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Abstract: Let G; and G5 be LCA groups with identities being e; and e5, and let w
be a (Borel measurable) weight function on G x Ga. Let @(s,t) = w(s, e2)w(ey,t)
((s,t) € G1 x G). Then w is also a weight function on G X G5. In this small
note, it is proved that the Beurling algebra L'(G; x G,w) has unique uniform
norm property iff L'(G; X G5, w) has the same property. This result is important
because the above statement does not hold true for some properties.
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1. Introduction

An algebra norm (not necessarily complete) | - | on an algebra A is a uniform
norm if it satisfies the square property |a?| = |a|* (a € A). For example, if A is
semisimple and commutative, then the spectral radius r4(-) is a uniform norm on
A. By the spectral radius formula, we can show that any two equivalent uniform
norms on A are identical. If A admits at least one uniform norm, then it must
be commutative and semisimple. So throughout A is assumed to be semisimple
and commutative. The A has unique uniform norm property (UUNP) if it admits
exactly one uniform norm. This property was introduced and studied extensively
by Bhatt and Dedania (see [2], [3], [5]). Dabhi and Dedania proved one surprising
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result that the A has either exactly one uniform norm (i.e. UUNP) or infinitely
many [1]. Bhatt and Dedania asked the following question in [3], which is believed
to be open: If A has UUNP, then does A have spectral extension property (SEP)?,
i.e., every norm | - | on A satisfies the inequality r4(a) < |a| (a € A)?.

Consider LCA groups (G1,+) and (Ga, +) with identities e; and ey, respectively.
Let w be a (Borel measurable) weight function on G; x Gy (see [5]). Define

wi(s) = w(s,e) (s € Gy);
WQ(t) = w(el, t) (t c GQ);
W(s,t) = w(s,exwler,t) =wi(s)wa(t) ((s,t) € Gi x Ga).

Clearly wy, wy, and w are weight functions on G, Gs, and Gy X G5, respectively.
Moreover, w < w on GGy X G5. In general, they need not be equivalent; for example,
take w(m,n) = 1+ |m| + |n| or €™ +e” or €™ + el on Z2. Since @ is a product
of single variable weight functions, it is a much simpler weight than the original
two variable weight function w. Also there are some Banach algebra properties
which are not preserved between the Beurling algebras L'(G; x G, w) and L'(G; x
G, w). However, here we shall prove by simple arguments that the algebra L*(G; x
(2, w) has UUNP iff L'(G; x G5, w) has UUNP. Recently the two variable Beurling
algebras are attracting attention of mathematicians (see [6], [7], [8], [9], [10]).

2. Main Results

Lemma 2.1. Let G be an LCA group and w be a weight function on G. Then there
exists a weight function @ on G such that @ > 1 on G and L'(G,w) is isometrically
algebra isomorphic to L'(G,@).

Proof. By [Theorem 1, [4]], the algebra L'(G,w) is semisimple. By [Lemma 4.2,
[3]], there exists a continuous group homomorphism « : (G,+) — (C\ {0}, x)
such that |a(s)] < w(s) (s € G). Next define w(s) = \ZE3| (s € G). Clearly, w
satisfies the hypothesis. Finally define ¢ : L'(G,0) — LY (G,w) as ¢(f) = fa.
Then ¢ is an isometric, onto, algebra isomorphism.

Due to the above lemma, we will assume that w(s) > 1 (s € G).

Definition 2.2. [Definition 4.7.4, [11]] A weight w on G is non-quasi analytic if

= Inw(ns)
nz_oo W < 00 (S € G)
Theorem 2.3. Letw be a weight function on an LCA group G. Then, the following
statements are equivalent.
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1. w 1is non-quasi analytic on G;
2. L'(G,w) has UUNP.

Proof. By [4], the algebra L'(G,w) is semisimple. Now the above statement is
exactly [Remark, P.182, [5]].
Following are our main results.

Theorem 2.4. Let Gy and Gy be LCA groups and w be a weight function on
G1 X Go. Then the following statements are equivalent.

1. LY Gy x Go,w) has UUNP;

2. w s non-quasi analytic on G X G,

3. L' (G x Gy,w) has UUNP;

4. W 1s non-quast analytic on G X Gg;

5. LY (Gy,wy) and LY(Gy,ws) have UUNP;

6. w1 and wy are non-quasi analytic on Gy and G, respectively.

Proof. Since w(s,t) < @(s,t) = wi(s)wa(t) ((s,t) € G x Ga), we have

o0 [e.o] o0

Inw(ns, nt) Inw(ns, nt) Inwi(ns) <= Inwsy(nt)
N« N T e S 2N
LoTew S e & e e

for each (s,t) € G1 X G5. Thus it follows that (6) <= (4) = (2). On the other
hand, for any s € G; and t € (G5, we have

e} o) o)

Inwy (ns) Inw(ns, nes) Inwy(nt) = Inw(nes,nt)
P e al D D s LU D e alD D B
n=1 n=1 n=1 n=1

Thus (2) = (6). The rest follows from Theorem 2.3.
Next result is a bi-variate analogue of [Proposition 4.6, [3]].

Proposition 2.5. Let H be a subgroup of Q* containing Z*. Let w be a weight
function on H. Then I*(H,w) has UUNP iff I*(Z* w) has UUNP.

Proof. The necessary condition is obvious by Theorem 2.3. For the sufficient
condition, it is enough to show that @ is non-quasi analytic on H due to Theorem

2.4. Let s = (p1/q1,p2/q2) € Qi with (p1,q1) = (p2,q2) = 1. By the Division



124

J. of Ramanujan Society of Mathematics and Mathematical Sciences

Algorithm, for any n € N, there exist unique ki, ko,41,72 € N U {0} such that
n=kiq +i1,n = kaqa +1i2, 0 <71 < ¢q, and 0 < iy < g2. Now

>

n=1

Inw(ns)

14 n?

IN

IN

00 npi1 np2
In (22 i nb2)
Z 1+ n?
1 np1 e’} np2

o
2 1+n2 Z +n2

n=1 =1
! Z Inw; ((kiqr +41)p1/q1)
' 1+ (k’1Q1 + 7;1)2

+q2—1 (Z In wo((k2ge + ig).pg/q2)>

= 1+ (kogo + 12)2

. Inwy (kypr) + Inws(ip1 /1)
L+ (kiqu +11)?

@21 <§: Inwy(kopy) + 1nw2(i2p2/q2)>

1 + (k’g(]g + Z‘2)2
Z Z Inwy (k1p1) qlzl i Inwi (i1p1/q1)
1+ (k1q1 + 11 1+ qul + ’Ll)

11=0 k1=0

g2—1 oo g2—1 oo
In wo (kops) In wy(iopa/qa)
+z220k201+ (kago + i2)? Zzl—i‘ (kagz +i2)?

1 1.2 2
i1=0 k1=0 1+k k=01+k1
+qili1““2 b fle S

— 1_|_k;2 l—i-/{:%
7 0= 2=0
-1
Inw(ky(p1,0 ) ( )q (21]?1)
1 il
‘hz 14k “zjonwl ¢
1
Inw(ke(0,p2)) - 12p2
e G (10 ) S e (22
ko=0 2 i9=0
0.
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because w is non-quasi analytic on Z2 due to assumption. Similarly, we can

show that >°°° &ms) —  when s € Q? orQ_xQ, or Q@ xQ_. Thus I'(H,w)

n=1 1+4n2?
has UUNP due to Theorem 2.4.

Example 2.6. Here we give examples of weights with different properties.

(1) Let H = Z x (Z + AZ) for some positive irrational number A\. Then Z? C H
and H is a subgroup of R?. Define w(m,n + A\k) = e/*l. Then I'(Z? w) has UUNP
but [*(H,w) does not have UUNP. Thus Proposition 2.5 fails because H is not a
subgroup Q2.

(2) Let w(s,t) = 1+ |s| + ell (s,t € R). Then L'(R? w) does not have UUNP
because the weight function wy(t) = 2 + el associated with w is not a non-quasi-
analytic on R.

(3) Let w(s,t) = 1+ |s| +|¢| (s,t € R). Then L'(R? w) has UUNP because the
weight functions w;(s) = wa(s) = 2 + |s| are non-quasi-analytic on R.

(4) Let w(m,n) = em + el (mn € Z). Then wy(m) = wy(m) = 1 + el™.
The Gel’fand space of ['(Z? @) is homeomorphic to the product of two closed
annuli I'(1,¢) in C with center zero and radii are 1 and e [Theorem 3.7, [9]].
However, by [Example 2, [9]] the Gel’'fand space of ['(Z? w) is homeomorphic to

(e, VE) X Tz, v) U UL (T, U T, where

T, = {(z,w):1<|z|<\/E§|w|§eand|sz|§e}

Ty, = {(z,w):7<|z|<1 Ve < lw| <eand |z] Hw| < el
1 1

Ty, = {(z,w):g§|z|§% <|w| < +eand |z|” 1|w|<e}
1 1

T, = {(Z,w)ig§|z|§7§!w!<1and|z\|w|> }

T? = {(w,z2):(z,w) e T;}(i=1,2,3,4).

Remark 2.7. It follows from Theorem 4.1 and the diagram on Page-212 in [3]
that the UUNP, SEP, Reqularity, and Weak regularity are equivalent in the Beurling
algebra L'(G,w). Hence these properties also hold in the algebras L'(Gy x Ga,w)
and L'(Gy x Go,w) simultaneously.
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