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Abstract: In the present paper, we consider the special function change of m!"—
root Finsler metric. Firstly, we find the fundamental metric and then the necessary
and sufficient condition under which the special function change of the m!*— root
Finsler metric is locally dually flat. Further, we prove that the special change
of m'"— root Finsler metric is locally projectively flat if and only if it is locally
Minkowskian.
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1. Introduction

Let M be an n-dimensional C'* manifold, TM its tangent bundle. Let F' = Amnt
be a Finsler metric on M, where A is given by A = a;, 4,..., () y™ y2....y"™ with
iy ig.....qr, Symmetric in all its indices ([13], [21], [4], [8]. Then F is called an m®"—
root Finsler metric. Suppose that A;; is a positive definite tensor and A% denotes
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its inverse. For an m'"— root Finsler metric [15], [17], put
0A 9?A 0A ,
Ai:—., 7T T A o~ o Axi:—., A :sz Z. 1
oy’ T Oyioyd or? 0 Y (1)
Then the following hold :
= L apm (2)
(A m (2 )
A
4 ‘ 1 2-m
m
AT A =51 ATA = i A A AT = Ty (5)
] k> 1 m — 1 s L4ty _ 1

Let (M, F) be a Finsler manifold [11]. For a 1- form B(x,y) = b;j(z)y* on M, we
have a change of Finsler metric, defined by

F(z,y)%F*(x,y):f(F,,B), (6)

where f(F, () is a positively homogenous function of F and 8. This is called a f—
change of a metric. It is easy to see that , if ||3||p = supp(zy)=1|bi(x)y’| < 1, then
F* is again a Finsler metric [9].

In this paper, we consider the recently new introduced metric in which special
case of f— change , namely,

F*(z,y) = \/F_, (7)

which we call the Special function change. Gauree Shanker and Sruthy Asha Baby
[19] has introduced the Kropina - Randers change of m'— root Finsler metric [18]
in which the Randers and Kropina metrics are closely related to physical theories.
20

The main purpose of the current paper is to investigate the special function
change of an m'"— root Finsler metric F* = Awm B%. The paper is organised as
follows:
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First we find the fundamental metric tensor and its inverse for special function
change of a Finsler space with m— root metric (see Propositions 2.1 and 2.2).
Next we prove that the special change of an m!— root Finsler metric is Locally
projectively flat if and only if it is locally Minkowskian (see Proposition 3.1 and
Theorem 3.2). Finally, we find the necessary and sufficient condition under which
the special function change of an m!*— root Finsler metric to be locally dually flat.

2. Fundamental Metric Tensor of Special Function Change of m'"— root
Finsler Metric

We consider the special function change of the m™— root metric [14] F = Am
given by

F* = \/FB (8)

The differentiation (8) with respect to y yields the normalized supporting element
[; given by

. 1
i 2\/F—5(Fbi + Bli)

In view of (2), we have

1 Al/2m 1 1-2m
=" b+ —+/BA ™ A, 9

Differentiation of (9) with respect to y’ yields

lij =5, [F27™ Ay + (
1
—i—%F?_m(biAj + bin) —

From (9) and (10), we obtain

! 3 2 p-am AL
m I (10)

ny = F

= I/lAij + VQAiAj + Vg(Aij‘ —+ Azb]) + l/4bibj, (11)

where
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1
Y= T

1
. F

46
From (9) and (11), the fundamental metric tensor g;; of Finsler space (M, F™) is
given by

1-m

V) =

Q;j = h:j + l:l;

9ij = 00Aij + 01(biA; 4 bjA;) + 02 A A;, (12)
where
F2—m F7152
og = mﬁ ( 2 )
1 1-m
g1 = %F (13>
F% 1-2

(B2 + (L —2m)p*F =2,

09 =
4m?

Proposition 1. For the special function transformed m'"— root Finsler metric
F*, the fundamental tensor gj; is given by equations (12) and (13). [17]

3. Locally Projectively Flat Metric
A Finsler metric F(z,y) on an open domain U C R" is said to be locally
projectively flat metric if its geodesic coefficients G are in the following form:

G'(z,y) = P(z,y)y, (14)

where P : TU = U x R — R is positively homogeneous with degree one ,
P(z,\y) = AP(z,y),\ > 0. We call P(z,y) the projective factor of F.

Definition 1. A Finsler metric F' = F(x,y) on an open subset U C R" is projec-
tively flat [16] if and only if

kayzyk - sz =0. (15)

Now, we have the following lemma:

Lemma 1. Suppose that the equation ¢A? + 1P A+ © = 0 holds, where ¢, O are
polynomials in y and m > 2. Then ¢ =1 = O = 0. [16]

h

Proposition 2. Let F = A be an mth— root Finsler metric on an open subset
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U C R"(n > 3), where A is irreducible. Suppose that F* = \/F[B is a special
function change of F, where 8 = b;(x)y’. If F* is projectively flat metric, then it
reduces to a Berwald metric. [13]

Proof. Let F* = \/F 3 be projectively flat metric. We have

1 1-2m ]_ 1
* = — A 2m A —A%

1—4m

1-—-
F ly \/B[A o Ay + + ( . )A - AgAj]

Ao Aoﬁl + AQmﬁol + (—

1-2m

)A 2m oAl

2\/_[2 m

A7 BBy,

_45\/3
From (15), we get

1 1—om
%\/_A 2m Az—l—mz‘l?mﬂz

1-2m ]_ 1—4m
_\/_B[A zm Ay + ( o )A 2m A()Al]

2m

1

2\/3[2
1

48v/B

1 1-2m
Ao Aoﬁl +A2mﬂol + ( m)A o By Ay

+ Aﬁﬁoﬁz =0

which implies

m 1—2m
VBA B [— (A — Ao — ( o)A Agd)

(AofB + BoAr) + —AZm(ﬁoﬁl + 288, —2B8Bu)] =0

1
4mB 432

Multiplying by A , we get

\/_A2m—Az—A01 (o2

JATTAGA))

_ﬁ(z‘loﬁl + BoAl) + 4_52A2m(505l + 288, — 285u)] =0
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which implies
1 1—2m

[%(sz —Ag — ( VAT A A))
g AoBi  BoAD) + 5 42" BB+ 23 — 266m)] = 0
By Lemma 3.1, we have
2mA(Ag — Ay) — (2m — 1)AgA; = 0. (16)

Then, irreducibility of A and deg(A4;) = m — 1 < deg(A) implies that A, is
divisible by A. This means that , there is a 1- form 6 = 6;5* on U such that the
following holds:

Ag = 2mAf. (17)

Then G* = Py’, where P = . Then F is a Berwald metric.

Theorem 1. Let F = Aw be an m™"— root Finsler metric on an open subset
U C R"(n > 3), where A is irreducible. suppose that F* = /F[3 is a special
function change of F', where 3 = b;(x)y'. Then F* is locally projectively flat if and
only if it is locally Minkowskian. [10]
Proof. By Proposition 3.1, if F' is projectively flat, then it reduces to a Berwald
metric. [9]

Now, if n # 3, then by Numata’s theorem, every Berwald metric of non-zero
scalar flag curvature K must be Riemannian. This contradicts with our assumption.
Then K = 0, and in this case F' reduces to a locally Minkowskian metric.

4. Locally Dually Flat Metric

The notion of dually flat Riemannian metrics was introduced by Amari and
Nagaoka [2], [15] when they studied the information geometry on Riemannian man-
ifold. In Finsler geometry, shen extended the notion of locally dually flatness for
Finsler metrics. Dually flat Finsler metrics form a special and valuable class of
Finsler metrics in Finsler information geometry , which plays a very important
role in studying flat Finsler information structure. Information geometry has been
imerged from investigating the geometrical structure of the family of probability
distributions.

Definition 2. A Finsler metric F' = F(z,y) on a manifold M"™ is said to be locally
dually flat, if at any point there is a standard coordinate system (z*,y*) in T M such
that

[FQ]xkyzyk = 2[F2]zl. (18)
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Theorem 2. Let F = Aw be an m"— root Finsler metric on an open subset
U C R", where A is irreducible. suppose that F* = \/FB is a special function
change of F, where 3 = by(x)y'. Then F* is locally dually flat if and only if there
exists a 1- form 0 = 0;(x)y* on U such that the following holds:

where Boy = Buryy®, B = (bi)asy’,  Po = Buy’ and Lo = (br)o). [14]
Proof. Let F* = /F3 be a locally dually flat Finsler metric. We have

F*2 — A#ﬂ
[F*2) 0 = Am B + E14%"34%
1 1-m ]_ 1 1-2m
[F*Q]axkylyk — B[EATAOZ + m( - )A 73 AOAZ]

1 1—m 1 1—m 1
H—=A" A+ — A BoA] + Am By
m m

From (18), we get

1 1-m ]_ 1—-m
AT+ DA A = Bl AT Ay
m m
]. 1 1-2m 1 1—-m
( )A m A[)Al] [—A m AOBZ (19)
m m m

1

+ LA B A + A% B,
m

Multiplying (19) by A" we get

294m .2 1 1
R ﬁAoz Ao oA
B 1—
—(—— )A m Ay [25931 — Bu] =0
m- m
Simplifying (20), we get
A5 1 1
b 24, — A — 5 A0S — = BoAll
5 - m ﬂ B (21)
—(——— )A m Ay [2@51 — Pu] =0
m- m
By Lemma 3.1 , we have
2ﬁxl = ﬁOla

1 1 (22)
24, = Ay + BAOBZ + BﬁoAz-



118 J. of Ramanujan Society of Mathematics and Mathematical Sciences

which implies

25:131 = BOI)

20Au = BAo + Aofi + Bo A (23)
Equation (23) implies that there exists a 1- form § = 6;(z)y’ on U such that
fo = 0. (24)
From (24), we get
Bo = 008, + B0, — B (25)
Substituting (25) and (24) into (22) yields
308, = 05 + B (26)

The converse is a direct computation. This completes the proof.
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