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1. Introduction

Truncated Unilateral Generalized Hypergeometric Series

_al,aQ,...,aA H i
4Fp z | to (N +1) terms
_bl,bg,...,bB H i
A
[ a1, a9, ..., ax ; i N H(ay)k z
— Fy 2 =Y = (1.1)
| bi, by, ..., b 1N k=0 H(bj>k k!

<.
I
—_

where numerator and denominator parameters are neither zero nor negative inte-
gers and A, B are non-negative integers. When N — oo then (1.1) reduces to
non-terminating unilateral generalized hypergeometric series and Pochhammer’s
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k=1
symbol (¢)y is given by (¢)r = [] (¢ +J)

5=0
Non Terminating Bilateral Generalized Hypergeometric Series
(Dirichlet series or Laurent series)[3,pp.180-182(6.1.1.2,6.1.1.3,6.1.2.3)]
The values of parameters aj,as,...,as, b1, bo,bs,...,bs are adjusted in such a
manner that each term in the expansion of (1.2) is well defined then

B s = (a)o(az)r -+ (an), 27
i 2 o, 12

bl, bg, ceay bA 3 r=—00

Truncated Bilateral Generalized Hypergeometric Series

In 1996, R. P. Agarwal[l,p.19(13)] gave the following definition

A
A1, G2y ooy QA 3 M N 1:[1(@])
AHA < Z J_A (]‘3>
bl,bz,...,bA ; N r=—M H( )
7=1

where A, M, N € {1,2,3,...}.
When M, N — oo in (1.3), we get non terminating bilateral generalized hypergeo-
metric series (1.2).

In our analysis, the symbol S,.(g1, g2, 93, - - -, g5) represents the sum of all pos-
sible combinations of the products of parameters taken “r” at a time from the set
of “B” parameters {¢1, g2, 93, .-, 98}

For the sake of convenience S,(ag,a1,az,...,a4), Sp(b1,ba,...,b4), Sr(bo,1 —
by, 1—by,...,1—by) and S,(1—ay,1—as,...,1 —ay) are denoted by S, (ag, (a4)),
Sr((ba)), Sy(bo, 1 — (ba)) and S, (1 — (a4)) respectively.

Summation Theorems for Truncated Unilateral Hypergeometric Series

First theorem[2,pp.274-275(3.3.1)-(3.3.6)]

a07a17a27a‘37”'7a1471_671_7 5
ArsFate 1
1+b171+b271+b37"'71+bA7_B7_’y 5 N
:(1+CLO>N (1+a1)N <1+CL2)N (1+6L3)N (1+CLA)N
N (14+b)y (14+bo)y (14+b3)y -+ (14+ba)n
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where 3, v and D are given by

—SA(aO, ((ZA)) + SA((bA)) + \/5
2 {Sa-1(ao, (aa)) — Sa-1((ba))}

_ —Salao, (aa)) + Sa((ba)) — VD
2 {Sa-1(ao, (aa)) — Sa-1((ba))}
D = {Sa(ao, (aa)) — Sa((ba))}* — 4{Sat1(ao, (@) HSa-1(ao, (a4)) — SA—l((b(Al))7})’

subject to “(A — 2)” number of actual conditions in compact notation, given by
(1.8)

8=

(1.5)

(1.6)

Sr(ag, (aa)) = Sy((ba)), A€ {3,4,5,---}andr=1,2,3,--- ,(A—-2) (1.8)
and
SA—l(QOv (aA)) 7é SA—l((bA)); SA-I—l(aOa (a'A>) 7é 07 N e {17 27 37 o } (19)

Second theorem[2,pp.275-277(3.4.1)-(3.4.8)]

ag, Ay, Ao, a3, *++, ax, 1 —0, 1 —0, 1 —1 ;
AraFay3 1
1+bl,1+bg,1+b3,"',1+b,4,—5,—9,—¢ 3 N
_ (14+ao)y (14+a1)v (L+a)y 1+az)y -+ (L+aa)y (1.10)
N (T+b)y (T+b)y (14+b3)ny -+ (1+ba)n '
where §, 6 and 1) are given by
5 — _A5a-i(ao, (aa)) = Saa((ba))} (—1—iv3) A N
3{Sa—2(ao, (an)) —SA—2((bA))} 6(2)5{Sa_s(ao, (aa)) — Sa_a((ba))}
n (- iv3)0 : (1.11)
3(2)5{Sa—a(ao, (a4)) — Saa((ba))} A3
p— _A5azi(ao, (aa)) = Saaa((ba))} (—1+iV3) A3 N
3{Sa-2(a0, (aa)) = Sa—2((ba))} ~ 6(2){Sa (a0, (aa)) — Sa_2((ba))}
n (L+1V3)0 (1.12)

3(2)%{51472(&0; (CLA)) - SAfg((bA»} )\i
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ol

{Sa-1(ao, (aa)) — Sa-1((ba))} A

V= ~ 3{Sa-2(ag, (aa)) — Sa—a((b4))} " 3(2)3{Su_a(ao, (a4)) — SA_Q((bA))}_
- (230 . (1.13)
3{Sa-2(ao, (aa)) — Sa—2((ba))} A3
where

A= [=2{Sa-1(ao, (aa)) = Sa-1((ba)} + 9{Sa-2(ao, (a4)) — Sa-2((ba))} ¥

x{Sa-1(ao, (@a)) — Sa-1((ba)) HSa(ao, (aa)) — Sa((ba))}
—27{S4-2(ao, (a1)) — Sa—2((ba))}*{Sas1(ao, (aa))} + VR (1.14)

and

R = 4[3{Sa-2(ao, (aa)) — Sa—2((ba)) HS(ao, (aa)) — Sa((ba))}
—{Sa-1(ao, (aa)) = Sa1((ba) 1P+
+[= 2{Sa1(ao, (aa)) — Sa-1((ba)}’ +9{Sa2(ao, (aa)) — Sa—2((ba))}x
x{Sa-1(ao, (aa)) — Sa-1((ba)) HSa(ao, (aa)) — Sa((ba))}
—27{Sa-2(a0, (a4)) — Saa((0a))}*{Sas1(ao, (aa))}]? (1.15)

subject to “(A — 3)” number of actual conditions in compact notation, given by
(1.16)

S, (ag, (aa)) = Sp((ba)), A€ {4,5,6,---}andr=1,2,3,--- ,(A—3) (1.16)
and
Sa-a(ao, (aa)) # Sa—a((ba)); Sasi(ao, (aa)) #0, N €{1,2,3,---}  (1.17)
We define the values of € as follows
Q= [3{Sa-2(ao, (a4)) = Sa—2((ba)) HSa(ao, (a4)) = Sa((ba))}~

—{Sa-1(ao(as)) — Sa-1((ba))}’]
Third theorem|2,pp.278-279(3.6.1)-(3.6.4)]

ao,@l,ag,...,CLA,1—)\1,1—)\2,...,1—)\3 3

A+B+1FasB 1
1—’-()1, 1—|—b2, ey 1+bA, —)\1,—>\2, N —AB 5
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o (1+a0)N (1‘{’&1)]\[ (1+CZ2)N (1+aA)N
N (T+b)y (T+by)y - (1 +ba)n

subject to “(A — B)” number of actual conditions in compact notation given by
(1.19)

Sy(ag, (aa)) = S:((ba)), Ac{B+1,B+2,B+3,...}andr=1,2,3,...,(A—B)
(1.19)

(1.18)

and

Sa-pii(ao, (as)) # Sa—p41((ba)), Sayi(ao, (aa)) #0; 0< B < A (1.20)

where A1, Ag, ..., Ap are the roots(neither zero nor positive integers) of the follow-
ing polynomial equation

[{Sa-p+1(ao, (aa)—=Sa—pr1((ba))}mP+{Sa_ps2(ao, (aa))—Sa—pra((ba))}m” '+

+- 4+ {Sa-a(a0, (aa)) = Saa((ba))}m® + {Sa-1(ao, (aa)) = Sa-1((ba)) }m*+
+{Sa(ao, (aa)) = Sa((ba))}m + {Sas1(ao, (a4))}] =0 (1.21)
Motivated by the work of Verma [4, pp. 233-234(3.4, 3.5, 3.6, 3.7)], in next sections
we shall derive more summation theorems, using series iteration technique.

Since Pochhammer’s symbol is associated with Gamma function and Gamma
function is undefined for zero and negative integers therefore numerator and de-
nominator parameters are adjusted in such a way that each term of following results
is completely well defined and meaningful then we have following summation the-
orems.

2. First summation theorem for truncated bilateral hypergeometric se-
ries

If the values of the parameters aq, as, ..., aa, by, by, ..., by and (, o are neither
zero nor integers, then

M
al,ag,...,&A,l—C,l_U 5

AreH o 1
1+b1,1+b2,1+b3,...,1+bA,—C,—O' 5 N

_ 18411, (a4)) = Sa-1((ba)) — Sa(1, (@a)) + Sa((ba)) + Sar1(1, (aa))}
{Sa41(1, (aa))}

s [10) T12 b)) @ 10+ ay)
x I +—I= (2.1)
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under the “(A — 2)” number of actual conditions given by
Sr(1,(aa)) = Sy((ba)) or equivalently S,(1,1 — (ba)) = S,(1 — (aa)) (2.2)

Sa-1(1, (aa)) # Sa-1((ba)) and Sa—1(1,1 = (ba)) # Sa-1(1 — (aa))  (23)

Sar1(1, (aa)) # 0 and Sasq(1,1— (ba)) £0 (2.4)
Me{2,34,...}, Ac{3,45,. ..}, Ne{1,2,3,...}, r=1,23,...,(A-2)
(2.5)

where ( and o are the roots of the quadratic equation

{Sa-1(1, (aa)) = Sa-1((ba))}m® +{Sa(1, (a4)) = Sa((ba)) bm+{Sas1(1, (aa))} = 0

(2.6)
Proof of Theorem (2.1): Suppose (* and o* are the roots of the quadratic
equation

{Sa-1(1,1 = (ba)) = Sac1(1 = (an))}m® + {Sa(1,1 = (ba)) — Sa(l — (an))}m+

F{Sana(1,1— (b))} = 0 (2.7)
By taking suitable pairs of the roots of (2.6) and (2.7), different positive integral
values of A, non-integral values of parameters ay, as, ..., aa, b1, bo, ..., by, satisfying

the “(A — 2)” number of conditions given by (2.2) and using Mathematica 6.0 we
can verify that —( —(*=1and —o —o* = 1.
Suppose left hand side of (2.1) is denoted by €2, then

N

o (a1)r(az)r - (@a)r(1 = Q)r(1 —0),
v= Z (1 + bl)r(l + bQ)T T (1 + bA)T(_C)T(_U)T

r=—M

= (@) (@) (an) (1= Q) (1 - o),
B Z (1 + bl)*T<1 + b2)*7” e (1 + bA>fr<_C)*r(_O—)fr

_l_

(Dr(a1)r(ag) - -~ (aa)r(1 = ()-(1 — o),
N Z (1 + bl)r(l + b2>r o (1 + bA)r<_C>r(_0')r 7!

(1+Q) 1+ ) [T
Co ﬁ (=1 +a;)

i=1
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1—b1,1—b2,...,1—bA,2—|—C,2+0' H
X a43F 442 1 +
2—ay, 2—ag, ..., 2—au, 14+( 1+0 ;

M-1
1, a1, as, ..., a4, 1 =(, 1—0 ;
a3l a40 1 (2.8)
1+b171+b27 "'71+bA7 _Ca_a; N
A
1+ +0)IT(b)
. i=1 %
o A
Co JT(—1+a)
i=1
1—b1,1—bg,...,1—b14,1—€*,]_—O'* 3
X Ar3Fa42 1 +
2—ay, 2—ag, ..., 2—ap, —C*, —0* ; Mot
1, a1, as, ..., a4, 1 =(, 1—0 ;
+at3lat2 1 (2.9)
1—|—b1,1—|—b2, ...,1+bA, —C,—O’; N

Now applying authors summation theorem (1.4), we get the right hand side of
(2.1).
3. Second summation theorem for truncated bilateral hypergeometric
series

If the values of the parameters aq, as,..., aa, by, ba,..., by and &, u, p are
neither zero nor integers, then

M
a17a27"-aaA71_£71_,u71_p 5

A+3HA+3 1
1+b171+b27"'71+b/\7—£7—:u7_p 5

_ {—SA—z(l ,(a4)) + Sa—a((ba)) + Sa-1(1, (aa))
{Sa+1(1, (aa))}
 Sa-1((ba)) + Sa(L, (aa)) — Sa(

N

(ba)) = Sasi(1, (an))}
) } -

}

(Sann(L,(a0)
s [10) T12 b)) @ 10+ ay)
x I +—I= (3.1)
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where &, ¢ and p are given by

e _ASan(L(aa) = San (@)} (-1-iv3) A N
3{Sa-2(1, (aa)) = Sa-2((ba))} ~ 6(2)3{Sa_2(1, (aa)) — Sa_2((ba))}
— (1—iv3) ; (32)
3(2)H{Saa(1. (a4)) — Saal(ba))} A
A8 (@) = Sa(Ba))} (L+iv3) N .
3{Sa-2(1,(aa)) = Sa-2((ba))} = 6(2)3{Sa_2(1, (as)) — Sa_2((ba))}
— (1+iv3)Q ; 33)
3(2)H{Saca(L. (a4)) — Sacal(ba))} A
oSl (@) = San((ba)} | A )
3{Sa-2(1, (aa)) = Sa-2((ba))}  3(2)5{Sa_2(1, (an)) — Sa_2((ba))}
_ ()30 (3.4)
3{Sa-2(1, (aa)) — Sa- 2((bA))} Y
where

A= [—2{Sa-1(1, (an)) — Sa—1((ba))}* + 9{Sa-2(1, (an)) — Sa—z((ba))} x

{Sa1(1, (@a)) — Sa—1((ba))}{Sa(1, (a )) Sa((ba))}
—27{Sa-2(1, (a)) — Sa-a((ba))}*Sas1(1, (an))] + vV Ru (3.5)
and
Ry = 4[3{Sa-2(1, (aa)) — Sa—a((ba)) }{Sa(1, (aa)) — Sa((ba))} — {Sa-1(1, (aa))—
—Sa1((ba) ]+ [= 2{Sa-1(1, (aa)) — Sac1((ba))}’ +9
{Sa-2(1,(aa)) — Sa-a((ba))}{Sa-1(1,(aa)) — Sa-1((ba))}x

x{Sa(1, (aa)) — Sa((ba))} = 27{Sa-2(1, (aa)) — Sa-a((ba))}* {Sas1(1, (an))}]”
(3.6)
subject to the “(A — 3)” number of conditions in compact notation given by

Sr(1,(aa)) = Sy ((ba)) or equivalently S, (1,1 — (ba)) = S,(1 — (aa)) (3.7)
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Sa-2(1,(aa)) # Sa—2((ba)) and Sa—o(1,1 = (ba)) # Sa—2(l = (aa))  (3.8)

Sar1(L, (aa)) # 0 and Sati(1,1 - (ba)) #0 (3.9)
Ae{4,56,...}, r=1,2...,(A=3), Me{2,3,4,...}, Ne{1,2,3,...}
(3.10)

O = [3{54-2(L, (a4)) — Sa—2((ba)){S5a(1, (aa)) — Sal(ba))}—
—{Sa-1(1, (aa)) = Sa—1((b4))}] (3.11)

If we proceed on the same parallel lines as discussed in section 2 and apply authors
summation theorem (1.10)-(1.17), we can obtain (3.1)-(3.10).

4. Third summation theorem for truncated bilateral hypergeometric
series

If the values of the parameters aq, as,..., aa, by, ba,..., by and T 1o, ..., Tp
are neither zero nor integers, then

al,ag,...,aA,1—T1,1—T2,...,1—TB 5 M
Aa+BH Ay B 1
1+b171+b27...,1+bA,—T1,—Tg,...,—TB 5 N
A .
[ (~1)PF B, (a0)) = Si((ba))} + (~1)ZSasa (1, (a))]
_ “i=A-B11 »
(=1)P{Sa+1(1, (aa))}
A A A
(2) -1 Hl(bj> 1:[1(2 —bj) -1 (2)n 1:[1(1 +aj)n
X e — + — (4.1)
(M=DI(-1+a) J[TC—aj)m—1 NI +b)n
j=1 j=1 j=1
where T1, Ty, T3,...,Tp are the non zero roots of the polynomial equation of

degree B in m, given by
[{Sa-p+1(1,(a4)) = Sapar((0a)}m” + {Sa-ps2(1, (a4)) = Sa-ps2((ba)) }m”
+o - {Sam3(L, (@) = Saa((ba))}m® + {Sa—a(1, (aa)) — Sa—a((ba))}m’+
H{Sa-1(1, (a4)) = Sazi((0a))}m? + {Sa(L, (aa))—
—=Sa((ba))ym + {Sa41(1, (aa))}] = 0 (4.2)

under the “(A — B)” number of conditions in compact notation given by

Sr(1,(aa)) = S,((ba)) or equivalently S,.(1,1 — (ba)) = S-(1 — (aa)) (4.3)
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Sa-p+1(1, (aa)) # Sa-pr1((ba)) and Sa—pi1(1,1=(ba)) # Sa-ps1(1—(aa)) (4.4)

SA+1(1,(aA)) 7é0 and SA+1(1,1— (bA)) 7é0 (45)
Aec{B+1,B+2,B+3,...},
r=1,2,....,(A—B), M €{2,3,4,...}, Ne{1,2,3,...} (4.6)

If we proceed on the same parallel lines as discussed in section 3 and apply
authors summation theorem (1.18)-(1.21), we can obtain (4.1)-(4.6).
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