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Abstract: We have introduced the notions of maximal and minimal pseudo sym-
metric ideals of a partially ordered ternary semigroup 7" and studied their prop-
erties. We show that every maximal pseudo symmetric ideal of a commutative
partially ordered ternary semigroup with identity is a prime pseudo symmetric
ideal. We gave an example to show that the converse of this statement is not true.
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1. Introduction

The concept of a ternary semigroup was first introduced by Lehmer [9], who
also established the theory of a ternary algebraic system in 1932. In 1965, F. M.
Sioson introduced the ideal theory of ternary semigroups. Iampan [4] has defined
the concept of partially ordered ternary semigroups and he also developed the
theory of partially ordered ternary semigroups. In [11, 12], Siva Rami Reddy et
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al. have developed the ideal theory of a partially ordered ternary semigroup. In
[6], Jyothi et al. explored the concepts of semipseudo symmetric ideals and pseudo
symmetric ideals in partially ordered ternary semigroups. The minimal bi-ideals
and maximal bi-ideals in ordered ternary semigroups was studied by Chinram et al.
in [2]. Jailoka and Tampan [5] conducted a study on the properties of minimality
and maximality of ordered quasi-ideals in ordered ternary semigroups.The notion
of maximal ideals in ordered semigroups was studied by Kehayopulu et al. in [7, 8].
Changphas [1] studied the some important properties of maximal ideals in ternary
semigroups.

Our aim of this article is to introduce the concepts of maximal and minimal
pseudo symmetric ideals of a partially ordered ternary semigroup 7" and to study
their properties.

2. Preliminaries

Definition 2.1. [9] A non-empty set T" with a ternary operation [ ] : T x T x T
— T is said to be a ternary semigroup if | | satisfies the condition, [p q r s t] =

lpar]st]=1[plars|t]=Ipqlrst], forallp,qrsteTl.

Definition 2.2. [4] A ternary semigroup T is said to be a partially ordered ternary
semigroup if there exist a partially ordered relation < onT such that, s < t = pgs <
pqt, psq < ptq, spq < tpq for all s,t,p,q € T.

Definition 2.3. [11] An element 0 € T is called a zero of T if Opqg = p0g = pg0 = 0
and 0 <t for all p,q, t € T.

Definition 2.4. [11] An element e € T is called an identity element of T if
epp =ppe =pep =p and p < e forallp e T.

Let ) # X CT. Then the set {p € T : p <z, for some elements = € X} is
denoted by (X]. The set (X] is also called as downward closure.

Definition 2.5. [6] A partially ordered ternary semigroup T is called an commu-
tative if xyz = zoy = yzx = yrz = zyxr = xzy Vo, y,z € T.

Definition 2.6. [3] A non-empty subset X of T is said to be an ideal of T if

(1) TTX CX, XTT C X, TXTC X,

(2) (X]=X.

Definition 2.7. [11]| Let X be a non-empty subset of T. The ideal of T generated

by X, denoted by (X), is defined as the intersection of all ideals of T' containing
X.

Definition 2.8. [6] An ideal X of T is called a pseudo symmetric ideal of T if
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a,b,ceT, abc e X = asbtce X Vs,t € T.

Definition 2.9. [10] Let X be a non-empty subset of T. The pseudo symmetric
ideal of T generated by X, denoted by (X),s, is defined as the intersection of all
pseudo symmetric ideals of T containing X. If X = {x} for some x € T, then the
principal pseudo-symmetric ideal generated by x, denoted by (z)ps

Definition 2.10. [10] Let X be a pseudo symmetric ideal of T. Then X is said to
be a mazximal pseudo symmetric ideal of T' if X # T and there does not exist any
proper pseudo symmetric ideal Y of T such that X CY C T.

3. Main Results
Let {(Ta,| Jas<a) : @ € A is any indexing set} be a non-empty collection of
partially ordered ternary semigroups 7, .

Theorem 3.1. The Cartesian product [[, . To with a ternary operation [ ] :
[locaTo X IToen To X [Toea Ta = Tloen To defined by,
((xa)aeAa (ya)aEAa (Za)aGA) — [(xa)aGA(ya)aeA(Za)aeA]

where [(Za)aer(Ya)aea(Za)aecal = ([TaVaZala)aca and a partially ordered relation
< on [[pen Ta defined by,

<i= {((*Ta)aEAa (ya>a€A) € HaGA To % HaeA To : ta <a Yo Jor alla € A}

18 a partially ordered ternary semigroup.
Proof. Since T, # () Yo € A, we have []
[I,ca Ta is a ternary semigroup.

Let (Za)aca, (Ya)aca, (Za)aca, (@a)aca; (ba)aca € [[,en Ta- Consider,

wen To # 0. Firstly we will prove that

aca] = [([TaYazala)aca(@a)aca (ba)acal
[aYazala(@a)(ba)la)aca
[(Ta)[Yazatala(ba)]la)aea
(Za)aea([Vazatala)aea (ba)aca]

(

Ta)aca[(Ya)aca(Za)aca(@a)acal(ba)acal

[(Za)aca(Ya)aea (2a)acal(@a)aca (b

o)
(
(
[
[

Similarly, we can prove that

[(xoz)aGA{(ya)aeA(za)aeA(aa)aeA](ba)aeA] = [(xa)OzGA(ya)ozGA[(Za)aeA(aa)aeA(ba)aeAH'
Hence,
H(xa>a€A(ya>a€A(2a>aeA](aa)aeA(ba)aeA]
= [(ma)aEA[(ya)aeA(Za)aeA(aa)aeA](ba)aeA]
= [(xa)aEA(ya)ocEA[(za>a€A(aa>a€A(ba>a€A]]-
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Therefore [, Ta is a ternary semigroup.

Now, let (Zq)aea; (Ya)aea: (@a)acas (Da)aca € [lnea T such that (aq)aea <
(ba)aer = Ao <4 bo = TaYala <a TalYaba (since Ty, is a partially ordered ternary
semigroup) = ([TaYalala)aca < ([TaVabala)aca = [(Ta)aca(Ya)aca(@a)aea] <
[(Za)aea (Ya)aea (ba)aca]. Similarly, we can prove that [(za)aea(@a)aca (Ya)aea] <

[(Ta)aea (ba)aca (Ya)aea] and [(aa)aca (Ta)aca (Ya)aca] < [(ba)aca(Ta)aea (Ya)aea]:
Thus [] .. A T is a partially ordered ternary semigroup.

Lemma 3.1. Let {(Ty,,] o <a) : @ € A is any indezing set} be a non-empty
collection of partially ordered ternary semigroup. If I, is a pseudo symmetric ideal
of T for each a € A, then [],ca Lo is a pseudo symmetric ideal of [[,ca Ta

Proof. (1) We have I, # () Va € A. Then there exists z, € I, for each a € A.

Therefore (Za)aca € [Toea fo € [Toea Tos [Toea 1o # 0.

(2) Let (Za)aea € [laea Io and (Ya)aea, (2a)aca € [nen Ta- Since [Tayazala €
[[,T,T,]o C 1, for every a € A, it gives that

aEA

[(Ta)aea (Ya)aca(2a)aca] = ([TaVazala)aca € HaeA I,
Then [([Toea Lo)(ITaea 7o) (T Tnea Ta)] € (I1aca Ia)- Similarly, we can prove that

[(HaeA Ta)(HaeA Ia)(HaeA Toc)] g (HaeA Ia)

and
[(HaeA Ta)(HaeA Ta)(HaeA Ia)] g (HaeA ]Oé)'

(3) Let (Ya)aca € [[oen Lo and (2a)aca € [, cn Ta such that (24)aca < (Ya)aca-
Since yo € Iy, x4 € T, such that z, <, y, and [, is a pseudo symmetric ideal of
T, for every o € A, we have z,, € I, for every a € A. Then (z4)aeca € ||
Hence [[,ca 1o is an ideal of [] A T

<4> Let (-Ta)aeAa (ya)ozeAa (Za)aEA € HQEA Toz such that?

aEA

[(xa)aEA(ya)aeA(Za)aeA] S HQEA ]oc = ([xayaza]a)aEA S HaeA ]a = [xayoaza]a S Ia-

For all (sa)aca; (ta)aca € [aen Ta, since I, is a pseudo symmetric ideal of Ty, for
each o € A then for all s,,t, € T, , we get [TaSalatazala € In - This implies that

[(xa)ozEA(Sa)aeA(ya)aEA(ta)a€A<Za)a€A] S HaGA ch

Therefore, the set [], A Io is a pseudo symmetric ideal of J] A Th-
The closed interval T = [0, 1] is a partially ordered ternary semigroup with
respect to usual multiplication of numbers and a usual partially ordered relation
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<.

Lemma 3.2. If a € T, then the set I, = [0, q] is a pseudo symmetric ideal of T.
Proof. (1) Since « € [0,a) = I,,. Then I, # 0.

(2) Let z € I, and y,z € T. Since 0 < =z < «,0 < y,z < 1, we have
0 <zxyz,yxrz,yzr < a. Then xyz,yrz,yzz € 1,

(3) Let y € I, and x € T such that x < y. Therefore 0 < z,y < aand z < y
implies 0 < x < «. Then z € I,,.

(4) Let z,y,z € T such that zyz € I,. Since 0 < z,y,z < 1 and 0 < zyz < a.
For all s,t € T =10,1], 0 < xsytz < « implies zsytz € I,. Hence I, = [0,a] is a
pseudo symmetric ideal of T

Definition 3.1. [10] A proper pseudo symmetric ideal X of T is called a prime
pseudo symmetric ideal of T if PQR C X = P C X or Q@ C X or R C X where
P,Q, R are the pseudo symmetric ideals of T

Theorem 3.2. [12] An ideal X of a commutative partially ordered ternary semi-
group T is a prime ideal if and only if xyz € X implies either v € X ory € X or
ze€ X forallx,y,z€T.

Proposition 3.1. Every ideal of commutative partially ordered ternary semigroup
1s a pseudo symmetric ideal.

Theorem 3.3. [11] Let X be the non-empty subset of T',then (X) = (X UTTX U
TXTUXTTUTTXTT).

Proposition 3.2. If T is a commutative partially ordered ternary semigroup with
identity and X is a nonempty subset of T, then (X),s = (ITX] = (XTT] =
(TXT).

Proof. Since T is commutative. By Proposition 3.1 and Theorem 3.3, we have
(X)ps = (XUTTXUTXTUXTTUTTXTT) = (XUTTXUTTTTX] = (XUTTX].
Let e be the identity element of 7, we have X = eeX C TTX. Thus (X),s =
(I'TX]. Similarly, we can prove that (X),s = (X7T] and (X),s = (I'XT].

Theorem 3.4. If T is a commutative partially ordered ternary semigroup with
identity and X is a maximal pseudo symmetric ideal of T, then X is a prime
pseudo symmetric ideal of T.

Proof. Let e be the identity element of 7" and X is a maximal pseudo symmetric
ideal of T. To show that X is a prime pseudo symmetric ideal of T', let z,y,z € T
such that zyz € X and x,y, 2z ¢ X. Since T is commutative, we have (X U{x}),s =
(Xu{ehuTT(XUu{eHUuT(XU{aH)T U (X U{aH)TTUTT(X U{z})TT] =
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(XU{z}HuTT(X U{z})]. Since X U{z} = ee(XU{z}) CTT(XU{z}), we have
(X U{z})ps = (TT(X U{z})] (3.1)

Since z ¢ X, X C XU{z} C (X U{x})ys. Since X is a maximal pseudo symmetric
ideal and (X U{z}),s is a pseudo symmetric ideal of T, we have (X U {x}),s =T.
By (3.1),

T=(TT(X U{x})] (3.2)
Similarly, we obtain

T=(TT(X U{y})] (3.3)
and

T=(TT(XU{z})] (3.4)

Since y € T and from equation (3.4), there exist a;,b; € T and u € X U {z}
such that y < a;bju. If v € X then a1bju € TTX C X and y € X. This is
contradiction. If u = z then

y < aibz (3.5)

Again since b; € T and from equation (3.3), there exist as, by € T and v € X U{y}
such that b < asbov. If v € X then y € X. This is contradiction. If v = y then
by < asbyy and so, from equation (3.5)

y < ai(azbay)z (3.6)

Finally, since by € T' and from equation (3.2), there exist a3, b3 € T and w €
X U{z} such that by < agbsw. If w € X then y € X. This is contradiction. If
w = x then by < azbsx and so, from equation (3.6)

y < ay(az(asbsx)y)z € T(T(TTx)y)z =TTTT (xyz) CTTX C X.

y € X. This is impossible. Thus X is a prime pseudo symmetric ideal of T
The converse statement of above Theorem 3.4 is not true. We illustrate this by
the following example,

Example 3.1. Consider the commutative partially ordered ternary semigroup
S =TxT = 1[0,1] x [0,1]. Clearly, e = (1,1) is the identity element of S.
By Lemma 3.2, I, = {0} is a pseudo symmetric ideal of 7. By Lemma 3.1,
I =T x {0} =[0,1] x {0} is a pseudo symmetric ideal of S. By using Theorem
3.2, we can show that [ is a prime pseudo symmetric ideal of S. In fact: Let
(al, bl), (CLQ, bg), (CL3, b3) S S, [(al, bl)(ag, bQ)((lg, bg)] € I. Thus (alagag, blbgbg) c
I =10,1] x {0}, we have bybsbs = 0, then by = 0 or by = 0 or b3 = 0. This implies
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that (a1,b1) € I or (ag,be) € I or (as,b3) € I. Therefore I is a prime pseudo
symmetric ideal of S. By Lemma 3.2, I/, = [0,1/2] is a pseudo symmetric ideal
of T'. Since, I C T x I CT xT = S. Hence [ is not maximal pseudo symmetric
ideal.

Theorem 3.5. Let X be a proper pseudo symmetric ideal of T. Then X 1is
a mazimal pseudo symmetric ideal of T if and only if (X U{z}),s = T for all
reT\X.

Proof. Let z € T\ X. Since z ¢ X, X C X U{z} C (X U{z})ps, X is a maximal
pseudo symmetric ideal of 7" and (X U {xz}),s is a pseudo symmetric ideal of 7', we
have (X U{x})ys = X or (X U{x})ys =T. Since x € (X U {z}),s and = ¢ X, we
have (X U {x}),s # X. Therefore (X U{z}),s =T

Conversely, assume that (X U{z}),s =7 V2 € T\ X. Let I be a pseudo
symmetric ideal of T" such that X C I and X # I. Then there exist an element
x € Isuchthat v ¢ X, sox € T\ X. Since X C I and z € I, we have XU{z} C I.
By Definition 2.9, (X U {x}),s C I implies that 7' = (X U {z}),s C I. Therefore
T = 1. Hence X is a maximal pseudo symmetric ideal of T'.

Corollary 3.1. If X is a mazimal pseudo symmetric ideal of T' then (X U{z}),s =
T forallz € T\ X.

Theorem 3.6. Let T be a partially ordered ternary semigroup for which there
exists an element x € T' such that T' C (z),s. Then each proper pseudo symmetric
tdeal of T s contained in a mazximal pseudo symmetric ideal of T'.

Proof. Let X be a proper pseudo symmetric ideal of 7. We consider the set,
A ={Y Y pseudo symmetric ideal of T, X C Y C T'}. Since X € A, we have
A # (), then the set M = |J{Y : Y € A} is a pseudo symmetric ideal of T and
X C M. Now, we show that, the set M is a maximal pseudo symmetric ideal of
T.If M =Tthenz e M =J{Y : Y € A}. Then there exists Y € A such that
x € Y. Since Y is a pseudo symmetric ideal of T containing x. By hypothesis,
T C (z),s €Y. Which is contradiction to choice of Y. Thus M is a proper pseudo
symmetric ideal of T'. Let L be a pseudo symmetric ideal of T" such that M C L
and L #T. Then we have X CM CLCT,Le A and L C M. Then L = M.
Hence, the set M is a maximal pseudo symmetric ideal of T'.

Corollary 3.2. Let T be a partially ordered ternary semigroup for which there
exists an element x € T such that T C (),s. Let My and My be the two mazimal
pseudo symmetric ideals of T'. Then My = M.

Lemma 3.3. Let T be a partially ordered ternary semigroup for which there exists
an element x € T such that T C (z),s. Let A be the set of all proper pseudo
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symmetric ideals of T. If A # 0, then the set |J{X : X € A} is the unique
mazimal pseudo symmetric ideal of T

proof. Since A # (), then the set |J{X : X € A} is a pseudo symmetric ideal
of T. Let U{X : X € A} =T then z € |J{X : X € A}. Therefore there exists
X € A such that z € X. Since X is a pseudo symmetric ideal of T' containing
z. By hypothesis, T C (z),s € X implies 7' = X. This is impossible. Thus
U{X : X € A} is a proper pseudo symmetric ideal of T. Let L be a pseudo
symmetric ideal of 7" such that (J{X : X € A} C L and L # T. Since L € A,
we have L C |J{X : X € A}. Then L = [J{X : X € A}. Hence, the set
U{X : X € A} is the maximal pseudo symmetric ideal of 7. If M is a maximal
pseudo symmetric ideal of T'. Then by Corollary 3.2, we have M = [ J{X : X € A}.
So the set [J{X : X € A} is the unique maximal pseudo symmetric ideal of 7.

Definition 3.2. Let T be a partially ordered ternary semigroup without a zero
element. Then T 1is called P-simple if T' has no proper pseudo symmetric ideals.

Example 3.2. Let T = {a,b}. A ternary operation [ | on T defined by the
following tables:

[]|a b []la b
aa | b a ba |a b
ab|a b bb|b a

and the partial ordering relation < := {(a,a), (b,b)}. Then T is a partially ordered
ternary semigroup. It is easy to see that I; = {a} and I, = {b} are not pseudo
symmetric ideals of T' (because, they are not ideals of T'). However, I = {a,b} is
the only pseudo symmetric ideal of T" and it is not a proper pseudo symmetric ideal
of T. Thus, the partially ordered ternary semigroup T = {a, b} is a P-simple.

Theorem 3.7. For partially ordered ternary semigroup T without a zero element,
the following statements are equivalent:

(i) T is P-simple.

(i) If for v € T, (TxTxT| is a pseudo symmetric ideal of T then (TxTxT)=T.
(11i) (x)ps =T Vx eT.

Proof. (i) = (ii): Suppose that, T is P-simple. For x € T, (T2TzT] is a pseudo
symmetric ideal of T" then by (i), (TxTxT] = T.

(ii) = (i): Assume that, (TzTzT]) = T for all x € T and (TzTzT] is a pseudo
symmetric ideal of T". Therefore T is P-simple.

(i) = (iii): Suppose that, T"is P-simple. Then for z € T, (z),s C T', by hypothesis
we have (z),, =71 for all x € T..

(iii) = (i): Assume that, (z),s =T for all z € T. Let X be any pseudo symmetric
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ideal of T'and 2 € X = T = (x),s € X C T. Hence T' = X. Therefore T is
P-simple.

Definition 3.3. A pseudo symmetric ideal X of a partially ordered ternary semi-
group T without a zero element is called minimal pseudo symmetric ideal if X s a
proper pseudo symmetric ideal of T and X does not properly contain any pseudo
symmetric ideal of T'.

Theorem 3.8. Let T be a partially ordered ternary semigroup without a zero ele-
ment having proper pseudo symmetric ideals. Then every proper pseudo symmetric
ideal of T is minimal if and only if the intersection of any two distinct proper
pseudo symmetric ideals is empty.

Proof. Let I, and Iy be two distinct proper pseudo symmetric ideals of T'. Firstly,
assume that, I; and I are minimal. Now, if I; N Iy # () then I; N I, is a pseudo
symmetric ideal of T'. Since, I; N Iy C I; and [; is minimal, we have I N I, = I;.
Since, I NIy C I, and I is minimal, we have Iy NI, = I5. So, I; = I, N I, = I>.
This is a contradiction. Hence I; N I, = 0.

Conversely, let X be a proper pseudo symmetric ideal of 7" and Y be a pseudo
symmetric ideal of T such that Y C X then Y is a proper pseudo symmetric ideal
of T. f Y # X then by assumption, ) = YN X =Y. This is contradiction. Hence
Y = X. Therefore X is a minimal pseudo symmetric ideal of T'.

Definition 3.4. A partially ordered ternary semigroup T with a zero element 0,
T3(= TTT) # {0} and |T| > 1 is called 0-P-simple if T has no nonzero proper
pseudo symmetric ideals.

Example 3.3. Let 7' = {0,a,b}. A ternary operation | | on T defined by the
following tables:

10 ab  (JJ0oab (1[0 ab
000 0 O a0 |0 0 O bO |0 0 O
Oa |0 O O aa |0 b «a ba |0 a b
0b|0 0O O ab |0 a b bb |0 b a

and the partial ordering relation < := {(0,0), (0,a),(0,b), (a,a),(b,b)}. Then T
is a partially ordered ternary semigroup. It is easy to see that Iy = {a}, Iy =
{0}, 15 = {0,a},1, = {0,b} and I; = {a,b} are not pseudo symmetric ideals of
T (because, they are not ideals of T"). However, I = {0,a, b} is the only nonzero
pseudo symmetric ideal of T" and it is not a proper pseudo symmetric ideal of T
Thus, the partially ordered ternary semigroup 7' = {0, a, b} is a 0- P-simple.

Theorem 3.9. Let T be a partially ordered ternary semigroup with a zero element
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0 such that T3(= TTT) # {0} and |T| > 1. Then T is 0-P-simple if and only if
()ps =T for allz € T\ {0}.
Proof. Suppose that, T" is 0-P-simple. Let x € T'\ {0} = (z),s # {0}. Since T is
0-P-simple, we have (x),; = T for all z € T\ {0}.

Conversely, Suppose that (z),s =7 V x € T'\ {0}. Let I be a nonzero pseudo
symmetric ideal of T, x € I \ {0} = (2),s = T and (z),s € I C T. This implies
that T' = I. Therefore T is 0-P-simple.

Definition 3.5. A non-zero pseudo symmetric ideal I of a partially ordered ternary
semigroup T with a zero element is called a 0-minimal pseudo symmetric ideal of
T if I does not properly contain any nonzero pseudo symmetric ideal of T'.

Theorem 3.10. Let T be a partially ordered ternary semigroup with a zero element
having nonzero proper pseudo symmetric ideals. Then every nonzero proper pseudo
symmetric ideal of T is 0-minimal if and only if the intersection of any two distinct
nonzero proper pseudo symmetric ideals is {0}.
Proof. Let I; and I, be two distinct nonzero proper pseudo symmetric ideals of
T. Suppose that, I; and I are O-minimal. Now, if I NIy # {0} then Iy N I is a
nonzero pseudo symmetric ideal of T'. Since, I; N Iy C I; and [; is O-minimal, we
have Iy NIy = I;. Since, Iy N Iy C I, and I, is O-minimal, we have I; NI, = I5. So,
I, = 1 NI, = I,. This is a contradiction. Hence I; N Iy = {0}.

Conversely, let X be a nonzero proper pseudo symmetric ideal of T" and Y be
a nonzero pseudo symmetric ideal of 7" such that Y C X then Y is a nonzero
proper pseudo symmetric ideal of 7. If Y # X then {0} = Y N X =Y. This is
contradiction. Hence Y = X. Therefore X is a 0-minimal pseudo symmetric ideal
of T.

Theorem 3.11. Let X be a proper pseudo symmetric ideal of T'. If either,

(i) T\ X ={z} for some x € T

or

(ii)) T\ X C (TyTyT|YVyeT\X

Then X s a maximal pseudo symmetric ideal of T

Proof. Let Y be a pseudo symmetric ideal of T" such that X is a proper subset of
Y.

Case (i). T\ X = {z} for some x € T'. Since X is a proper subset of Y, we have
Y\NXCT\X ={z}. Thus Y\ X ={z}. Hence Y = XU (Y \ X) =X U{z} =
XU(T\ X)=T. Therefore X is a maximal pseudo symmetric ideal of T

Case (ii). T\ X C (TyTyT) forally e T\ X. Let y € Y\ X C T\ X, because,
Y\X #£0. Thus T\ X C(TyTyT)| C(TYTYT]CY. Hence T = X U(T\ X) C
XUY =Y CT. Thus Y =T. Hence X is a maximal pseudo symmetric ideal of
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T.

Theorem 3.12. If X is a mazimal pseudo symmetric ideal of T and X U (x),s is a
pseudo symmetric ideal of T for all x € T\ X then T\ X C (x),s for allz € T\ X.
Proof. Suppose that X is a maximal pseudo symmetric ideal of 7" and X U(x),, is a
pseudo symmetric ideal of T for all x € T\ X. Let z € T'\ X then X C X U (2),s.
Since X U (z),s is a pseudo symmetric ideal of 7" and X is maximal, we have
X U (x)ps =T. Hence T\ X C (x),s.

Let 2 be the union of all proper pseudo symmetric ideals in a partially ordered
ternary semigroup without a zero element and let 2, be the union of all nonzero
proper pseudo symmetric ideals of a partially ordered ternary semigroup with a
zero element.

Lemma 3.4. Let T be a partially ordered ternary semigroup without a zero element
then T =2 if and only if (z),s #T YV x €T.
Proof. Suppose that, T'= 2. Let x € T. Then = € 2. Therefore x € I for some
proper pseudo symmetric ideal I of T". Hence, (2),s € I # T. This shows that
(T)ps # T

Conversely, suppose that (z),s # TV x € T then (z),s C A. Let v € T. Then
r €. Thus T =%

Lemma 3.5. Let T be a partially ordered ternary semigroup with a zero element
then T =2, if and only if (x),s #T V€ T.
Proof. Analogous to the proof of the Lemma 3.4.

Definition 3.6. A partially ordered ternary semigroup T is called p-Noetherian
partially ordered ternary semigroup if it satisfies the ascending chain condition for
pseudo symmetric ideals of T', for any sequence X1 C Xy C ... of pseudo symmetric
tdeals of T', then there exists a positive integer m such that X,, = X1 = .. ..

Lemma 3.6. IfT is a p-Noetherian partially ordered ternary semigroup containing
proper pseudo symmetric ideals then T has a mazimal pseudo symmetric ideal.

Proof. Let X; be a pseudo symmetric ideal of T'. If X is not a maximal pseudo
symmetric ideal, then there exists a proper pseudo symmetric ideal X5 of T" such
that X; C X,. If X, is not a maximal pseudo symmetric ideal, then there exists a
proper pseudo symmetric ideal X3 of T such that X; C X, C X3. By continuing

this way, we get an ascending chain X; C Xy C X3 C ... of pseudo symmetric
ideals of T". Since T is p-Noetherian, then there exists a positive integer m such
that X,, = X,,.1 = .... Therefore X,, is maximal pseudo symmetric ideal of T'.

Hence T has a maximal pseudo symmetric ideal.



132

1]

2]

South FEast Asian J. of Mathematics and Mathematical Sciences

References

Changphas, T., On Maximal Ideals in Ternary Semigroups, International
Journal of Pure and Applied Mathematics, 92(1) (2014), 133-139.

Chinram, R., Baupradist, S., and Sompob Saelee, Minimal and maximal
bi-ideals in ordered ternary semigroups, Int. J. Phys. Sci., 7(18) (2012),
2674-2681.

Daddi, V. R. and Pawar, Y. S., On ordered ternary semigroups, Kyungpook
Math. J., 52(4) (2012), 375-38]1.

lampan, A., Characterizing the minimality and maximality of ordered lateral
ideals in ordered ternary semigroups, J. Korean Math. Soc., 46 (2009), 775-
784.

Jailoka, P. and Tampan, A., Minimality and Maximality of Ordered Quasi-
Ideals in Ordered Ternary Semigroups, Gen. Math. Notes, 21(2) (2014),
42-58.

Jyothi, V., Sarala, Y., and Madhusudhana Rao, D., Semipseudo symmetric
ideals in partially ordered ternary semigroups, IJIRD, 3(4) (2014), 386-393.

Kehayopulu, N. and Tsingelis, M., On Maximal Ideals of Ordered Semi-
groups, Sci. Math. Jpn., 5 (2001), 77-81.

Kehayopulu, N., Ponizovskii, J., and Tsingelis, M., A note on maximal ideals
in ordered semigroups, Algebra Discrete Math., 2(1) (2003), 32-35.

Lehmer, D. H., A ternary analogue of abelian groups, Amer. J. Math., 54(2)
(1932), 329-338.

Shinde, D. N. and Gophane, M. T., On irreducible pseudo symmetric ideals
of a partially ordered ternary semigroup, Quasigroups Relat. Syst., 30(1)
(2022) 169-180.

Siva Rami Reddy, V., Sambasiva Rao, V., Anjaneyulu, A., and Gangadhara
Rao, A., Ideals in partially ordered ternary semigroups, International Journal
of Mathematical Sciences Technology and Humanities, 110 (2014), 1177-1194.

Siva Rami Reddy, V., Sambasiva Rao, V., Anjaneyulu A., and Gangadhara
Rao, A., Complete prime po ideals and prime po ideals in po ternary semi-
groups, Inter. Research J. Pure Algebra, 4(3) (2014), 457-470.



