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Abstract: Strong fuzzy graph and complete fuzzy graph are two special kinds of
fuzzy graphs in which each edge membership value equals the least of its vertex
membership values incidental to the edge. In this research study, we obtain some
interesting results on the complete product of a pair of strong fuzzy graphs as well
as the complete product of a pair of complete fuzzy graphs. In precise, we prove
that the complete product of two strong fuzzy graphs is again a strong fuzzy graph
and the complete product of two complete fuzzy graphs is again a complete fuzzy
graph. Also, we discuss the conditions under which the property of regularity will
be mutually transmitted between the complete product of two fuzzy graphs and
one of its factor fuzzy graphs.
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1. Introduction
A graph is a convenient way of representing information involving relationships
between objects. The objects are represented by vertices and relations by edges.
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When there is vagueness in the description of the objects or their relationships or
both, it is natural that we need to design a 'Fuzzy Graph Model’. The application
of fuzzy relations is widespread and important in the field of clustering analysis,
neural networks, computer networks, pattern recognition, decision making, and
expert systems. In each of these, the basic mathematical structure is that of a fuzzy
graph. Kaufmann [3] defined the fuzzy graph for the first time in 1973, based on
Zadeh’s fuzzy relations [12]. But it was Azriel Rosenfeld [9] who considered fuzzy
relations on fuzzy sets and developed the theory of fuzzy graphs in 1975. Mordeson
and Chang-Shyh [4] defined operations on fuzzy graphs. Nagoor Gani and Radha
[8] described some properties of regular fuzzy graphs and the degree of a vertex
in some fuzzy graphs. Muhammad Akram and Saira Nawaz [7] introduced the
concepts of soft graphs and described some operations on soft graphs.

The complete product of fuzzy graphs introduced by Chaitanya and Pradeep
Kumar [1] is a binary operation on the set of all fuzzy graphs defined on a nonempty
set S. The set of all fuzzy graphs on a non-empty set S is closed under the operation
of the complete product and also satisfies commutative law (G xpH =H xpG). It
allows us to create a new fuzzy graph from the given pair of fuzzy graphs and paves
the way to develop some operational properties over the set of all fuzzy graphs.
Prior to the introduction of the complete product of fuzzy graphs, different types
of product operations like the Cartesian product of fuzzy graphs, Tensor product
of fuzzy graphs, Normal product of fuzzy graphs, Modular product of fuzzy graphs,
etc. are defined by various mathematicians on a pair of fuzzy graphs. But all of
them are defined on restricted domains (proper subsets of UxV), not on the whole
Cartesian product of UxV, where U and V are the vertex sets of the two fuzzy
graphs. This is the reason why one could consider the complete product stronger
than the other products of fuzzy graphs. Fuzzy-graph theory has a large number of
applications in modeling various real-time systems where the information inherent
in the system is vague and uncertain. The complete product of fuzzy graphs is a
new framework to handle fuzzy information by combining a pair of fuzzy graphs.

In this research study, we obtain some interesting results on the complete prod-
uct of a pair of strong fuzzy graphs as well as the complete product of a pair of
complete fuzzy graphs. In precise, we prove that the complete product of two
strong fuzzy graphs is again a strong fuzzy graph and the complete product of two
complete fuzzy graphs is again a complete fuzzy graph. Also, we discuss the condi-
tions under which the property of regularity will be mutually transmitted between
the complete product of two fuzzy graphs and one of its factor fuzzy graphs.

2. Preliminaries
In this section we have given the definitions and examples related to the con-
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cepts which are discussed in the introduction.

Definition 2.1. [2, 7] A graph G is a triplet consisting of a vertex set V (G), an
edge set E(G), and a relation that associates two vertices with each edge. The two
vertices are called its endpoints (not necessarily distinct). Graphically, we represent
a graph by drawing a point for each vertex and representing each edge by a curve
joining its endpoints.

Definition 2.2. [13] Let S be a non - empty set. Then any Mapping o :S — [0,1]
1s called a fuzzy set on S. The reference set S is called universe of discourse, and
for each z€S, the value o (x) is called the grade of membership of x in (S.0).

Definition 2.3. [9, 12] Let S be a non - empty set. Let u:S x S — [0,1] and
o S — [0,1] be any two fuzzy sets.Then p is said to be a fuzzy relation on o if

w(zy)<o(x)No(y) Y,y €S, where o(x)No(y) = minimum of (o(x),0(y)).
Definition 2.4. [9, 12] i) A fuzzy relation is called Symmetric if p(z,y) = p(y,x) v,y
€S. i) A fuzzy relation is called Reflexive if u(x,y) = o(x) Vr €S.

Definition 2.5. [3, 5, 6, 9] A fuzzy graph G is a pair of functions G:(o, ) where
ois a fuzzy subset on a non-empty set 'V and p is a symmetric fuzzy relation on o.
The underlying crisp graph of G:(o, ) is denoted by G*(V,E) where E C VX V.

2.5 Example: Here we have given an example of fuzzy graph.

(0.5} 0.3 (0.5}
0.4 0.5
0.8 0.4 [0.5)
Here o values are written in ihe brackets ai the vertices and ‘g values are writien in the middle of ihe edges
Figure 131,

Note 2.6. [11] In any fuzzy graph G:(o,u) on GQ(V,E) , we assume that V is
finite and p is reflexive on o. Also, we ignore the loops and parallel edges. Let o*

={z € V/o (x)>0} and let u* = {(z,y) € Vx V/u (z,y) >0}.
Definition 2.7. [11] A fuzzy graph G:(o,pn) is said to be a strong fuzzy graph if
pzy) =o(x)noly) Veyep®
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u {0.7) u, (0.4)

o (0-6)

Figure 2.7.1.

Definition 2.8. [11] A fuzzy graph G:(o, ) is said to be a complete fuzzy graph if
p(zy) =o(x)o(y) Vzyeco*

uy (0.7) 0.4 uy (0.4)

[ )
& (06)

Figure 2.8.1.

Definition 2.9. [8, 10] Let G:(o, ) be a fuzzy graph. The degree of a vertezr v is
defined as dg (v)= > u((u,v)), ¥ u €U such that u # v. Since p (u, v) >0 for (u,
v )€ E and p (u, v) = 0 for (u, v) ¢ E,this is equivalent to

dg(u) = Z p(u,v)

wek

Definition 2.10. [8, 10] Let G:(o,pn) be a fuzzy graph . If dg (v) =k¥ v € V,
(i.e.) if each vertex has the same degree k, then G is said to be a reqular fuzzy
graph of degree k or a k-reqular fuzzy graph.

Definition 2.11. The Complete Product of Two Fuzzy Graphs [1, 4] Let
G:(o,p) and H: (1,9) are any two fuzzy graphs then their complete product
is defined as G x, H: (0 x, 7,0 x, ) = (U x V,E) where E = E; UE,UE3U Ey U
Es U Eg U E7 U Eg Such that

Ey = {((u1,v1), (uz,v9)) : ug = ug and (vy,v9) € Ey} and
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Ey = {((u1,v1), (ug,v2)) : ug = ug and (vy,v9) ¢ Eyv} and

Es = {((u1,v1), (ug,v2)) : v1 = vy and (u1,us) € Ey} and

Ey = {((u1,v1), (uz,v9)) : v1 = vy and (uy,us) ¢ E,} and

Es = {((u1,v1), (ug,v2)) : (u1,u2) € Ey and (vi,v9) ¢ Ev} and
Es = {((u1,v1), (ug,v2)) : (ug,us) ¢ E, and (v1,v2) € Ey} and
E; = {((u1,v1), (uz,v9)) : (u1,uz) € Ey and (vy,v2) € Ey}

Ey = {((u1,01), (u2,02)) : (u1,u2) ¢ By and (vy,v2) ¢ Ev}

With o xp 7(u,v) = o(u) N7(v) Y(u,v) €U XV

(o (ur) NI (vg,09), if we Ey

o (ur) N7 (v)) N7 (va), if we Ey

p(ug,ug) N7 (v1), if we Es

and 1, 9) (w) = o(uy)No(uz) N7 (v1), z:fw S
p(ur,ug) N7 (v1) N7 (V) if we Es

o (ur) No (ug) NV (v1,v2), if w e Eg

(g, uz) N9 (v1,v9) if we By

L o (u)No(u) N7 (v1) N7 (ve), ifwe By

Where w = ((u1,v1) , (u2,v2))

u; (0.7) u2(0.9)

0.6 0.4 v¥03 0.2 %, 0s)

u; (0.8)

Fig(l: G Fig (2): H
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The following diagram represents the complete product of the above two fuzzy graphs G and H.

wq
0.2) 0.2) 0.5)
(0.5)
2 (0-2) w3
0.2) (0.
(0.3) 0.4)
0.2)
Wy (0.2) Ws
(0.3)
(0.3) 0.2) 0.2)
We
Fig:(3.2.3) G x pH

where wq = (uy,v1) =0.5, wy = (u,v2) = 0.3, wa = (up,v1) =0.5, wy = (up,v,) = 0.3,
ws = (u3,v1) =0.5, wg = (u3,v;) =0.3. From the diagram it is clear that the crisp graph of

G X pH is a complete graph as there is an edge between every pair of vertices.
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3. Main Results

Theorem 3.1. If G:(o,u) and H: (1,9) are any two strong fuzzy graphs then

their complete product G xp H 1s also a strong fuzzy graph.

Proof. Given G:(o, u) and H: (7,9) are two strong fuzzy graphs.

= u(u,v) = o(u)No(v) Yu,v € p* and J(u,v) = 7(u)N7(v) Yu,v € 9*,

As per the definition, the edge set of G x, His E = £y U B, U B3 U By U E5 U

Es U E; U Eg Such that Fy = {((u1,v1), (ug,v2)) : ug = ug and (v1,v2) € Ey} and
v

Ey = {((u1,v1), (ug,v9)) : ug = ug and (vy,v9) ¢ Ey} and

Es = {((u1,v1), (uz,v9)) : v1 = w9 and (ug,us) € Ey} and

Ey = {((u1,v1), (u2,v9)) : v1 = vy and (uy,us) ¢ E,} and

Es = {((u1,v1), (ug,v9)) : (u1,u2) € By and (vy,vs) ¢ Ev} and
Es = {((u1,v1), (ug,v9)) : (u1,uz) ¢ E, and (vy,v9) € Ey} and
E; ={((ug,v1), Euz,vz)) : (u1,u2) € Ey and (vy,v2) € Ey}

Eg = {((ul,vl), UQ,UQ)) . (U17u2) ¢ EU and (?}171}2) ¢ Ev}

We prove this theorem by using the case division method.

Case i: Suppose that weE; .

Then (uxpd)(w)= o(uy )N I(vy ,ve ) where uy =uy and (vy 02 )EEY .
Since (uxpv)(w) > 0 we have 9J(vy,v2)>0.

Which implies ¥(v1,09 ) = 7(v1)N7(v2),As H is a strong fuzzy graph.
So (uxpd)(w) = o(uy )N I(v,ve ) = o(u)N7(v)N7(v2)

:O'('U,l )ﬂaug )ﬂT(U1>ﬂT(U2>:(O’<U1 )mT(Ul ))ﬂ(U(Ug)ﬂT(UQ))

=(ox pT)(u1,01)N(o X pT)(uz,09).

Case ii: Suppose that wekF; .

Then (puxpd)(w)= o(u; )N7(v1)N7(v2) and uy= us.

So (uxpd)(w)= o(uy )N7(vy )NT(ve ) = o(uy )No(ug )NT(v1)NT(Vs)
= (o(u1)N7(v1 )N (o (ug)NT(ve)=(cx p7)(us,v1)N(o X p7)(u2,v2)

Case iii: Suppose that weE;s.

Then (uxpd)(w)= p(ug,u2)N7(vy) and vy = vy and (ug,u2)EEy.
Since (uxpv)(w) > 0 we have p(uq,uz )>0.

Which implies p(uy,us )= o(ui)No(uy) as G is strong.

so (uxp?)(w)= p(u,ux)N7(v1) = o(ur)No(ug)N7(vy)

= O'(ul)mO'(UQ)ﬂT(’Ul)ﬂT<'U2) = (O’(Ul)mT(Ul>>m<U(U2)ﬂT(U2))

= (oxp7)(u1,v1)N(oXxp7)(U2,v2)

Case iv: Suppose that we E; .

Then (uxpd)(w)= o(u; )No(ux)N7(vy) and v; = vs.

So (uxpd)(w)= o(u; )No(ux)N7(vy) = o(u; )No(ug )N7(ve)NT(vy)
= (o(ur)N7(v1))N(0 (u2) N7 (v2))
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= (oxp7)(u1,v1)N(oxp7)(u2,v2).

Case v: Suppose that we Es.

Then (puxpd)(w) = p(ug, ug)N7(vy)N7(ve) and (uy,uz)€Ey.

Since (uxp?)(w)> 0 we have p(ug, ug)> 0.

Which implies  p(uy, ug) = o(u; )No(uz) as G is strong.

So (uxpd)(w) = p(uy, ug)N7(ve)N7(vy)

=0 (uy )No(ug )NT(ve)N7(v1)= (o (u1)N7(v1))N (o (u2)N7(v2))

= (oxp7)(ur,v1)N(o X p7)(Ug,v2).

Case vi: Suppose that we Eg.

Then (uxp?d)(w)= o(uy )No(ux)NI(v1,ve) and (vi,va)E€Ey. Since (uxpd)(w)>
0 we have J(vy,va)> 0.

Which implies  ¥(vy,va) = 7(ve)N7(v1) as H is strong.

So (uxp)(w) = o(uy )No(ug)NH(vy,ve)= o(uy )No(ux)N7(vy)N7T(ve)
= (o(u)N7(v1))N (o (u2)NT(v2)) = (X p7)(uy,v1)N(0X pT)(12,V2).
Case vii: Suppose that we E;.

Then (uxp?)(w) = p(ur, ug)NI(vi,ve) and (u1,u2)EEy , (vi,va)EEy.
Since (uxpd)(w)> 0 we have ¥J(vq,vo)> 0 and p(uy, ug)> 0.

Which implies  9(vy,ve) = 7(vo)N7(vy) and  p(uy, uz) = o(uy )No(ug) , as G and
H are strong fuzzy graphs.

So (uxpd)(w) = p(ur, uz)(vi,ve)= (o(ur )No(uz))N(7(v1)N7(v2))
=(0(u1)N7(01))N (0 (u2)N7(v2))

= (oxp7)(u1,v1)N(oXxp7)(uz,va).

Case viii: Suppose that we Eg.

Then (uxpd)(w)= o(u; )No(ux)N7(vy)NT(v2)

= (o(u1)N7(v1))N(o(u2)NT(v2)) = (X p7)(u1,v1)N(0X pT)(12,V2).

In all the above cases we have shown that

(pxpd)((ur,v1 ),(uz,v2 ) = (oxp7)(ur,vi)N(ox p7)(uz,v2)

Hence G x pH is a strong fuzzy graph.

Theorem 3.2. If G:(o,u) and H: (1,9) are any two complete fuzzy graphs then
their complete product G xp H is also a complete fuzzy graph.

Proof. Given G:(o,u )and H: (7,9 ) are two complete fuzzy graphs.

So p(u,v) = o(u)No(v)Vu,v € o* and ¥(a,b) = 7(a)N7(a)Va,b € 7*

we prove this theorem by using the case division method.

Let w = ((ug,v1),(uz,v2))€ UxV such that(ox p7)(uy,v1) >0 and (0 X p7)(uz,v2)>0.
Which implies o(u;)N7(v1)> 0 and o(us)N7(v2)> 0.

= o(u1)> 0, 7(v1) >0, 0(uz) >0, 7(vy)> 0. .oeee. (*)

Case i: Suppose that weE].

Then (uxpd)(w)= o(u; )N P v1,vy ) where uy = uy and (vy,v9)EFEy.
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(uxiﬁ)(w) = o(uy )N vy ) = o(uy )NT(v1)N7(ve), as H is a complete fuzzy
graph.

= o(uy )No(ug)N7(v1)N7(v2)= (o (ur)N7(v1))N (0 (ug)NT(v2))

= (oxp7)(u,vi)N(o X p7)(1g,va).

Case ii: Suppose that weF,.

Then (uxpd)(w)= o(uy )N7(v1)N7(v2) and wuy = us.

So (uxpd)(w)= o(u; )N7(v1)N7(V2)

= o(u1)No(ux)N7(v)NT(ve)= (o (ur)N7(v1))N (o (uz)N7(v2))

= (oxp7)(uy,vi)N(e X p7)(ug,va).

Case iii: Suppose that weE;s.

Then (uxpd)(w)= p(ur,uz)N7(vy) and v1 = vy and (uy,u2)EEy.

so (uxp?)(w)= p(up,ug)N7(vy) = o(ur)No(uz)N7(vy), as G is a complete fuzzy
graph.

= O'(ul)ﬂU(UQ)ﬂT(Ul)mT@)Q) = (U(Ul)ﬂT(Ul))ﬂ(U(Ug)ﬂT(Ug))

= (oxp7)(uy,vi)N(o X p7)(1g,va).

Case-iv: Suppose that we E; .

Then (uxpd)(w)= o(u; )No(u2)N7(vy) and v; = vs.

So (puxpd)(w)= o(uy )ﬂa(uz) 7(v1) = o(uy )No(ug )NT(ve)N7(vy)

= (o(u)N7(v1))N(0(u2) N7 (v2))

= (oxp7)(uy,vi)N(o X p7)(ug,va).

Case v: Suppose that we Es.

Then (uxpd)(w) = p(uy, ug)N7(vy)N7(ve) and (uy,u2)EEy.

So (puxpd)(w) = p(uy, ug)N7(ve)NT(vy)

=(o(uy)No(uy))N7(ve)N7(vy), as G is a complete fuzzy graph.

= (o (u)N7(v1))N(0 (u2) N7 (v2))

= (oxp7)(u,v1)N(oXp7)(u2,v2).

Case vi: Suppose that we Eg.

Then (ux p?)(w) = o(u; )No(uz)Nd(vy,ve) and (v1,v2)EEy. So (uxp)(w) =o(uy
YNo ()N (vy,ve)= o(uy )No(ug)N(7(v1)N7(vs)), as H is a complete fuzzy graph.
= (o(u1)N7(v1))N (0 (u2)NT(v2)) = (X p7)(uy,v1)N(0X pT)(12,V2).

Case vii: Suppose that we E;.

Then (uxpd)(w) = p(uy, ug)NI(vy,va) and (uy,uz)EEy , (vi,v2)EEy.

So (uxpd)(w) = p(uy, ug)NI(vy,va)

= (o(uy )No(uz))N(7(v1)N7(v2)),a8 G and H are complete fuzzy graphs.
=(o(u1)7(01))N (0 (u2)N7(v2))

= (oxp7)(uy,vi)N(o X p7)(1g,va).

Case viii: Suppose that we Eg.

Then (puxpd)(w)= o(u; )No(ug)N7(vy)NT(v2)
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= (o(uy)N7(v1))N (o (ux)N7(v2)) = (X p7)(u1,v1)N(0X p7)(12,v3).

In all the above cases we have shown that

(uxp0)((ur,vy ),(ug,ve )) = (oxp7)(ur,v1)N(ox p7)(uz,v2),V (u1,v1),(ug,v2) € (cxp7)*.
Hence G xpH is a complete fuzzy graph.

Theorem 3.3. If Gxp H is a Regular fuzzy graph and if G:(o, ) and H: (1,9) are
two complete fuzzy graphs such that o < T then G:(o, ) is a Regular fuzzy graph.
Proof. Given G:(o, 1) and H: (7,9) are two complete fuzzy graphs such that o <
7. So we have (uxpd)(w)= o(u; )No(ug)N7(v1)N7(ve) V w €E where w=((uy,v;
)7(u27v2 ))

Given Gx pH is a Regular fuzzy graph.So d((u,v))=k V(u,v)eUxV for some pos-
itive real k, where L = Gx pH.

Implies > (uxp?)((w,v),(0’,v")) =k ¥V (u',v’) € UxV such that (u’,v’) # (u,v).
Implies > (o(u)No(u’)N7(v)N7(v")) =k ¥ (u',v’) € UxV such that (u’,v’) # (u,v).
Implies Y (o(u)No(u’)) = k V u’ € U such that u’ # u, as o < 7.

Implies > p(u,u’) = k V u’ € U such that u’ # u, as G is a complete fuzzy graph.
Implies dg(u) =k Vu e U.

Hence G:(o, 1) is a Regular fuzzy graph.

Theorem 3.4. If G:(o, 1) and H: (1,9) are two complete fuzzy graphs such that
o<t and If G:(o, 1) is a reqular fuzzy graph then GXp H is a Regular fuzzy graph.
Proof. Given G:(o, ) and H: (7,9) are two complete fuzzy graphs.

So we have (uxpd)(w)= o(u; )No(ux)N7(v1)NT(ve) V w €E

where w=((uy,vy ),(ug,vs )).

Given G:(o, 1) a is a regular fuzzy graph. So dg(u)=k V u €Ey. Let L = GxpH.
dr((u,v))=>_(pxp?)((u,v),(0',v")) ,V (u',v') € UxV such that (u’,v’) # (u,v).
Implies d((u,v)) = > (c(u)No(u’)N7(v)NT(v')),V (u’,v’) € UxV such that (u’,v’)
£ (v).

Implies d((u,v)) = > (o(u)No(u’)) where u'# u, as o<7.

Implies dr((u,v)) = dg(u)=k . Hence GxpH is a Regular fuzzy graph.

4. Conclusion

The application of fuzzy relations is widespread and important in the field
of clustering analysis, neural networks, computer networks, pattern recognition,
decision making, and expert systems. In each of these, the basic mathematical
structure is that of a fuzzy graph. Fuzzy-graph theory has a large number of
applications in modeling various real-time systems where the level of information
inherent in the system varies with different levels of precision. In this article, we
dealt with a new framework called the complete product of fuzzy graphs in which
we pool two fuzzy graphs and produce a new comprehensive fuzzy graph to handle
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fuzzy information in a more elegant way. We proved that the complete product of
two strong fuzzy graphs is again a strong fuzzy graph and the complete product
of two complete fuzzy graphs is again a complete fuzzy graph. Also, we discussed
the conditions under which the property of regularity will be mutually transmitted
between the complete product of two fuzzy graphs and one of its factor fuzzy
graphs. In the future, we will extend our fuzzification to the complete product of
compliments of a pair of fuzzy graphs and the complement of the complete product
of a pair of fuzzy graphs.
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