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1. Introduction
Let p be a fixed odd prime number. Throughout this paper, Zp, Qp and Cp

will denote the ring of p-adic integers, the filed of p-adic rational numbers and the
completion of an algebraic closure of Qp. The p-adic norm | . |p is normalized by
| p |p= 1

p
. Let C(Zp) be the space of continuous function on Zp. For f ∈ C(Zp),

the fermionic p-adic integral on Zp is defined by Kim as follows

I(f) =

∫
Zp

f(x)dµ−1(x) = lim
N→∞

pN−1∑
x=0

f(x)µ−1(x+ pNZp)
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= lim
N→∞

pN−1∑
x=0

f(x)(−1)x, (see [3, 4, 5, 30]) (1.1)

From (1.1), we note that

I(fn)+(−1)n−1I(f) = 2
n−1∑
a=0

(−1)n−1−af(a), (see [5, 6, 20-24, 33, 28, 9, 33, 30, 31]),

(1.2)
where fn(x) = f(x+ n), (n ∈ N).

Let the Changhee polynomials are defined by the generating function as follows
(see [20, 21])

2

2 + t
(1 + t)x =

∞∑
n=0

Chn(x)
tn

n!
. (1.3)

Letting x = 0, Chn = Chn(0), (n ≥ 0) are called the Changhee numbers. From
(1.3), we note that∫

Zp

(1 + t)x+ydµ−1(y) =
2

2 + t
(1 + t)x =

∞∑
n=0

Chn(x)
tn

n!
. (1.4)

Thus, by (1.4), we have∫
Zp

(x+ y)ndµ−1(y) = Chn(x), (n ≥ 0), (see [34, 38]), (1.5)

where (x)0 = 1, (x)n = x(x− 1) · · · (x− n+ 1), (n ≥ 1),
As well known, the Euler polynomials are defined by

2

et + 1
ext =

∞∑
n=0

En(x)
tn

n!
. (1.6)

In the case x = 0, En = En(0) are called the Euler numbers.
By using (1.1) and (1.6), we note that∫

Zp

e(x+y)tdµ−1(y) =
2

et + 1
ext =

∞∑
n=0

En(x)
tn

n!
, (see [7-14, 25-28]). (1.7)

By (1.7), we get∫
Zp

(x+ y)ndµ−1(y) = En(x), (n ≥ 0), (see [20, 21]), (1.8)
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For n ≥ 0, the Stirling numbers of the first kind are defined by

(x)n =
n∑

l=0

S1n, lx
l, (see [1-7, 20-26, 30]). (1.9)

The Stirling numbers of the second kind are defined by

xn =
n∑

l=0

S2(n, l)(x)l, (n ≥ 0), (see [14-19, 29-38]). (1.10)

From (1.3), (1.6), (1.9) and (1.10), we get

Chn(x) =
n∑

l=0

El(x)S1(n, l), (1.11)

and

En(x) =
n∑

l=0

Chn(x)S2(n, l), (see [20, 21]) (1.12)

For any λ ∈ R, degenerate version of the exponential function exλ(t) is defined as
follows (see [18-27])

exλ(t) := (1 + λt)
x
λ =

∞∑
n=0

(x)n,λ
tn

n!
, (see, [7, 22-65, 12-19, 29-34]) (1.13)

It follows from (1.13) is limλ→0 e
x
λ(t) = ext. Note that e1λ(t) := eλ(t).

For n ≥ 0, the degenerate Stirling numbers of the first kind (see [33]) are defined
by

1

k!
(logλ(1 + t))k =

∞∑
n=k

S1,λ(n, k)
tn

n!
, (k ≥ 0). (1.14)

Note that limλ→0 S1,λ(n, k) = S1(n, k), where S1(n, k) are called the Stirling num-
bers of the first kind.

Kim introduced the degenerate Stirling numbers of the second kind (see [32])
are given by

1

k!
(eλ(t)− 1)k =

∞∑
n=k

S2,λ(n, k)
tn

n!
, (k ≥ 0). (1.15)

It is clear that limλ→0 S2,λ(n, k) = S2(n, k), where S2(n, k) are called the Stirling
numbers of the second.
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The degenerate Euler polynomials are defined by (see [22, 23])∫
Zp

(1 + λt)
x+y
λ dµ−1(y) =

2

(1 + λt)
1
λ + 1

(1 + λt)
x
λ

=
∞∑
n=0

En,λ(x)
tn

n!
. (1.16)

From (1.16), we note that∫
Zp

(x+ y)n,λdµ−1(y) = En,λ(x), (n ≥ 0).

Recently, Kim [31] introduced the degenerate Changhee polynomials of the second
kind are defined by

∫
Zp

(1 + λ log(1 + t))
x+y
λ dµ−1(y) =

2

1 + (1 + λ log(1 + t))
(1 + λ log(1 + t))

x
λ

=
∞∑
n=0

Chn,λ(x)
tn

n!
, (1.17)

where λ ∈ Cp with | λ |p≤ 1.
When x = 0, Chn,λ = Chn,λ(0) are called the degenerate Changhee numbers of

the second kind.
This paper is organized as follows. In sect 2, we study new type of degener-

ate Changhee numbers and polynomials of the second kind and investigate some
properties of these numbers and polynomials. In sect 3, we introduce higher-order
new type of degenerate Changhee polynomials and numbers of the second kind
and we derive their explicit expressions and some other polynomials. Moreover, we
obtain identities involving those polynomials and some other special numbers and
polynomials.

2. New type of degenerate Changhee polynomials of the second kind
In this section, we introduce new type of degenerate Changhee polynomials of

the second and investigate some properties of these polynomials which are derived
from the fermionic p-adic integral on Zp.

For λ ∈ R, the degenerate logarithm function logλ(1+ t), which is the composi-
tional inverse of the degenerate exponential function eλ(t) and the motivation for
the definition of degenerate polylogarithm function, as follows (see [36])
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logλ(1 + t) =
∞∑
n=1

λn−1(1)n,1/λ
tn

n!
=

1

λ

∞∑
n=1

(λ)n
tn

n!
=

1

λ

(
(1 + t)λ − 1

)
. (2.1)

Note that

lim
λ→0

logλ(1 + t) =
∞∑
n=1

(−1)n−1 t
n

n!
= log(1 + t).

We start following definition as follows.
For λ ∈ Cp with | λ |p≤ 1. Now, we define the new type of degenerate Changhee

polynomials of the second kind by∫
Zp

(1 + λ logλ(1 + t))
x+y
λ dµ−1(y) =

2

1 + (1 + λ logλ(1 + t))
(1 + λ logλ(1 + t))

x
λ

=
∞∑
n=0

Ĉhn,λ(x)
tn

n!
. (2.2)

Note that, limλ→0 C̃hn,λ(x) = Chn(x), (n ≥ 0), (see [20, 21]). We note that
x = 0, C̃hn,λ = C̃hn,λ(0) are called the new type of degenerate Changhee numbers
of the second kind.
Theorem 2.1. For n ≥ 0, we have

C̃hn,λ(x) =
n∑

l=0

S1,λ(n, l)

∫
Zp

(x+y
λ

l

)
l!dµ−1(y)λ

l

=
n∑

l=0

∫
Zp

(x+ y)l,λdµ−1(y)λ
lS1,λ(n, l), (2.3)

where (x)0,λ = 1 and (x)n,λ = x(x− λ) · · · (x− (n− 1)λ) for n ≥ 1.
Proof. Using (2.2), we note that∫

Zp

(1 + λ logλ(1 + t))
x+y
λ dµ−1(y) =

∞∑
l=0

∫
Zp

(x+y
λ

l

)
dµ−1(y)λ

l(logλ(1+t))
l

=
∞∑
n=0

(
n∑

l=0

S1,λ(n, l)

∫
Zp

(x+y
λ

l

)
l!dµ−1(y)λ

l

)
tn

n!
. (2.4)

Comparing the coefficients of on both sides of (2.2) and (2.4), we obtain the result
(2.3).
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Theorem 2.2. For n ≥ 0, we have

En,λ(x) =
n∑

m=0

Ĉhm,λ(x)S2,λ(n,m). (2.5)

Proof. By replacing t by eλ(t)− 1 in (2.2), we get

∞∑
m=0

Ĉhm,λ(x)
(eλ(t)− 1)m

m!
=

2

(1 + λt)
1
λ + 1

(1 + λt)
x
λ

=
∞∑
n=0

En,λ(x)
tn

n!
. (2.6)

On the other hand,

∞∑
m=0

Ĉhm,λ(x)
(eλ(t)− 1)m

m!
=

∞∑
m=0

Ĉhm,λ(x)
∞∑

n=m

S2,λ(n,m)
tn

n!

=
∞∑
n=0

(
n∑

m=0

Ĉhm,λ(x)S2,λ(n,m)

)
tn

n!
. (2.7)

By (2.6) and (2.7), we get the result.

Theorem 2.3. For n ≥ 0, we have

Ĉhn,λ(x) =
n∑

k=0

k∑
m=0

(
n

k

)
(x)m,λS1,λ(k,m)Ĉhn−k,λ. (2.8)

Proof. From (2.2), we note that

∞∑
n=0

Ĉhn,λ(x)
tn

n!
=

2

1 + (1 + λ logλ(1 + t))
(1 + λ logλ(1 + t))

x
λ

=

(
∞∑
n=0

Ĉhn,λ
tn

n!

)(
∞∑

m=0

(
x
λ

m

)
(logλ(1 + t))m

)

=

(
∞∑
n=0

Ĉhn,λ
tn

n!

)(
∞∑

m=0

(x)m,λ

∞∑
k=m

S1,λ(k,m)
tk

k!

)
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=

(
∞∑
n=0

Ĉhn,λ
tn

n!

)(
∞∑
k=0

(
k∑

m=0

(x)m,λS1,λ(k,m)

)
tk

k!

)

=
∞∑
n=0

(
n∑

k=0

k∑
m=0

(
n

k

)
(x)m,λS1,λ(k,m)Ĉhn−k,λ

)
tn

n!
. (2.9)

Therefore, by (2.2) and (2.9), we obtain at the required result.

Theorem 2.4. For n ≥ 0, we have

Ĉhn,λ(1) + Ĉhn,λ =


2, if n = 0,

0, if n ≥ 1,
(2.10)

Proof. By (1.2), we easily get∫
Zp

f(x+ 1)dµ−1(x) +

∫
Zp

f(x)dµ−1(x) = 2f(0). (2.11)

Now, equation (2.11) can be written as∫
Zp

(1 + λ logλ(1 + t))
x+1
λ dµ−1(x) +

∫
Zp

(1 + λ logλ(1 + t))
x
λdµ−1(x) = 2. (2.12)

From (2.2) and (2.12), we have

2

1 + (1 + λ logλ(1 + t))
(1 + λ logλ(1 + t))

x
λ +

2

1 + (1 + λ logλ(1 + t))
= 2. (2.13)

From (2.2) and (2.13), we have

∞∑
n=0

(
Ĉhn,λ(1) + Ĉhn,λ

) tn

n!
= 2. (2.14)

In view of (2.14), we complete the proof.

Theorem 2.5. For n ≥ 0, d ∈ N with d ≡ 1(mod 2) we have

Ĉhn,λ =
n∑

m=0

dm
d−1∑
a=0

(−1)aEm, d
λ
S1,λ(n,m). (2.15)
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Proof. For d ∈ N with d ≡ 1(mod 2), by (1.2), we have∫
Zp

f(x+ d)dµ−1(x) +

∫
Zp

f(x)dµ−1(x) = 2
d−1∑
a=0

(−1)af(a). (2.16)

Let us take f(x) = (1 + λ logλ(1 + t))
x
λ . Then by (2.16), we get∫

Zp

(1+λ logλ(1+t))
x
λdµ−1(x) =

2

(1 + λ logλ(1 + t))
d
λ + 1

d−1∑
a=0

(−1)a(1+λ logλ(1+t))
a
λ .

(2.17)

=
d−1∑
a=0

(−1)a
2

1 + (1 + λ
d
d logλ(1 + t))

d
λ

(1 +
λ

d
d logλ(1 + t))

d
λ

a
d .

By (1.16), we easily get

2

1 + (1 + λ
d
d logλ(1 + t))

d
λ

(1 +
λ

d
d logλ(1 + t))

d
λ

a
d =

∞∑
m=0

Em, d
λ

(a
d

) dm

m!
(logλ(1 + t))m

=
∞∑

m=0

Em, d
λ
dm

∞∑
n=m

S1,λ(n,m)
tn

n!

=
∞∑
n=0

(
n∑

m=0

dmEm, d
λ
S1,λ(n,m)

)
tn

n!
. (2.18)

From (2.17) and (2.18), we note that

∞∑
n=0

Ĉhn,λ
tn

n!
=

∫
Zp

(1 + λ logλ(1 + t))
x
λdµ−1(x)

=
∞∑
n=0

(
n∑

m=0

dm
d−1∑
a=0

(−1)aEm, d
λ
S1,λ(n,m)

)
tn

n!
. (2.19)

Thus, by (2.19), we complete the proof.

Theorem 2.6. For n ≥ 0, we have

Ĉhn,λ(x+ 1) + Ĉhn,λ(x) = 2
n∑

m=0

(x)m,λS1,λ(n,m). (2.20)
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Proof. Suppose that

2

1 + (1 + λ logλ(1 + t))
1
λ

(1 + λ logλ(1 + t))
x+1
λ +

2(1 + λ logλ(1 + t))
x
λ

1 + (1 + λ logλ(1 + t))
1
λ

= 2(1 + λ logλ(1 + t))
x
λ . (2.21)

Thus, by (2.1) and (2.21), we get

∞∑
n=0

(
Ĉhn,λ(x+ 1) + Ĉhn,λ(x)

) tn

n!

= 2
∞∑

m=0

(x)m,λ
1

m!
(logλ(1 + t))m

=
∞∑
n=0

(
2

n∑
m=0

(x)m,λS1,λ(n,m)

)
tn

n!
. (2.22)

By comparing the coefficients of t, we get (2.20).

Theorem 2.7. For n ≥ 0, d ∈ N with d ≡ 1(mod 2), we have

Ĉhn,λ(d) + Ĉhn,λ = 2
d−1∑
a=0

(−1)a
n∑

m=0

(a)m,λS1,λ(n,m). (2.23)

Proof. From (2.2), we have

2

1 + (1 + λ logλ(1 + t))
1
λ

(1 + λ logλ(1 + t))
d
λ +

2

1 + (1 + λ logλ(1 + t))
1
λ

= 2
d−1∑
a=0

(−1)a(1 + λ logλ(1 + t))
a
λ , (2.24)

where d ∈ N with d ≡ 1(mod 2).
By (2.2) and (2.24), we get

∞∑
n=0

(
Ĉhn,λ(d) + Ĉhn,λ

) tn

n!

= 2
d−1∑
a=0

(−1)a
∞∑

m=0

(a)m,λ
1

m!
(logλ(1 + t))m
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= 2
d−1∑
a=0

(−1)a
∞∑
n=0

(
n∑

m=0

(a)m,λS1,λ(n,m)

)
tn

n!

=
∞∑
n=0

(
2

d−1∑
a=0

(−1)a
n∑

m=0

(a)m,λS1,λ(n,m)

)
tn

n!
. (2.25)

Therefore, by (2.25), we obtain the result.

3. New type of higher-order degenerate Changhee polynomials of the
second kind

In this section, we introduce new type of higher-order degenerate Changhee
polynomials of the second kind which are derived from the multivariate fermionic
p-adic integral on Zp.

For r ∈ N, we define the new type of higher-order degenerate Changhee poly-
nomials of the second kind which are given multivariate fermionic p-adic integral
on Zp as follows:∫

Zp

· · ·
∫
Zp

(1 + λ logλ(1 + t))
x+x1+···+xr

λ dµ−1(x1) · · · dµ−1(xr)

(
2

1 + (1 + λ logλ(1 + t))

)r

(1 + λ logλ(1 + t))
x
λ =

∞∑
n=0

Ĉh
(r)

n,λ(x)
tn

n!
. (3.1)

When x = 0, Ĉh
(r)

n,λ = Ĉh
(r)

n,λ(0) are called the new type of higher-order degenerate
Changhee numbers of the second kind.

Theorem 3.1. For n ≥ 0 and r ∈ N, we have

Ĉh
(r)

n,λ(x) =
n∑

m=0

E
(r)
m,λS1,λ(n,m).

Proof. From (3.1), we note that∫
Zp

· · ·
∫
Zp

(1 + λ logλ(1 + t))
x+x1+···+xr

λ dµ−1(x1) · · · dµ−1(xr)

=
∞∑

m=0

∫
Zp

· · ·
∫
Zp

(x1+···+xr+x
λ

m

)
dµ−1(x1) · · · dµ−1(xr)λ

m(logλ(1 + t)))m

=
∞∑

m=0

∫
Zp

· · ·
∫
Zp

(x1 + · · ·+ xr + x)λ,mdµ−1(x1) · · · dµ−1(xr)
1

m!
(logλ(1 + t)))m
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=
∞∑
n=0

(
n∑

m=0

∫
Zp

· · ·
∫
Zp

(x1 + · · ·+ xr + x)λ,mdµ−1(x1) · · · dµ−1(xr)S1,λ(n,m)

)
tn

n!
.

(3.2)
It is easy to show that∫

Zp

· · ·
∫
Zp

(1 + λt)
x+x1+···+xr

λ dµ−1(x1) · · · dµ−1(xr)

=

(
2

(1 + λt)
1
λ + 1

)r

(1 + λt)
x
λ =

∞∑
n=0

E
(r)
n,λ(x)

tn

n!
, (3.3)

where E
(r)
n,λ(x) are the Carlitz’s degenerate Euler polynomials of order r.

Thus, by (3.3), we get∫
Zp

· · ·
∫
Zp

(x1 + · · ·+ xr + x)λ,mdµ−1(x1) · · · dµ−1 = E
(r)
n,λ(x), (m ≥ 0). (3.4)

Therefore, by (3.2), (3.3) and (3.4), we obtain the result.

Theorem 3.2. For n ≥ 0, we have

E
(r)
n,λ(x) =

n∑
m=0

Ĉh
(r)

m,λ(x)S2,λ(n,m).

Proof. By changing t by eλ(t)− 1 in (3.1), we have∫
Zp

· · ·
∫
Zp

(1 + λt)
x+x1+···+xr

λ dµ−1(x1) · · · dµ−1(xr)

=
∞∑

m=0

Ĉh
(r)

m,λ(x)
(eλ(t)− 1)m

m!

=
∞∑
n=0

(
n∑

m=0

Ĉh
(r)

m,λ(x)S2,λ(n,m)

)
tn

n!
. (3.5)

Therefore, by (3.3) and (3.5), we get the result.

Theorem 3.3. For n ≥ 0, we have

Ĉh
(r)

n,λ(x) =
n∑

l=0

(
n

l

)
Ĉh

(k)

n−l,λĈh
(r−k)

l,λ (x).
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Proof. From (3.1), we have

∞∑
n=0

Ĉh
(r)

n,λ(x)
tn

n!
=

(
2

1 + (1 + λ logλ(1 + t))
1
λ

)r

(1 + λ logλ(1 + t))
x
λ

=

(
2

1 + (1 + λ logλ(1 + t))
1
λ

)k(
2

1 + (1 + λ logλ(1 + t))
1
λ

)r−k

(1 + λ logλ(1 + t))
x
λ

=

(
∞∑
n=0

Ĉh
(k)

n,λ

tn

n!

)(
∞∑
l=0

Ĉh
(r−k)

l,λ (x)
tl

l!

)

=
∞∑
n=0

(
n∑

l=0

(
n

l

)
Ĉh

(k)

n−l,λĈh
(r−k)

l,λ (x)

)
tn

n!
. (3.6)

In view of (3.5), we complete the proof.

Theorem 3.4. For n ≥ 0, we have

Ĉh
(r)

m,λ =
n∑

k=0

k∑
m=0

(−1)mm!

(
r +m− 1

m

)
2−mS2,λ(k,m)S1,λ(n, k).

Proof. By (3.1), we have(
2

1 + (1 + λ logλ(1 + t))
1
λ

)r

=

(
(1 + λ logλ(1 + t))

1
λ − 1

2
+ 1

)−r

=
∞∑

m=0

(
−r

m

)
2−m((1 + λ logλ(1 + t))

1
λ − 1)m

=
∞∑

m=0

(−1)m2−m

(
r +m− 1

m

)
m!

∞∑
k=m

S2,λ(k,m)
1

k!
(logλ(1 + t))k

=
∞∑
k=0

(
k∑

m=0

(−1)mm!

(
r +m− 1

m

)
2−mS2,λ(k,m)

)
∞∑
n=k

S1,λ(n, k)
tn

n!

=
∞∑
n=0

(
n∑

k=0

k∑
m=0

(−1)mm!

(
r +m− 1

m

)
2−mS2,λ(k,m)S1,λ(n, k)

)
tn

n!
. (3.7)

In view of (3.1) and (3.7), we get the result.
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Theorem 3.5. For n ≥ 0, we have

Ĉh
(r)

n,λ(x) =
n∑

k=0

k∑
m=0

(
n

k

)
(x)m,λS1,λ(k,m)Ĉh

(r)

n−k,λ.

Proof. From (3.1), we note that

∞∑
n=0

Ĉh
(r)

n,λ(x)
tn

n!
=

(
2

1 + (1 + λ logλ(1 + t))

)r

(1 + λ logλ(1 + t))
x
λ

=

(
∞∑
n=0

Ĉh
(r)

n,λ

tn

n!

)(
∞∑

m=0

(
x
λ

m

)
(logλ(1 + t))m

)

=

(
∞∑
n=0

Ĉh
(r)

n,λ

tn

n!

)(
∞∑

m=0

(x)m,λ

∞∑
k=m

S1,λ(k,m)
tk

k!

)

=

(
∞∑
n=0

Ĉh
(r)

n,λ

tn

n!

)(
∞∑
k=0

(
k∑

m=0

(x)m,λS1,λ(k,m)

)
tk

k!

)

=
∞∑
n=0

(
n∑

k=0

k∑
m=0

(
n

k

)
(x)m,λS1,λ(k,m)Ĉh

(r)

n−k,λ

)
tn

n!
. (3.8)

Therefore, by (3.1) and (3.8), we obtain at the required result.

Theorem 3.6. For n ≥ 0, we have

n∑
m=0

Ĉh
(r)

m,λ(x)S2,λ(n,m) =
n∑

m=0

S2,λ(n,m)Ch(r)
m (x).

Proof. Now, we observe that

(1 + λt)
x1+···+xr+x

λ =
(
(1 + λt)

1
λ − 1 + 1

)x1+···+xr+x

=
∞∑

m=0

(
x1 + · · ·+ xr + x

m

)
((1 + λt)

1
λ − 1)m

=
∞∑

m=0

(x1 + · · ·+ xr + x)m

∞∑
n=m

S2,λ(n,m)
tn

n!
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=
∞∑
n=0

(
n∑

m=0

S2,λ(n,m)(x1 + · · ·+ xr + x)m

)
tn

n!
. (3.9)

Thus, by (3.5) and (3.9), we get∫
Zp

· · ·
∫
Zp

(1 + λt)
x+x1+···+xr

λ dµ−1(x1) · · · dµ−1(xr)

=
∞∑
n=0

(
n∑

m=0

S2,λ(n,m)

∫
Zp

· · ·
∫
Zp

(x1 + · · ·+ xr + x)mdµ−1(x1) · · · dµ−1(xr)

)
tn

n!

=
∞∑
n=0

(
n∑

m=0

S2,λ(n,m)Ch(r)
m (x)

)
tn

n!
. (3.10)

Therefore, by (3.5) and (3.10), we obtain the result.

Theorem 3.7. For n ≥ 0, we have

Ĉh
(r)

n,λ(x) =
n∑

m=0

E
(r)
m,λ(x)S1,λ(n,m).

Proof. By replacing t by logλ(1 + t) in (3.3), we have(
2

1 + (1 + λ logλ(1 + t))
1
λ

)r

(1 + λ logλ(1 + t))
x
λ =

∞∑
m=0

E
(r)
m,λ(x)

(logλ(1 + t))m

m!

=
∞∑

m=0

E
(r)
m,λ(x)

∞∑
n=m

S1,λ(n,m)
tn

n!

=
∞∑
n=0

(
n∑

m=0

E
(r)
m,λ(x)S1,λ(n,m)

)
tn

n!
. (3.11)

On the other hand, we have(
2

1 + (1 + λ logλ(1 + t))
1
λ

)r

(1 + λ logλ(1 + t))
x
λ =

∞∑
n=0

Ĉh
(r)

n,λ(x)
tn

n!
. (3.12)

In view of (3.11) and (3.12), we obtain the result.
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Theorem 3.8. For n ≥ 0, we have

Ĉh
(r)

n,λ(x+ y) =
n∑

k=0

k∑
m=0

(
n

k

)
(y)m,λS1,λ(k,m)Ĉh

(r)

n−k,λ(x).

Proof. From (3.1), we have

∞∑
n=0

Ĉh
(r)

n,λ(x+ y)
tn

n!
=

(
2

1 + (1 + λ logλ(1 + t))
1
λ

)r

(1 + λ logλ(1 + t))
x+y
λ

=

(
∞∑
n=0

Ĉh
(r)

n,λ(x)
tn

n!

)(
∞∑

m=0

( y
λ

m

)
(logλ(1 + t))m

)

=

(
∞∑
n=0

Ĉh
(r)

n,λ(x)
tn

n!

)(
∞∑

m=0

(y)m,λ

∞∑
k=m

S1,λ(k,m)
tk

k!

)

=

(
∞∑
n=0

Ĉh
(r)

n,λ(x)
tn

n!

)(
∞∑
k=0

(
k∑

m=0

(y)m,λS1,λ(k,m)

)
tk

k!

)

=
∞∑
n=0

(
n∑

k=0

k∑
m=0

(
n

k

)
(y)m,λS1,λ(k,m)Ĉh

(r)

n−k,λ(x)

)
tn

n!
. (3.13)

Thus, by (3.13), we obtain at the required result.

4. Conclusion
Motivated by the works of Kim-Kim [23], we defined new type of degenerate

Changhee polynomials and numbers of the second kind. We derived their explicit
expressions and some identities involving them. Further, we introduced the higher-
order new type of degenerate Changhee numbers and polynomials of the second
kind and deduced their explicit expressions and some identities related to them.
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