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1. Introduction

In 1965 Zadeh [29] created fuzzy sets as an extension of classical sets. After
the occurrence of fuzzy sets [29], many generalizations of fuzzy sets such as Intu-
itionistic fuzzy sets [10], soft sets [18], Pythagorean fuzzy sets [27], SR-fuzzy sets
[1], n*- power root fuzzy sets [6], (m, n)-fuzzy Sets [2], and Fermatean fuzzy sets
[23] have been introduced and studied. Many hybridized classes with soft sets and
above classes of sets such as Fuzzy soft sets [15], Intuitionistic fuzzy soft sets [16],
Pythagorean fuzzy soft sets [22], (a, b)-fuzzy soft sets [3], and Fermatean fuzzy soft
sets [25] have been invented and studied. In the recent past topological structures
over these classes of fuzzy sets have been studied [4, 5, 7, 8, 9, 11, 12, 24, 26,
14, 19, 28, 13]. Recently Prasad et. al [20] created topological structure on Fer-
mation fuzzy soft sets and studied basic topological concepts in Fermatean fuzzy
soft topological spaces. In another paper Prasad et.al [21] defined the mappings
on Fermatean fuzzy soft classes and studied their continuity in Fermatean fuzzy
soft topological spaces. Compactness and separation axioms are major area of
research in topology,and till today these concepts are not extended to Fermatean
fuzzy soft sets. To fill this gap we introduced Fermatean fuzzy soft T; (i=0,1,2,3,4)
axioms and fermatean fuzzy soft compactness and studied some of their proper-
ties and characterizations in Fermatean fuzzy soft topological spaces. Fermatean
fuzzy soft separation axioms and feramtean fuzzy soft compactness would be useful
for the development of the theory of Fermatean fuzzy soft topology to solve the
complicated problems containing uncertainties in economics, engineering, medical,
environmental, and in general man-machine systems of various types.

Table 1: Abbreviations and their descriptions.

Abbreviation Description

FFS(P) Family of all Fermatean fuzzy sets of PP

FFS Fermatean fuzzy soft

FFSS Fermatean fuzzy soft set

FFSS(P,Y) Family of all Fermatean fuzzy soft sets over P relative to X
FFST Fermatean fuzzy soft topology

FFSTS Fermatean fuzzy soft topological space

FFSC(P,Y) Family of all FFS-closed sets of (P, )

2. Preliminaries

Definition 2.1. [23] Let P be an initial universal set. A structure v = {<
p,my(p),n,(p) >: p € P} where m, : P — [0,1] and n, : P — [0,1] denotes
the degree of membership and the degree of nonmembership of each p € P to v is
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called Fermatean fuzzy set in P if 0 <m3(p) +ni(p) <1, VpeP.

Definition 2.2. [25] Let P be a universe of discourse, ¥ be the set of parameters
and Y C X. A pair (§, ) is called Fermatean fuzzy soft set (FFSS) over P, where
£: Y — FFS(P) and FFS(P) is a family of all Fermatean fuzzy set of P.

The collection of all Fermatean fuzzy soft sets over IP relative to X is denoted
by FFSS(P,Y).

Definition 2.3. [20] A subfamily ' of FFSS(P,X) is called a Fermatean fuzzy
soft topology (FFST) on P if:

(a) D,Pel.
() (1,5) €T, Vi€ A= Uex(vs, %) €T.
(C) (Vl,Z), (1/2,2) el'= (l/l,Z) N (1/2,2) el.

If T is a FFST on P then the structure (P,T",X) is called a Fermatean fuzzy
soft topological space (FFSTS) over P and the members of T' are called Fermatean
fuzzy soft open (FFS-open ) sets and their complements are called Fermatean fuzzy
soft closed (FFS-closed). The family of all FFS-closed sets of (P,Y) is denoted
by FFSC(P,Y).

Definition 2.4. Let (P,I',X) be a FFSTS and (£,X) € FFSS(P,X). Then
the interior and closure of (§,%) denoted respectively by Int(&,X) and CU(E, %) are
defined as follows:

Int(&,%) =U{(,X) €T : (1,2) C (£, )}
ClE ) =n{(r, %) € FFSC(P,Y) : (£,%) C (v, %)},

Definition 2.5. [21] Let FFSS(P,X) and FFSS(Q,Q) be families of FFSSs
over P and Q respectively. Then fy, : FFSS(P,X) - FFSS(Q,Q) is called a
Fermatean fuzzy soft mapping, where ¥ : P — Q and ¢ : X — Y.

(a) Let (§,X) € FFSS(P,X). The image of (£,X) under fy, is written as
fuo (&, 2) = (Y(§), (X)) is a FFSS in (Q,T) such that

it meo(p), ¥7'(q) # &,
My (1)(q) = { €™ N, pev=(q)

0 otherwise
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and

inf ne (), 7q) # 6,
nw(ﬁ) ([’)(Q) = ecp~ ()N, per—1(q)

1 otherwise
VeeX,peP,teQ and g € Q.

(b) Let (0,) € FFSS(Q,Q). The inverse image of (6,2) under fy,, denoted
by fdj;((é, ) is a FFSS in (P,X) given by:

my-15)(€)(p) = Ma(p(e) (¥ (P))

and

ny-106)(€) (P) = neen (Y (P))
VecXandpeP

Definition 2.6. [21] Let (P,I'1,%) and (Q,T'9,Q) be two FFSTSs. Then the
Fermatean fuzzy soft mapping fy, : (P,I'1,X) = (Q,I'1,Q) is said to be:

(a) FFS-continuous if f;;((,u,Q)) ely, V() els.
(b) FFS-open if fy, (&, 2) € Ty, V (£,3) € Ty
(c) FFS-closed if fy,(§,X) € FFSC(Q,Q), V (£,X) € FFSC(P,X).

Lemma 2.7. [21] Let (P, 'y, X) and (Q,T's, Q) be two FFSTSs and fy, : (P,I'1,%)
— (Q, 'y, Q) is a FFS-continuous and FFS-open bijective mapping. Then
fWP(Cl()‘? E)) = Cl(fwso()\, E))a V(Aa E) € ‘F‘FS(P> E) .

3. Fermatean Fuzzy Soft Separation Axioms

In this section, we define Fermatean fuzzy soft separation axioms namely FFS—
T; axioms, for (i = 0, 1, 2,3,4) using FFS- points and discuss several properties
and their relationship with the help of examples.
Definition 3.1. A FFSS (w,) is said to be a FFS-point denoted by e if for
everye € ¥, w(e) # {(p,0,1) : p e P} andw(€) ={(p,0,1) : pe P}, Véec X—e.
Note that, any FFS-point e, (say) is also considered as singleton FFS subset of
the FFSS (w,X).

Definition 3.2. A FFS-point e, is said to be in the FFSS(v,Y), that is €, €
(1, Y), if w(e) C v(e), for every e € X.
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Definition 3.3. A FFSTS (P, T',X) is said to be FFS-Ty, if for every pair of
distinct FFS-points €, and eg over P, 3 (w,X), (1, X) € T' such that ¢, € (w,X)
but eg ¢ (w,X) or ez € (p,X) but €4 ¢ (1, %).

Example 3.4. All discrete FFSTSs are FFS-Ty, because for any two distinct
FFS-points €, and ez over P, 3 a FFS-open sets such that {e,} such that ¢, €
{eo} and €5 ¢ {e,}.

Theorem 3.5. Every FFS-subspace of a FFS-Ty space is FFS-Tj.

Proof. Let (Y,I'y,X) be a FFS-subspace of a FFS-Tj space (P, I',%). Let €,
and eg be two distinct FFS-points over Y. Then €, and eg are distinct FFS-
points over P. Since (P,T',Y) is FFS-Ty,3 a FFS-open set containing one of the
FFS-point but not other. Without loss of generality, let (w,) € I' such that
€a € (w,X) but €5 ¢ (w,X). Put (w,X)y = (w,X) NY. Then (w, X)y € 'y such
that €, € (w, X)y but eg ¢ (w,X)y. Hence (Y, 'y, Y) is FFS-Ty.

Definition 3.6. A FFSTS (P,I',X) is said to be FFS-T1, if for every pair of

distinctF FS-points €, and eg over P, 3 (w,X), (11, X) € I' such that €, € (w,X)
but eg ¢ (w,X) and eg € (1, X) but €, & (11, 2).

Example 3.7. Every discrete FFSTS isa FFS-T1, because, for any two distinct
FFS-point €,, €5 over P, 3 FFS-open sets {¢,} and {ez} such that ¢, € {e,} but
ep & {es} and €, & {es} but €5 € {es}.

Remark 3.8. Every FFS — 11 space is FFS —Ty. But the converse may not be
true. For,

Example 3.9. Let P = {p1,p2} , ¥ = {e1,e2} and FFSS (1, ) is defined as
follows:

€1 €9

~ p1((1.0,0.0) (0.0,1.0)
(1 %) = gz ((0.0,1.0) (1.0,0.0))'

Let I' = {®,P, (1, 2)} be a FFST over P. Then the FFSTS (P,I,X) is
FFS — 1T, but not FFS — 17 .

Theorem 3.10. Every FFS-subspace of a FFS-T1 space is FFS-T.

Definition 3.11. A FFSTS (P, T',%) is said to beF FS-Ty, if for every pair of
distinctF FS-points €, and g over P, 3 (w,X), (u,X) € I' such that ¢, € (w, ),
eg € (1, X) and (@, X) N (1, X) = .

Remark 3.12. Every FFS — T, space is FFS — Ty. But the converse may not
be true. For,
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Example 3.13. Let P = {p1,p2} , & = {e1, 6} and FFSSs (1, %) , (v,2), and
(¢, ) are defined as follows:
€1 €9

1 ((1.0,0.0) (0.0,1.0)
(1, %) = 22 ((0_0,1.0) (0.0,1. 0))'

_ p1((0.0,1.0) (0.0,1.0)
() =" ((0.0,1.0) 1000)'

€1
o ((1.0,0.0) 0 1 0)
(C’E)_pg((O.O,lo) (1.0,0.0)
Let T' = {®,P, (11, %), (v, ) (¢,X)} be a FFST over P. Then the FFSTS
(P,I,Y) is FFS — T3 but not ]-"]:S 15 .

Theorem 3.14. A FFSTS (P, T1,%) is FFS-Ty if and only if for any two
distinct FFS-points €, and eg, 3 (wy, ), (wq, X) € FFSC(P,X) such that e, €
(w1, X) but €5 ¢ (w1,2) , €4 & (2, 2) but € € (w2, X) and (wy, L) U (wy, X) =P,
Proof. Necessity: Suppose that (P,I',Y) is FFS-T5 and €,, € are any two dis-
tinct FFS-points over P. Then by hypothesis 3 (u1,%) , (u2,2) € T such that

€ (p1,%), €g € (u2,2) such that (1, )N (pe, X) = @. Clearly (u1, %) C (ug2, X)°
and (u2,X) C (p1,%)° Hence €, € (u2, %)% Put (wy,X) = (g, 2)° This gives
€a € (w1,2) but €5 ¢ (wy,X). Also € € (11, X)° Put (wq, X) = (u1,2)°. There-
fore €5 € (wy, X) but €, ¢ (w2, X). Moreover, (wy,X) U (w2, ) = (1, %) U
(k2, 2)° = ((p1, X) N (p2, X)) = @ = P

Sufficiency: Let €, and €g, be two distinct FFS-points of P. Then by hypothesis
3 (w1, X), (we,2) € FFSC(P,X) such that ¢, € (w1,X), €5 ¢ (w1,X) , €a ¢
(w2, X), €g € (w2, X) and (wy, X) U (w2, X) = P. Put (u1,%) = (w2, X)¢ and
(2, %) = (w1,2)¢. Then (p1,%), (u2,X) € I' such that ¢, € (u1,%) and €5 €
(2, X). Moreover,(uy, ) N (g, X) = (w2, £)° N (w1, )¢ = (w1, X) U (w2, X)) =
P = &. Hence, (P,I,%) is FFS-Tp.

Theorem 3.15. Fvery FFS-subspace of a FFS-Ty space is FFS-T;.

Proof. Let (Y, Ty, X) be a FFS-subspace of a FFS-T; space (P, T, X). Let ¢, and
eg be two distinct FFS-points over Y. Then €, and eg are distinct FFS-points
over P. Since (P,I",X) is FFS-Ty, 3 (w, ), (1, X) € I' such that ¢, € (w,X), €5 €
(u, 2) and (w, )N (p, X) = . Put (w, X))y = (w,X)NY and (u, X)y = (u, X)NY.
Then (w, X)y, (4, X)y € I'y such that €, € (w,X)y and €5 € (u, X)y. Moreover,
(@, X)yN (e, X)y = (@, 2)NY)N (1, 2)NY) = (o, 2)N(k, X)) NY = dNY = P,
Hence (Y, I'y, X) is FFS-Ts.
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Definition 3.16. A FFSTS (P,I',XY) is said to be FFS-reqular if for every
(w,X) € FFSC(P,Y) and every FFS-point €, over P such that €, ¢ (w,%), 3
(1, ), (v, X) €T such that €, € (1, %), (w,X) C (1, X) and (u, X) N (v, 2) = P.

Example 3.17. Let P = {p;,p2} , ¥ = {e1,62} and FFSSs (1, %), (v, %) are
defined as follows:
€1 €9

1 ((0.0,1.0) (1.0,0.0)
(1, %) = gz ((0.0,1.0) (1.0,0-0)>’

€1 €9
pi ((1.0,0.0) (0.0,1.0)
(v,3) = (( 1.0,0.0) (0.0,1.0) )
Let I' = {9, P (1, 2), (v, X)} be a FFST over P. Then the FFSTS (P, I',Y) is

FFS-regular.

Theorem 3.18. FEvery FFS-subspace of a FFS-reqular space is FFS-regular.

Proof. Suppose (Y,T'y,¥) be a FFS-subspace of aF FS-regular space (P, T",X).
Let (w,X)y € FFSC(Y,X) and let €, is a FFS-point over Y such that €, ¢
(@, ¥)y. Then by Theorem 3.15 [20], 3 (w,X) € FFSC(P, ¥) such that (@, X)y =
(w,X) NY. It is clear that ¢, ¢ (w,), so byFFS-regularity of (P,T',%), 3
(1, X), (v, X) € I such that ¢, € (1, %), (w,X) C (r,X) and (u, %) N (v,2) = .
Put (¢, Y)y = (1, 2)NY and (v, X)y = (v, £)NY. Then (p, X)y, (v, X)y € I'y such
that e, € (i, X))y, (w,X)y C (v,2)y. Moreover, (u, X)y N (v, X)y = ((1,2)NY)N
(r,2)NY) = (11, 2)N (1, 2))NY = dNY = ®. Hence (Y, 'y, ) is FFS-regular.

Definition 3.19. A FFSTS (P,I',Y) is called FFS-T3, if it is FFS-reqular
and FFS-T.

Remark 3.20. Fvery FFS — 15 space is FFS —Ty. But the converse may not
be true.

Definition 3.21. A FFSTS (P,I,Y) is said to beFFS-normal if for ev-
ery pair (wy, ), (wq, ) € TSFSC(P,X) such that (wy,X) N (we,X) = &, 3
(p1,%), (2, 2) € T’ such that (w1, ) C (w1, X1), (w2, 22) C (p2,2) and (p1,31) N
([1,2722) = .

Example 3.22. Let P = {p;,p2},2 = {e1,€e} and TSFSSs (wy, ), (we,X),
(w3, X),(w4, 2), (ws, ), (we, X) are defined as follows:
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(wz, 22)2 b1

(0.5,0.4) 0604
(0.3,0.5) (0.5,0.5)

(

w1 (1229 0283
(
(

_ D
(@a, Ba)= p2 \ (0.9,0.1) (1.0,0.0

(0.7,0.2) 0803
(0.9,0.1) 0604

€1

(6, S6) = g;((05,04) (00,10))

(w5, 25)2 b

)
(0.7,0.2) 1000)
)

(0.3,0.5) (0.0,1.0)

Let T' = {®, P, (w1,2), (w2, X), (ws, %), (wy, ), (ws,X), (we, X)} be a FFST
over P. Then the FFSTS (P,I'y,%) is FFS-normal.

Theorem 3.23. Fvery FFS-closed subspace of a FFS-normal space is FFS-
normal.

Proof. Suppose (Y,T'y,Y) be a FFS-closed subspace of a FFS-normal space
(P,T',%). Let (wy,X), (we,X) € FFSC(Y,X) such that (wy, ) N (e, ) = P.
Since Y € FFSC(P,%), by Theorem 3.17 [20], (w1, ), (w, X) € FFSC(P,3).
By FFS-normality of (P,I',X), 3 FFSSs, (p1,%), (12, X) € I' such that (@, X) C
(p1,20), (@2, X2) C (p2, 5) and (p1, B1) N (p2, o) = . Put (1, X)y = (11, X)NY
and (u2, X)y = (u2, 2)NY. Then (1, X)y, (12, )y € I'y. clearly we have (w, X) C
(1, %) = (w1, 2) NY C (1, 2) NY = (w1, 2) C (1, 2)y and (g, X) C (12, X) =
(2, 2)NY C (2, X) NY = (w03, X) C (2, X)y. Moreover, (p1,X)y N (p2, X)y =
(1, 2)NY) N ((p2, )NY) = ((p1, 2) N (02, X)) NY = NY = &. Hence (Y, 'y, X)
FFS-normal.

Theorem 3.24. A FFSTS(P,I',X) is FFS-normal if and only if for every
(€,3) € FFSC(P,X) and each (0,%) € I' containing (£,%) 3, (p,X) € I' such that
(&, %) € (p,X) C Cl(p, %) C (0, %).

Theorem 3.25. Let (P, 'y, %) and (Q,I's, Q) be two FFSTSs and fy, : (P,I'1,%3) —
(Q,T'9,Q) is a bijective FFS-continuous and FFS-open mapping. If (P,T'1,%) is
FFS-normal then (Q,T'y, Q) is FFS-normal.

Proof. Let (P,I'1,%) be FFS-normal and fy, is a FFS-continuous and FFS-
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open mapping from (P, T';,3) onto a FFSTS(Q, Ty, ) Let (£,9Q) € FFSC(Q, Q)
and (0,Q) € 'y such that, (£,Q) C (0,€2). Then f, ( ,Q2) € FFSC(P,Y) con-
tained in the FFS-open set f‘ (0,9). Since (P, Fl, ) is FFS-normal, by The-
orem 3.24, 3 (1, X) € Ty such that [l (6,9) C (1, %) C Cl(, X)) C f,,}(0,9).
Since fy., is onto, we get, (£,€) C fW(u, Y) C fpu(Cl(u,Z)) (0,9Q). Now by
Lemma 2.7 this reduces to (£,9Q) C fou(p,X) C Cl(fpu(p, X)) C (0,9). Hence by
Theorem 3.24, (Q, 'y, Q) is FFS-normal, since fy,(¢,2) € I's.

Definition 3.26. A FFSTS (P,I',Y) is called FFS-Ty, if it is FFS-normal
and FFS-T;.

Theorem 3.27. Fvery FFS — Ty space is FFS — Ts.

4. Fermatean fuzzy soft compactness
In this section we define Fermatean fuzzy soft compactness and explores its

study in FFSTSs.

Definition 4.1. Let(P,I",X) be a FFSTS. A collection U of FFSSs is called a
cover of a FFSS (£,%) if (§,%) C U,eallén X) : (&, X) € B}, It is a FFS-open
cover if every member of U is a FFSO. A subfamily of U that is also a cover is
referred to as a subcover of O.

Definition 4.2. Let (P,I',X) is a FFSTS and (£,3) € FSS(P,%). Then (&,%)
called Fermatean fuzzy soft compact (FFS-compact), if each FFS-open cover of
(&,Y) has a finite subcover. Also FFSTS (P,T',%) is FFS compact if each FFS-
open cover of P has a finite subcover.

Example 4.3. A finite FFSTS (P,I',Y) is FFS-compact.
Theorem 4.4. Let (P,1'1,%) and (P,I'y,%) be two FFSTSs and I'y C T'y. If
(P, 'y, %) is FFS-compact then so is (P, 'y, ¥).

Theorem 4.5. Let (P, I'1,Y) and (Q, 'y, Q) be two FFSTSs and fy, : (P,T1,%X) =
(Q,T'1,9Q) is a surjective FFS-continuous mapping. If (P, 'y, %) is FFS-compact
then (Q,T'y, Q) is FFS-compact.

Proof. Let U = {(t,2) : kK € A} be a FFS-open cover of Q. Since fy, is
F FS-continuous f;;(;zm Q) eI'y, Vi € A. It follows that{f@l(,u,{, Q) :keA}isa
FFS-open cover of P. Since P is compact 3 a finite number of indices k1, ko, ..., Kp,
such that

PC fw(’p :umv dew Mﬁz’ Uf@[;; MfinaQ)'
= Luo(P) C Lo (Fip s D) U Lo (g (s )\ Fuo (F g (s ).
:> Q C (MHI’Q) U(uﬁ?’Q)“'U(l’I/HnJQ)'
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because fy., is surjective. Hence (Q,I'y,?) is FFS-compact.

Theorem 4.6. If a FFSTS (P,I',¥) is FFS-compact and (§,%) € FFSC(P,Y).
Then (&,%) is FFS-compact.

Proof. Let U = {(v,,%) : k € A} be a FFS-open cover of (£,3). Then GU(&, X)°
is a FFS-open cover of P because (§,%) € FFSC(P,3). Since (P, T, %) is FFS-
compact, 3 finite number of indices k1, ks...k, such that P C (Viys 2) U (Vy, 2)... U
(U, 2) U (&, X5)° It implies that (£,3) C (vk,,2) U (g, 2)... U (v, 2). Hence
(&,%) is FFS-compact.

Theorem 4.7. Every FFS-compact set in a FFS — Ty space is FFS-closed .
Proof. Let (1, %) be a SFS compact set in a FFS — Ty space (P,T',3) and
a FFS-point €, € (v,X)°. Then V €5 € (v,X) we have ¢, # €3. Therefore 3
(§esr ), (e, X) € I'such thate, € (€0 2), € € (fey, X) and (€eg, )N (pey, 1) = P.
Thus {(ie;,%) @ €5 € (1,X)} is a SFS open cover of (v,X). Since (v,X) is
compact 3 finite number of indices By, Ba...3, such that (v,%) C UiZ{{(ue,,, 2)}-
Put (A, ) NiZF {(&,, %)} Then (A, ¥) € T and ¢, € (A, %) C (v,%)°. Hence,
(r,X) el and (v,X) € FFSC(P,X).

Theorem 4.8. Fvery FFS-compact and FFS — 1Ty FFSTS is FFS-normal.
Proof. Easy and left to the readers.

Theorem 4.9. Let (P, I'1,Y) and (Q, ', ) be two FFSTSs and fy, : (P,T'1,%X) —
(Q, Ty, Q) is a surjective FFS-continuous mapping. If (P,I'1,%) is FFS-compact
and (Q,I'y,Q) is FFS — 15, then fy, is FFS-closed.

Proof. Let (v,X) € FFSC(P,X). From Theorem 4.6 we have v, X) is FFS-
compact. Since fy, is FFS continuous, by Theorem 4.5, fy, (v, X) is FFS-
compact in (Q,T's,Q). Therefore by Theorem 4.7, fy,(v,X) € FFSC(Q, ) be-
cause (Q,I'y, Q) is FFS — T5. Hence fy, is FFS-closed.

Definition 4.10. A family ¥ of FFSSs has the finite intersection property if the
intersection of the members of each finite subfamily of W is not the null FFSS.

Theorem 4.11. A FFSTS (P,I',Y) is FFS-compact if and only if every family
of FFS-closed sets with the finite intersection property has a non null intersec-
tion.

Proof. Necessity: Suppose (P, T',%) is FFS-compact and ¥ be any family of
FFS-closed sets of P such that ({(uw, %) : (s, 2) € ¥,k € A}=d. Consider
U= {(t,2) : (1, X)) € U,k € A}. Then U is a FFS-open cover of P. Since
(P,I',X) is FFS-compact 3 a finite subcovering { (s, , 2)¢, (try, 2)¢, -y (e, 2)°}-
It follows that (=) {(tte;, 2)} = (UZ5{ (i, £)})¢ = P = & and ¥ cannot have
finite intersection property.
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Sufficiency: Suppose contrary that FFSTS (P,T,3) is not FFS-compact.
Then there is FFS-open cover which does not has a finite subcover. Let U =
{(1s, 2) : k € A} be a FFS-open cover of P. So |;Z; {(ts,, X)} # P. Therefore

MiZi{ (s, )} # ©. Thus {(p, X)°} is a family of FFS have finite intersection
property. By hypothesis ((px, )¢ # ® and so | J(px, X) # P. This is a contradic-

tion.

1]

Hence FFSTS (P, T',Y) is FFS-compact.
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