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1. Introduction

Truncated Unilateral Generalized Hypergeometric Series

AFB

 a1, a2, . . . , aA ;
z

b1, b2, . . . , bB ;

 to (N + 1) terms

= AFB

 a1, a2, . . . , aA ;
z

b1, b2, . . . , bB ;


N

=
N∑
k=0

A∏
j=1

(aj)k z
k

B∏
j=1

(bj)k k!

(1.1)

where numerator and denominator parameters are neither zero nor negative inte-
gers and A, B are non-negative integers. When N → ∞ then (1.1) reduces to
non-terminating unilateral generalized hypergeometric series and Pochhammer’s
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symbol (c)k is given by (c)k =
k−1∏
j=0

(c+ j)

Non Terminating Bilateral Generalized Hypergeometric Series

(Dirichlet series or Laurent series)[3,pp.180-182(6.1.1.2,6.1.1.3,6.1.2.3)]
The values of parameters a1, a2, . . . , aA, b1, b2, b3, . . . , bA are adjusted in such a
manner that each term in the expansion of (1.2) is well defined then

AHA

 a1, a2, . . . , aA ;
z

b1, b2, . . . , bA ;

 =
∞∑

r=−∞

(a1)r(a2)r · · · (aA)r z
r

(b1)r(b2)r · · · (bA)r
(1.2)

Truncated Bilateral Generalized Hypergeometric Series

In 1996, R. P. Agarwal[1,p.19(13)] gave the following definition

AHA

 a1, a2, . . . , aA ;
z

b1, b2, . . . , bA ;

M

N

=
N∑

r=−M

A∏
j=1

(aj)r z
r

A∏
j=1

(bj)r

(1.3)

where A,M,N ∈ {1, 2, 3, . . . }.
When M,N →∞ in (1.3), we get non terminating bilateral generalized hypergeo-
metric series (1.2).

In our analysis, the symbol Sr(g1, g2, g3, . . . , gB) represents the sum of all pos-
sible combinations of the products of parameters taken “ r ” at a time from the set
of “B” parameters {g1, g2, g3, . . . , gB}.

For the sake of convenience Sr(a0, a1, a2, . . . , aA), Sr(b1, b2, . . . , bA), Sr(b0, 1 −
b1, 1− b2, . . . , 1− bA) and Sr(1− a1, 1− a2, . . . , 1− aA) are denoted by Sr(a0, (aA)),
Sr((bA)), Sr(b0, 1− (bA)) and Sr(1− (aA)) respectively.
Summation Theorems for Truncated Unilateral Hypergeometric Series

First theorem[2,pp.274-275(3.3.1)-(3.3.6)]

A+3FA+2

 a0, a1, a2, a3, · · · , aA, 1− β, 1− γ ;
1

1 + b1, 1 + b2, 1 + b3, · · · , 1 + bA, −β, −γ ;


N

=
(1 + a0)N (1 + a1)N (1 + a2)N (1 + a3)N · · · (1 + aA)N

N ! (1 + b1)N (1 + b2)N (1 + b3)N · · · (1 + bA)N
(1.4)
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where β, γ and D are given by

β =
−SA(a0, (aA)) + SA((bA)) +

√
D

2 {SA−1(a0, (aA))− SA−1((bA))}
(1.5)

γ =
−SA(a0, (aA)) + SA((bA))−

√
D

2 {SA−1(a0, (aA))− SA−1((bA))}
(1.6)

D = {SA(a0, (aA))− SA((bA))}2 − 4{SA+1(a0, (aA))}{SA−1(a0, (aA))− SA−1((bA))}
(1.7)

subject to “(A − 2)” number of actual conditions in compact notation, given by
(1.8)

Sr(a0, (aA)) = Sr((bA)), A ∈ {3, 4, 5, · · · } and r = 1, 2, 3, · · · , (A− 2) (1.8)

and

SA−1(a0, (aA)) 6= SA−1((bA)); SA+1(a0, (aA)) 6= 0, N ∈ {1, 2, 3, · · · } (1.9)

Second theorem[2,pp.275-277(3.4.1)-(3.4.8)]

A+4FA+3

 a0, a1, a2, a3, · · · , aA, 1− δ, 1− θ, 1− ψ ;
1

1 + b1, 1 + b2, 1 + b3, · · · , 1 + bA, −δ, −θ, −ψ ;


N

=
(1 + a0)N (1 + a1)N (1 + a2)N (1 + a3)N · · · (1 + aA)N

N ! (1 + b1)N (1 + b2)N (1 + b3)N · · · (1 + bA)N
(1.10)

where δ, θ and ψ are given by

δ = − {SA−1(a0, (aA))− SA−1((bA))}
3{SA−2(a0, (aA))− SA−2((bA))}

+
(−1− i

√
3) λ

1
3

6(2)
1
3{SA−2(a0, (aA))− SA−2((bA))}

+

+
(1− i

√
3)Ω

3(2)
2
3{SA−2(a0, (aA))− SA−2((bA))} λ 1

3

(1.11)

θ = − {SA−1(a0, (aA))− SA−1((bA))}
3{SA−2(a0, (aA))− SA−2((bA))}

+
(−1 + i

√
3) λ

1
3

6(2)
1
3{SA−2(a0, (aA))− SA−2((bA))}

+

+
(1 + i

√
3)Ω

3(2)
2
3{SA−2(a0, (aA))− SA−2((bA))} λ 1

3

(1.12)



88 J. of Ramanujan Society of Math. and Math. Sc.

ψ = − {SA−1(a0, (aA))− SA−1((bA))}
3{SA−2(a0, (aA))− SA−2((bA))}

+
λ

1
3

3(2)
1
3{SA−2(a0, (aA))− SA−2((bA))}

−

− (2)
1
3 Ω

3{SA−2(a0, (aA))− SA−2((bA))} λ 1
3

(1.13)

where

λ = [−2{SA−1(a0, (aA))− SA−1((bA))}3 + 9{SA−2(a0, (aA))− SA−2((bA))}×

×{SA−1(a0, (aA))− SA−1((bA))}{SA(a0, (aA))− SA((bA))}

−27{SA−2(a0, (aA))− SA−2((bA))}2{SA+1(a0, (aA))}] +
√
R (1.14)

and
R = 4[3{SA−2(a0, (aA))− SA−2((bA))}{SA(a0, (aA))− SA((bA))}

−{SA−1(a0, (aA))− SA−1((bA))}2]3+

+[− 2{SA−1(a0, (aA)) − SA−1((bA))}3 + 9{SA−2(a0, (aA)) − SA−2((bA))}×

×{SA−1(a0, (aA))− SA−1((bA))}{SA(a0, (aA)) − SA((bA))}

−27{SA−2(a0, (aA)) − SA−2((bA))}2{SA+1(a0, (aA))}]2 (1.15)

subject to “(A − 3)” number of actual conditions in compact notation, given by
(1.16)

Sr(a0, (aA)) = Sr((bA)), A ∈ {4, 5, 6, · · · } and r = 1, 2, 3, · · · , (A− 3) (1.16)

and

SA−2(a0, (aA)) 6= SA−2((bA)); SA+1(a0, (aA)) 6= 0, N ∈ {1, 2, 3, · · · } (1.17)

We define the values of Ω as follows

Ω = [3{SA−2(a0, (aA))− SA−2((bA))}{SA(a0, (aA))− SA((bA))}−

−{SA−1(a0(aA))− SA−1((bA))}2]

Third theorem[2,pp.278-279(3.6.1)-(3.6.4)]

A+B+1FA+B

 a0, a1, a2, . . . , aA, 1− λ1, 1− λ2, . . . , 1− λB ;
1

1 + b1, 1 + b2, . . . , 1 + bA, −λ1,−λ2, . . . , −λB ;


N
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=
(1 + a0)N (1 + a1)N (1 + a2)N · · · (1 + aA)N

N ! (1 + b1)N (1 + b2)N · · · (1 + bA)N
(1.18)

subject to “(A − B)” number of actual conditions in compact notation given by
(1.19)

Sr(a0, (aA)) = Sr((bA)), A ∈ {B+ 1, B+ 2, B+ 3, . . . } and r = 1, 2, 3, . . . , (A−B)
(1.19)

and

SA−B+1(a0, (aA)) 6= SA−B+1((bA)), SA+1(a0, (aA)) 6= 0; 0 < B < A (1.20)

where λ1, λ2, . . . , λB are the roots(neither zero nor positive integers) of the follow-
ing polynomial equation

[{SA−B+1(a0, (aA))−SA−B+1((bA))}mB+{SA−B+2(a0, (aA))−SA−B+2((bA))}mB−1+

+ · · ·+ {SA−2(a0, (aA))− SA−2((bA))}m3 + {SA−1(a0, (aA))− SA−1((bA))}m2+

+{SA(a0, (aA))− SA((bA))}m+ {SA+1(a0, (aA))}] = 0 (1.21)

Motivated by the work of Verma [4, pp. 233-234(3.4, 3.5, 3.6, 3.7)], in next sections
we shall derive more summation theorems, using series iteration technique.

Since Pochhammer’s symbol is associated with Gamma function and Gamma
function is undefined for zero and negative integers therefore numerator and de-
nominator parameters are adjusted in such a way that each term of following results
is completely well defined and meaningful then we have following summation the-
orems.
2. First summation theorem for truncated bilateral hypergeometric se-
ries

If the values of the parameters a1, a2, . . . , aA, b1, b2, . . . , bA and ζ, σ are neither
zero nor integers, then

A+2HA+2

 a1, a2, . . . , aA, 1− ζ, 1− σ ;
1

1 + b1, 1 + b2, 1 + b3, . . . , 1 + bA, −ζ, −σ ;

M

N

=
{SA−1(1, (aA))− SA−1((bA))− SA(1, (aA)) + SA((bA)) + SA+1(1, (aA))}

{SA+1(1, (aA))}
×

×
(2)M−1

A∏
j=1

(bj)
A∏

j=1

(2− bj)M−1

(M − 1)!
A∏

j=1

(−1 + aj)
A∏

j=1

(2− aj)M−1
+

(2)N
A∏

j=1

(1 + aj)N

N !
A∏

j=1

(1 + bj)N

(2.1)
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under the “(A− 2)” number of actual conditions given by

Sr(1, (aA)) = Sr((bA)) or equivalently Sr(1, 1− (bA)) = Sr(1− (aA)) (2.2)

SA−1(1, (aA)) 6= SA−1((bA)) and SA−1(1, 1− (bA)) 6= SA−1(1− (aA)) (2.3)

SA+1(1, (aA)) 6= 0 and SA+1(1, 1− (bA)) 6= 0 (2.4)

M ∈ {2, 3, 4, . . . }, A ∈ {3, 4, 5, . . . }, N ∈ {1, 2, 3, . . . }, r = 1, 2, 3, . . . , (A− 2)
(2.5)

where ζ and σ are the roots of the quadratic equation

{SA−1(1, (aA))−SA−1((bA))}m2+{SA(1, (aA))−SA((bA))}m+{SA+1(1, (aA))} = 0
(2.6)

Proof of Theorem (2.1): Suppose ζ∗ and σ∗ are the roots of the quadratic
equation

{SA−1(1, 1− (bA))− SA−1(1− (aA))}m2 + {SA(1, 1− (bA))− SA(1− (aA))}m+

+{SA+1(1, 1− (bA))} = 0 (2.7)

By taking suitable pairs of the roots of (2.6) and (2.7), different positive integral
values of A, non-integral values of parameters a1, a2, . . . , aA, b1, b2, . . . , bA, satisfying
the “(A− 2)” number of conditions given by (2.2) and using Mathematica 6.0 we
can verify that −ζ − ζ∗ = 1 and −σ − σ∗ = 1.

Suppose left hand side of (2.1) is denoted by Ω, then

Ω =
N∑

r=−M

(a1)r(a2)r · · · (aA)r(1− ζ)r(1− σ)r
(1 + b1)r(1 + b2)r · · · (1 + bA)r(−ζ)r(−σ)r

=
M∑
r=1

(a1)−r(a2)−r · · · (aA)−r(1− ζ)−r(1− σ)−r
(1 + b1)−r(1 + b2)−r · · · (1 + bA)−r(−ζ)−r(−σ)−r

+

+
N∑
r=0

(1)r(a1)r(a2)r · · · (aA)r(1− ζ)r(1− σ)r
(1 + b1)r(1 + b2)r · · · (1 + bA)r(−ζ)r(−σ)r r!

=

(1 + ζ)(1 + σ)
A∏
i=1

(bi)

ζσ
A∏
i=1

(−1 + ai)

×
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×A+3FA+2

 1, 1− b1, 1− b2, . . . , 1− bA, 2 + ζ, 2 + σ ;

2− a1, 2− a2, . . . , 2− aA, 1 + ζ, 1 + σ ;
1


M−1

+

+A+3FA+2

 1, a1, a2, . . . , aA, 1− ζ, 1− σ ;

1 + b1, 1 + b2, . . . , 1 + bA, − ζ, −σ ;
1


N

(2.8)

=

(1 + ζ)(1 + σ)
A∏
i=1

(bi)

ζσ
A∏
i=1

(−1 + ai)

×

×A+3FA+2

 1, 1− b1, 1− b2, . . . , 1− bA, 1− ζ∗, 1− σ∗ ;

2− a1, 2− a2, . . . , 2− aA, − ζ∗, −σ∗ ;
1


M−1

+

+A+3FA+2

 1, a1, a2, . . . , aA, 1− ζ, 1− σ ;

1 + b1, 1 + b2, . . . , 1 + bA, − ζ, −σ ;
1


N

(2.9)

Now applying authors summation theorem (1.4), we get the right hand side of
(2.1).
3. Second summation theorem for truncated bilateral hypergeometric
series

If the values of the parameters a1, a2, . . . , aA, b1, b2, . . . , bA and ξ, µ, ρ are
neither zero nor integers, then

A+3HA+3

 a1, a2, . . . , aA, 1− ξ, 1− µ, 1− ρ ;
1

1 + b1, 1 + b2, . . . , 1 + bA, −ξ, −µ, −ρ ;

M

N

=

{
−SA−2(1, (aA)) + SA−2((bA)) + SA−1(1, (aA))

{SA+1(1, (aA))}
−

−SA−1((bA)) + SA(1, (aA))− SA((bA))− SA+1(1, (aA))}
{SA+1(1, (aA))}

}
×

×
(2)M−1

A∏
j=1

(bj)
A∏

j=1

(2− bj)M−1

(M − 1)!
A∏

j=1

(−1 + aj)
A∏

j=1

(2− aj)M−1
+

(2)N
A∏

j=1

(1 + aj)N

N !
A∏

j=1

(1 + bj)N

(3.1)
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where ξ, µ and ρ are given by

ξ = − {SA−1(1, (aA))− SA−1((bA))}
3{SA−2(1, (aA))− SA−2((bA))}

+
(−1− i

√
3) λ

1
3
1

6(2)
1
3{SA−2(1, (aA))− SA−2((bA))}

+

+
(1− i

√
3)Ω1

3(2)
2
3{SA−2(1, (aA))− SA−2((bA))} λ

1
3
1

(3.2)

µ = − {SA−1(1, (aA))− SA−1((bA))}
3{SA−2(1, (aA))− SA−2((bA))}

+
(−1 + i

√
3) λ

1
3
1

6(2)
1
3{SA−2(1, (aA))− SA−2((bA))}

+

+
(1 + i

√
3)Ω1

3(2)
2
3{SA−2(1, (aA))− SA−2((bA))} λ

1
3
1

(3.3)

ρ = − {SA−1(1, (aA))− SA−1((bA))}
3{SA−2(1, (aA))− SA−2((bA))}

+
λ

1
3
1

3(2)
1
3{SA−2(1, (aA))− SA−2((bA))}

−

− (2)
1
3 Ω1

3{SA−2(1, (aA))− SA−2((bA))} λ
1
3
1

(3.4)

where

λ1 = [−2{SA−1(1, (aA))− SA−1((bA))}3 + 9{SA−2(1, (aA))− SA−2((bA))}×

{SA−1(1, (aA))− SA−1((bA))}{SA(1, (aA))− SA((bA))}

−27{SA−2(1, (aA))− SA−2((bA))}2SA+1(1, (aA))] +
√
R1 (3.5)

and

R1 = 4[3{SA−2(1, (aA))− SA−2((bA))}{SA(1, (aA))− SA((bA))} − {SA−1(1, (aA))−

−SA−1((bA))}2]3 + [− 2{SA−1(1, (aA)) − SA−1((bA))}3 + 9

{SA−2(1, (aA)) − SA−2((bA))}{SA−1(1, (aA)) − SA−1((bA))}×

×{SA(1, (aA)) − SA((bA))}− 27{SA−2(1, (aA)) − SA−2((bA))}2 {SA+1(1, (aA))}]2
(3.6)

subject to the “(A− 3)” number of conditions in compact notation given by

Sr(1, (aA)) = Sr((bA)) or equivalently Sr(1, 1− (bA)) = Sr(1− (aA)) (3.7)
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SA−2(1, (aA)) 6= SA−2((bA)) and SA−2(1, 1− (bA)) 6= SA−2(1− (aA)) (3.8)

SA+1(1, (aA)) 6= 0 and SA+1(1, 1− (bA)) 6= 0 (3.9)

A ∈ {4, 5, 6, . . . }, r = 1, 2, . . . , (A− 3), M ∈ {2, 3, 4, . . . }, N ∈ {1, 2, 3, . . . }
(3.10)

Ω1 = [3{SA−2(1, (aA))− SA−2((bA))}{SA(1, (aA))− SA((bA))}−

−{SA−1(1, (aA))− SA−1((bA))}2] (3.11)

If we proceed on the same parallel lines as discussed in section 2 and apply authors
summation theorem (1.10)-(1.17), we can obtain (3.1)-(3.10).
4. Third summation theorem for truncated bilateral hypergeometric
series
If the values of the parameters a1, a2, . . . , aA, b1, b2, . . . , bA and Υ1 Υ2, . . . , ΥB

are neither zero nor integers, then

A+BHA+B

 a1, a2, . . . , aA, 1−Υ1, 1−Υ2, . . . , 1−ΥB ;
1

1 + b1, 1 + b2, . . . , 1 + bA, −Υ1, −Υ2, . . . , −ΥB ;

M

N

=

[ A∑
j=A−B+1

(−1)j+B−A−1{Sj(1, (aA))− Sj((bA))}+ (−1)BSA+1(1, (aA))
]

(−1)B{SA+1(1, (aA))}
×

×
(2)M−1

A∏
j=1

(bj)
A∏

j=1

(2− bj)M−1

(M − 1)!
A∏

j=1

(−1 + aj)
A∏

j=1

(2− aj)M−1
+

(2)N
A∏

j=1

(1 + aj)N

N !
A∏

j=1

(1 + bj)N

(4.1)

where Υ1,Υ2,Υ3, . . . ,ΥB are the non zero roots of the polynomial equation of
degree B in m, given by

[{SA−B+1(1, (aA))− SA−B+1((bA))}mB + {SA−B+2(1, (aA))− SA−B+2((bA))}mB−1

+ · · ·+ {SA−3(1, (aA))− SA−3((bA))}m4 + {SA−2(1, (aA))− SA−2((bA))}m3+

+{SA−1(1, (aA))− SA−1((bA))}m2 + {SA(1, (aA))−

−SA((bA))}m+ {SA+1(1, (aA))}] = 0 (4.2)

under the “(A−B)” number of conditions in compact notation given by

Sr(1, (aA)) = Sr((bA)) or equivalently Sr(1, 1− (bA)) = Sr(1− (aA)) (4.3)
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SA−B+1(1, (aA)) 6= SA−B+1((bA)) and SA−B+1(1, 1−(bA)) 6= SA−B+1(1−(aA)) (4.4)

SA+1(1, (aA)) 6= 0 and SA+1(1, 1− (bA)) 6= 0 (4.5)

A ∈ {B + 1, B + 2, B + 3, . . . },

r = 1, 2, . . . , (A−B), M ∈ {2, 3, 4, . . . }, N ∈ {1, 2, 3, . . . } (4.6)

If we proceed on the same parallel lines as discussed in section 3 and apply
authors summation theorem (1.18)-(1.21), we can obtain (4.1)-(4.6).
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