complete bipartite graph with (2 < m <n). Then

(i) £&(VL) TH %.

(i) HE(VL)T [ [ (K _ Gy

YR
Proof. Let K(,, ) be a complete bipartite graph with (m 4+ n) vertices, mn edges
and |Vi| = m, [Va| = n, V(Kun) = ViU Vs, Every edge of K, is incident
with exactly two vertices. Every vertex of V) is incident with n edges and every
vertex of V5 is incident with m edges. Every point vertices and line vertices have
eccentricity 2 in T'(G).

(1) EVLTTI(Emm) = 5 Leleru+ er@e + ereu - ere)e]

= 3 Muwenwollerou + er@e + er@u - er@)el
ler@@v + er@e + er@v - er@el]

—T[MGE 2+2+2-2)-(2+2+2-2)]

D) .

and
() HEV DT [[(Kmm) = 1 Leclereyu + er@ye + er@yu - erel®

= 1 [uverolleru + er@e + er@u - erel®
-[eT(G)’U + er@ e+ ere)v - er) 6]2]

= i [uwen(2+2+2-2)*- (2+2+2-2)%

(64)2mn
—4 .

Note 4 : We observe that, HE(VL)T ] Ky = [E(VL)T T K.
Corollary 2.1. Let K, ,) be a complete bipartite graph. Then
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2

@) vy T = 8
(i) BT [[ () =

Proof. Put m = n in the Theorem 2.6 we get a required result.
Theorem 2.7. Let F), be a fan graph. Then

n (n—1)
G) eviyT (R = ST

4
) (88)27(225)2(n—1)

(it) HEVL)T[(F.) = T .
Proof. Let F,, be a fan graph with (n + 1) vertices and (2n — 1) edges, then
F, = K1 + P,. Let F,, be a fan graph with p(n + 1) vertices and p(2n — 1) edges.
Then F,, = K; + P,. Let v be the central vertex of F;,, and vy, vs,...,v, be the
vertices of P,. We have n edges of G which are incident with the central vertex
and p(n — 1) edges on the path.

Let E1(G) = {set of all edges incident with central vertex v} and

E5(G) = {set of all edges on with Path P,}.

For e; = vu; € E1(G), er(e;) =2 and er(v) = 2, erp(v) = 3. If g1 =
Vi Vi1 € EQ(G) Then 6T<eii+1) = 37 eT(Uz‘) = 3.

(i)  SVL)TTI(F,) = jll.lereu+eree+ ereu - ereel

= 3 Muvermo ller@u + er@e + er@u - er@)el

-[GT(G)U + era)e —+ er@)v eT(G)GH
= i [Lep [2+2+2-2)- (3+2+3-2)]

31leer,[B+3+3-3]-(3+3+3-3)]
_(88)m(225)(n—1)
= iz '
and
A)HEVL)TI(F,) = }l [L.leryu + eree + eru - eryel®

= i [Lller@u + er@e + er@yu - er@el?

-[6T(G)U + eT(G)e + 6T(G)U . eT(G) 6]2]
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= M en [(2+2+2-2)%- (3+2+3-2)?

AMTaver,[(3+3+3-3)2- (3+3+3-3)?

o (88)2"(225)%”71)

- 16 :

Note 5: We observe that, HS(VL)TT[(F,) = [E(VL)TT[(F,))*

Theorem 2.8. Let Ky, be a complete graph with 2n vertices and F' is a 1-Factor
of Ko, . Then

(i) &(VL)T [[(Kaon — F) = 64n(n — 1).
(it) HEVL)T [[(Kzn — F) = 2048n(n — 1).

Proof. Let K, be a complete graph with 2n vertices and [%] =2n?—n
edges. F'is a 1-factor of Ky,. K, — F has = 2n? — 2n edges. Every point vertices
and line vertices have eccentricity two in T'(Ky, — F).

(i) EVL)TT[(Kon — F) = 5 Leleru + er@e + er@yu - er@el
= 5 [Muveno lleru + er@e + er@u - er@)el
ler@v + er@e + eryv - erel]
= %HuveE(G)[(2+2+2'2)'(2+2+2'2)]
= 64n(n —1).
and
(i) HEVL)T[[(Kon — F) = ;1. [er@u + er@e + er@yu - er@)el?
= 1 IL. ller@u + er@e + er@yu - er@e]®
lereyv + er@ye + er@yv - €T(G)€]2]
=il 2+2+2-272 (2+2+2-2)7]
— 2048n(n — 1).

Note 6: We observe that, H{(VL)T [[(Ka — F) =32 E(VL)T [[(Ka — F).
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3. Conclusions

In this study, we found the results on V' L-multiplicative total eccentricity index
and V L- multiplicative hyper total eccentricity index on specific standard graphs.
The ¢ (VL) - index might be regarded as a valuable tool in computational domains.
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