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Abstract: There are numerous articles dealing with first and second order differ-
ential inequalities and differential subordinations and only three articles which are
related to third order differential inequalities and subordinations. In this paper
we generalise these inequalities for A'-th order differential inequalities for functions
belonging to class of analytic functions f such that f(0) = 0.
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1. Introduction

Let U be the open unit disk in the complex plane C, centered at origin, and
let €2 and A be sets in C. Let P be an analytic function defined on U, and D be
a differential operator such that D[P] is defined on U. Under what conditions on
D, ) and A that are needed so that

D[P| c Q= P(U)C A (1.1)

previous work has been done on first, second and third order differential in-
equalities of this type see ([2], [5]).

In this paper we intend to obtain concrete results on differential inequalities for
the n-th order derivative for class of analytic functions.
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Let H = H(U) denote the class of functions analytic in the open unit disk U.For
n € N the set of natural number and ¢ € C define the class of functions denoted
by H|a,n] contains functions of the form

f(2) =a+ anz" 4+ an12" ™+

which are analytic in the unit disk U = {z € C : |z] < 1}. Denote the class
H[0,n] =A,. A function f € A,(f(z) # 0 for any z € U\{0}) We say that an
analytic function f is subordinate to the analytic function F', and write f < F
in U iff there exists a Schwarz class function w analytic in U with w(0) = 0 and
|w(z)| < 1in U such that

f(z) = g(w(z)), for all z € U. In particular if F' is univalent in U, we have the
following equivalence:

f<FinU <= f(0)=F(0)and f(U)C F(U) (1.2)

If either Q or A in (1.1) is simply connected domain. Then it may be possible to
write (1.1) in terms of subordination. If A is a simply connected domain containing
the point @ and A # C, then there is a conformal mapping ¢ of U onto A such
that ¢(0) = a, In this case (1.1) can be written as follows

{U(p(2)), 2p'(2), 2°p " (2), ... 2"p™(2); 2) |z € U} C Q (1.3)
= p(2) < q(2)

If © is also a simply connected domain and 2 # C, then there is a con-
formal mapping h of U onto 2 such that h(0) = W¥(a,0,0,0..0;0).If in addition
U(p(2)), 2p (), 220" (2), ..., 2"p™(2); 2) is analytic in U, then (1.1) can be written
as follows:

U(p(2)), 2p (2), 2P (2), .., "D (2); 2) < h(2) (1.4)

= p(2) < q(2)
Here we have three key constituents in this differential implication of the form
(1.3), the differential operator W, the set 2 and the ‘dominating’ function ¢. Given
any two of these one would hope to find the third so that (1.3) is satisfied. In this

article, we start with a given set {2 and a given function ¢, and determine a set of
‘admissible’ operators ¥ so that (1.3) holds.

Definition 1. Let ¥ : C* x U — C and h be univalent in U. If p is analytic in
U and satisfies the n-th order differential subordination relation

U(p(2)), 20 (2), 2% (2), s 20" (2); 2) < (2) (1.5)
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p is called a solution of the differential subordination (1.5). A univalent function
q 18 called a dominant of the solution of the differential subordination or more
simply a dominant if p < q for p satisfying (1.5). A dominant q that satisfies ¢ < q
for all dominant of (1.5) is called the best dominant of (1.5). The best dominant
s unique upto a rotation of U.

Definition 2. Let () denote the set of functions q that are analytic and univalent
on the set U\E(q), where

Elq) = {€ € 0U : lim q(2) = o<} (L6)

and are such that Min.|q (€)| = p > 0 for £ € OU\ E(q). The subset of Q for
which q(0) = a is denoted by Q(a).

As a simple example , consider the function q(z) = % For this function, we
have E(q) = {1} and min.|q (€)|=3 > 0 for £ € OU\ {1}.
The Fundamental Lemmas

Definition 3. In 1981, Sanford Miller and Petru Mocanu laid the foundation for
the theory of differential subordinations in a paper published in Michigan Mathe-
matics Journal ([5]),entitled Differential Subordinations and Univalent Functions.
The following two lemmas, which appeared in that article, played a key role in the
development of the theory that evolved for 2nd-order differential subordination ,
these are referred as the Miller/Mocanu lemmas.

Lemma 1. A ([5], Miller/Mocanu lemma) Let 2y € U, with 1o, and let f(z) =
2" + Ay 12" + .. be continuous on U,, and analytic on U,, U{z} with f(z)not
wdentical to zero function. and n > 2.1f

|f(20)] = Maz{|f(2)| : 20 € Uy, } (1.7)
Then there exists an m > n such that

Zof/(zo)

o) =m (1.8)
and ()

Lemma 2. B ([5, Miller/Mocanu lemma]) Let p(z) = a,2" + an12"™ + ...be
analytic in U with p(z) not identical to a and n > 1, and let ¢ € Q(a). If there
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exist point zo = roe’™ € U and wy € OU\ E(q) such that p(z) = q(wo) and
p(Uy,) C q(U), then exists an m > n > 1 such that

zop/(zo) = mwoq (wp) (1.10)
and " "
RefP o) sy [Re—wo,q (o) | 1] (1.11)
p'(20) q (wo)
Lemma B is a generalization of lemma A and reduces to it for p(z) = f(z) and
q(z) = 2.
Proof. of Lemma A: If we let f(2) = R(ro,0)e’®? for z = rye® then
zf'(z) 0@ iR
f(z) 00  ROH
Since R attains maximum at zy = re'® we must have % =0 at 2 .
Therefore we obtain % = m, where m is real we need to show m > n. If we
let g(z) = [f((§71] for z € U, then g is continuous on U

and analytic on UU {1} . Hence from the maximum modulus principle we have

1
l9(2)[ < maxlg(2)] = el &

Since g(0) = 0, by Schwarz lemma

Ei x|f(202)| =1, for z€ U

f(202)
f(20)

In particular at the point z = 7,0 < r < 1 we have

Re [f(zoz)] <"

19()] < |2] and s\ < |4,

fz0) |~
Since m = Zoff(lz(;)o) we have
d f(ZOT):| _ o J(zor) = f(20)
" dr { f(20) = Th_H}l (r—=1)f(20)

= lim <1—Ref(Z°r)> !

r—s1 f(zo) 1—7’
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taking real part we have

f(zor)) 1 thl—r
l—r 7r—11-7r

m = lim (1 — Re

= n.

2. Main Results

Theorem 1. Let f € H[0,n] then f(2) = an2™ + apny 12" + ..., forV 2 € U. In
Euler form fcan also be written as

f(2) = R(r,0)e?? (2.1)
where z = re’ | | f(2)| = R(r,0) and ¥ (r.0) is amplitude of f(z). Then

R(T, 0) = i O)\X)\<T)Y)\(9) ;C)\ == A)\B)\

Alnr)? —x02
X( ) A,\e 2 +ayInr ,Y(T’) — B/\G 5—+bxInr
where Cy, Ay, By, ay, by are real constants

Proof. Taking log on both side of (2.1) we get
In f(2) =InR(r,0) + ip(r, ),
since f is analytic, therefore Inf(z) is also analytic hence Cauchy Riemann equa-

tions for this are
dlnR 0y rOR Oy

or 190 Ror o0 (22)
and 10mR 9 _ 1OR v
n
r 90 or = rRO0 or (2:3)
Differentiation partially (2.2) w.r.t. r and (2.3) w.r.t. 6 respectively. we get
2 2 2
Oy _10R r (OR i i@, (2.4)
oro0  Ror R2\or R Or?
v _ 1 (0R\' 1R 25)
000r  rR2 \ 06 rR 062’ '

being amplitude of analytic function (r.0) have second continuous partial deriva-
tive w.r.t.  and € hence from (2.4) and (2.5) we have

10R L(@R)Z r@zR_L(aRY_ 1 &R

Ror ®\ar) TR rm\a) rRae (2:6)
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suppose R(r,0) = X(r)Y(0) is a solution of partial differential equation in (2.6),
where X is function of r only and Y is function of 8 only. Then

XY rXY)? XY (XY)? XY’

XY X2Y2 XY  rX2y? XYy

17

ir(g;J¢VV+nx> Y v’

X X2 X ) vy v

Since L.H.S is a function of r only and R.H.S. is function of 8 only hence either
side must be equal to a constant say A. Then we have

X or(xH? orx”
"o Ty
and , )
y. xr_
Y Y2

solving above equations we get

Anr)? +ay)Inr £+b/\9
Xa(r) = Aye 2 and Y)(r) = Bye 2

hence we have the result

R(T, 9) == Z C)\X)\(T‘)Y)\<9) ) O)\ == A)\BA
A=0

Since if A < 0 then lim, 0 X\(r) =0 any A < 0 hence it implies R(0,6) =0V
f € Hla,n| which is wrong if @ # 0. So we must take A > 0.

Theorem 2. If f € H[0,n] i.e. f(2) = an2"+ ani12"™ + an02"2+ . . . such
that o
| (20)| = max{|f(2)[ : z € Up,r < 1}

and / / o
|f (z1)| = max{|f ()| : z € U, 7 < 1}

Then z, = 2y, i.e. mazimum of modulus of f'(z) is attained at the same point on
which |f(z)| attains its mazimum.
Proof. We have f(z) = Re® taking log on both side we get

Inf =R+ it
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differentiating with respect to z we have

Ldf  (10R 0Oy df
Tdz (E%“%) &
where .
z=re? = i S
dz z
this gives

Zdf _~i0R 00
fdz R 90 ae

for a fixed r, at maximum of R =0 and 2£[,, <0 from (2.7)

’ae |9o

802
Floy= (20 OB\ [() _ (00 i ORY Re
“=\o0 Roo) : “\o0 Ro9) re’
i oy i OR
/ 7
O |5~ 25
now put

- (Y (&) ()

when r is fixed, for maximum of L we must have & = 0 from (2.8) we have

OR [ O*R o\ > 2 O 0%

Sy e 2.
20 (892+R(86> 50 007 | (2.9)
but from Cauchy Riemann equations in equation (2.2) and (2.3) in Theorem 1 we
have

on_2
00 r2

0% __r OROR 1 &R
202 R200 Or  ROAOr

(2.10)

From Theorem 2.

= aY 9
Z@XA A ZcuxA YYA(0)(—A0 + by)

Since from expression of X,(r), Y\(6) it is obvious that Ay, By, Cy, Xi(r), YA(6) all
are greater than or equal to zero V A € R hence

OR

20 =0= -0+ by =0 when 0 =0,
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therefore at 6 = 00

aX
a ae Z \ alr A(0)(=A0 +D)]g, = 0 (2.11)
from equations (2.10) and (2.11) we have
OR )
% = 0 @92 =0at = 90
hence oL
8(9 =0at = 00
We have to show that ?%,5 <0 at 0 =6,
2L 2 |9°R [(°R O
967 W(892+R(89> ) (2.12)
OR (R OR [0 O 9%
== 2.1
90 (803+80 (89) T2 e (2.13)
AR O*  , (2P\° o0 0%
2Ry 00 00 T o) T 0 a0 |

SinceatHz@o,%annd%ﬁszehaveat@z@o

PL 2 |9*R (R o L O 0%
267 W(ae2+3(89) ) 50 a0 (2.14)
again from CR equations we have
Py 0 (roR
o (EW) (2.15)
_, (2 (9R\'OR _ 1 9°ROR 20RR 1 &R
"\ ®\90) o Rozor R2000r00  ROG0r
at 0 = 90
b 1 ?ROR 1 O°R
o " (‘ﬁﬁ%+ﬁ—ae28r) (2.16)
SO ate—e 8_¢8:))_¢—_L2£92_R a_R 2_|_r_26_R—83R
Y00 003 R3 002 \ Or R? Or 06201
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from equations (2.14), (2.16) and CR equations at 0 = 6, we get

L 2 |(PR\* LOR &R
207 (892) o 96Par (2.17)
again from CR equations
PR 0 o
__ 0RO _ p 0%
~ "0 or 000r
2 2
O°R R o

“te:e‘”w:_r 900
O*R\* o[ 0%\’
~ (W) =k (898r) ’

similarly %

_ _WOR_ OROY  OROW L0 OROY o, OV )
 Or 96 8967‘ or 00 Or? 000r 30 o00r  oroe? '

at 0 = 00,
PR __pov O
0020r " 000r Orog?’
from equations (2.17, 2.18, 2.19) and CR equations we have at 6 = 6,
0*L * R, 0, 0%
Z = _9opR? 2.2
06? {8987“ (89) } o6or’ (220)

from (2.10) it can be proven that

%Y
0002 =0at 9—60

since we have
1(z) = R(r, 0)e0).
f’(z) Oy 10R

“Fz) " 96 'Roe

(F(2) + 2f (D f(2) = 2(F (2))?
- (F())2
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_r(9%y  ,10ROR .10OR
~ 2 \o0or T'RZ0r 00 " "Roron )

at 0 = 6, we have

+

g Al (L) -2
sin be we have
o () S ()

Corollary 1. From Lemma A (]2, Miller/Mocanu lemmal) equations (1.8) and
(1.9) we have

wf (20) 20f (20) ( () )

o - 2
7o) o)\ FCa0) = Lym —m
= —m <0,
therefore
Zof”(zo) 32¢
) ™ = "osor
- Zof”(zo)> 32¢

1 (20) =" 900r
when r — 1 we have

Zof"(zo) o > 82¢

f(z) 00 = 000r
so for r < 1 we must have
82,1/} R aw 2
PR — - < — > ‘ .
2601 r2(89> <0 when 6 = 6y and f € H[0,n] n > 1 (2.21)

Therefore from equations (2.20) and (2.21) we have

0*L

— < 0,when 0 =6,

802 — Y 07
hence z1 = zy i.e. [ and f both attains mazimum of their modulus at the same
point . From principle of reqularity and mathematical induction we can prove that
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an analytic function and all its deriwative attains maximum of their modulus at the
same point and this point need not be unique.

Theorem 3. Let z € U and ry = |z| and let
f(2) = anz™ + apy 2"+

be continuous on UTO and analytic on Uy, with f(z) not identically zero, and n > 1.
Iif
| (z0) = max{[f(2)] : z € Up, 7 < 1}

then there exists m, forn >k > 1 such that

20f®(20) _ 20f* V()

f(,H) (ZO) < T ) (2.22)
Zo

such that
My > Mp—1 = ... > M1 > N.

Proof. As we have seen in the proof of the lemma A(Miller and Mocanu lemma)
when f(2) = anz™ + apy12™™ + ... and zj is the point at which |f(2)] is maximum
on U, then taking

f(202)
9(2) = 2
f(z0)z
then |g(2)| < |z| = | f(zoz‘;i) | < |z| moreover g(0) = 0 and 2" is analytic univalent

therefore f(( )) < 2" Since from Theorem 3, |f*)(z)] is maximum at z, for 1 <

k<n, snnllarly we can prove that

f(z) = naz"+n+Da,q12" + ..
= bp12" by 4

£ (202)

implies % < z""1... continuing in this way we show that ) 2 Since
< <2 < for z € UL (2.23)

equation (2.23) implies that

f(ZOZ) f,(202> fu(ZoZ) f(k)(202> f(n)(ZOZ)
FGo) P ) fP(z) T f00(zg)

(2.24)
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Since we have

d [ f* D (zr) o S (zer) = fRD(2)

i | iy |1 =t T (225)
L JED(zer)] 1 JED(zr)] 1
= {1 T () } o {1 Ry | T

From implications in equations (2.23) and (2.24) we have

for1<k<n (2.26)
and llir% [I—Re D) () 1_T211Eiﬁ—n—(k‘—l),
Zof(k)(zo) B
:>M+k—l—mk2n,
. f® ()] 1 _ FED )] 1
and }gri [1 — Re F®(z) | T=r < 71}3% 1—Re FoD () | =7
Moreover from equation (2.24)
ef(k]z (201) ef(kk_ll) (207) < gk gtk
f®)(20) fED(2)
f(k) (Z()’I") n+1—k n—k f(kil) (ZOT)
J\0T) < J T\
= Re 70 () +r <r + Re FD) ()
f(k)(zor) n+l1—k n—k f(kil)(zor)
— —fie F®(z) z -t — Re 707D ()
' f(k)(ZoT) 1 ?"”_k _ Tn—i—l—k . f(k_l)(zor) 1
}gq{(l—Ref(k)(zo) 1—7°+ T Z}qlgi 1_R€f(k*1)(20) _—
Zof(kﬂ)(zo) Zof(k)(zo)
—_ 11> =L >n— (k-1
F®) (o) +1l=2 FET)(z9) = n— ( )

= My > Mg_1.
Therefore from equations (2.25) and (2.26) we conclude that my > mg_q > ... >
my >niforalll <k <n.

Remark 1. Result in Theorem 3 generalizes Miller and mocanu lemma for n-th
order derivative of an analytic function.
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