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Abstract: Let V;, = {0,a,b,c} be the Klein-4-group with identity element 0 and
G = (V(G), E(G)), be the graph with vertex set V(G) and edge set E(G). Let
f :V(G) = Vj be a vertex labeling and f* : E(G) — Vj denote the induced edge
labeling of f defined by f*(uv) = f(u) + f(v) for all wv € E(G). Then f* again
induces a vertex labeling f** : V(G) — Vj defined by f**(u) = X f*(uv) where
the summation is taken over all the vertices v which are adjacent to u. A graph
G = (V(GQ), E(Q)) is said to be an induced Vj-Magic graph if there exists a non
zero vertex labeling f : V(G) — Vj such that f = f**. The function f, so obtained
is called an induced V;-Magic labeling of GG. In this paper we discuss Induced V}
magic labeling of some graphs and the Induced V; magic labeling of some star and
path related graphs.

Keywords and Phrases: Klein-4-group, Induced V;-magic graphs.
2010 Mathematics Subject Classification: 05C78, 05C25.

1. Introduction
In this paper we consider simple, connected, finite and undirected graphs and
the Klein 4-group is denoted by V; = {0, a, b, ¢}, which is a noncyclic abelian group
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of order 4 in which every nonidentity element has order 2. We refer to Frank
Harary [2] for the standard terminology and notations related to graph theory. Let
G = (V(G), E(G)), be the graph with vertex set V(G) and edge set E(G). Let
f : V(G) — Vj be a vertex labeling and f* : E(G) — V, denote the induced
edge labeling of f defined by f*(uv) = f(u) + f(v) for all wv € E(G). Then
this f* induces another vertex labeling denoted by f** : V(G) — Vj defined by
f*(u) = X f*(uv) where the summation is taken over all the vertices v which are
adjacent to u. A graph G = (V(G), E(G)) is said to be an induced V;-Magic graph
denoted by IMV,G or simply IMG if there exists a non zero labeling f : V(G) —
V4 such that f = f**. The function f, so obtained is called a induced V,;-Magic
labeling of G or simply induced Magic labeling of GG and it is denoted by IMV,L or
simply IML. In this paper we discuss some Induced V; magic labeling of the graphs
Ch, Ky, K, some star related graphs and some path related graphs which belong
to the following categories:

(i) I'(V4) := class of all induced V,-magic graphs.

(ii) Tx(Vy) := class of all induced V;-magic graphs with induced magic labeling
f satisfying f(V(G)) = {k} for some k € V.

(ili) Tko(Va) := class of all induced Vj-magic graphs with induced magic labeling
[ satisfying f(V(G)) = {k,0} for some k € Vj.

Theorem 1.1. [5] If f is an induced magic labeling of a graph G and u be a
pendent vertex adjacent to a vertex v in G,then f(v) = 0.

Corollary 1.2. [5] If f is an induced magic labeling of a graph G and wuvz is a
path in G with w and z are pendent vertices in G,then f*(uv) = 0.

Theorem 1.3. [5] Let f be any vertex labeling of a graph G and u, be a vertex
in G with deg(u) = m. Then f is an induced magic labeling of G if and only if
(m—1)f(u)+2f(v) = 0 where the summation is taken over all the vertices v which
are adjacent to u.

Theorem 1.4. [5| C,, € I'(A) if and only if n = 0 (mod 3), where A is an Abelian
group.

Theorem 1.5. [5] P, € I'(A) if and only if n = 0 (mod 3), where A is an Abelian
group.

2. Main Results

Theorem 2.1. For any graph G, G ¢ I',(Vy).
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Proof. Let V(G) = {v1,vq,v3,- -+ ,v,}. If possible suppose f(v;) = a for i =
1,2,3,--- ,n, then we have f*(v;v;) = f(v;)+ f(vx) = 0 for all v;u, € E(G). Thus
f*(v;) = f*(vv) = 0 where the summation is taken over all the vertices v which
are adjacent to v;. Therefore f** £ f, hence f is not an induced V; magic labeling
and G ¢ ', (V).

Corollary 2.2. [Degree sum equation of a vertex]

Let f be any vertex labeling of a graph G and u, be a vertex in G with deg(u) = m.
Then f is an induced Vymagic labeling if and only if f(u)+Xf(v) =0 or X f(v) =
according as deg(u) = m is even or odd, where the summation is taken over all the
vertices v which are adjacent to u.

Proof. From Theorem 1.3, we have f is an induced Vymagic labeling of G if and
only if (m —1)f(u) + Xf(v) = 0, where v is adjacent to u, then the result follows
directly from the fact that f(u) € V.

3. Induced magic labeling of some graphs

Theorem 3.1. The complete graph K, € I'(Vy) if and only if n is odd.
Proof. Let V(K,,) = {vy,v2,v3, -+ ,v,}. Suppose n is odd. Define f : V(K,) =V}

as .
0 if i=1
f(”i)—{a if i=23,--.n

Then, f is an induced magic labeling of K. Conversely suppose n is an even
number. Then degv; = n — 1 is an odd number. Therefore by corollary 2.2 we
have, f is an induced magic label if and only if fsatisfies the following system
equations:

f(v2) + f(vs) + flvg) + -+ flvp—1) + f(vn) = 0
flor) + fvs3) + f(va) + -+ flvna) + flvn) = 0
f(or) + f(v2) + flva) + -+ f(vp—1) + f(vn) = 0

o

f) + fv2) + fvs) + -+ f(on2) + f(va) =
fo) + fv2) + f(vs) + -+ fvn—2) + f(vn-1)

Note that the above system of equations show that f(vy) = f(ve) = f(vs3) = -
f(v,) and which again implies that (n —1)f(vy) = 0, that is f(v;) = 0, thus f = 0

which is a contradiction.
The following corollary follows directly from the proof of Theorem 3.1.

Corollary 3.2. K,, € I';o(V4) if and only if n is odd.

e}
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Corollary 3.3. C,, € T',o(V4) if and only if n =0 (mod 3).
Proof. Consider C,, with vertex set {vy, va, ..., Vu_1,0y.}. Suppose n = 0 (mod 3).
Define f : V(C,) — Vj as follows:

[ a if i=0,1 (mod3)
f(“i)—{o if =2 (mod 3)

Then clearly f is Induced V; magic labeling of C,,. Converse part follows from
Theorem 1.4.

Theorem 3.4. For m,n > 1, the complete bipartite graph K,,, € T'(Vy) if and
only if either m orn is odd.

Proof. Let V(K,,,) = {vi,v2,v3,- -+, U, U1, s, ug, - - - ,up }, where vju; € E(K,,,)
fort=1,2,3,---m,and 7 =1,2,3,--- ,n.

Case 1: m and n are odd
In this case define f : V(K,,,) — Vi as follows:
0 if v=wv,uy
f(U): a if UV ="V2,U3,V4," " ,Unm
b if U = Uz, U3, Uq, "+ ,Up
Case 2: m is odd and n is even
In this case define g : V(K,,,) — Vi as follows:
0 it v=wv,09,05,0 0 0,
g(v)_{a if U= U, U2,U3, "+ ,Up
Case 3: m is even and n is odd
In this case define h : V(K,,,) — Vj as follows:
h(U):{O 1f U= U, U2, U3, ", Un
a it v=wv1,0,03, U

Then in each case we can easily verify that the vertex labeling f, g and h are
induced magic labeling of K, ,. Thus K,,,, € I'(V}) if either m or n is odd.
Now consider the following case:

Case 4: m and n are even

If possible suppose f : V(K,,,) — V4 is an induced magic labeling of K, .
Then by corollary 2.2 f must satisfy the following system of equations:
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f(uj>+f('111)+f<’02)+f(1)3>++f(Um) = OfOI’jI 172737”' y (2)
Note that the above equations in (1) imply that f(v1) = f(ve) = f(v3) = -+ =
f(v,) and the equations in (2) imply that f(uq) = f(uz) = f(uz) = -+ = f(uy).
Thus the above system reduces to:

f(or) +nf(u)

mf(v) + flu) = 0
Since both m and n are even the above system implies that f(v;) = f(u1) = 0. Thus
f =0 and it is a contradiction to our assumption. Hence in this case K, ,, ¢ I'(V4).
4. Induced magic labeling of some star related graphs

Theorem 4.1. Forn > 1, the star graph K, ,, € I'(V}).
Proof. Let V(K,,) = {v,v1,v2,v3, -+ , 0, }, where vv; € E(K;,,) for i =1, 2, 3,
.. n.
Case 1: n is even
In this case define f : V(K;,) — Vi as follows:
0 if wu=vw
o ={

a it u=wv,vp,v3, 0,
Case 2: nis odd
In this case define g : V(K7,,) — Vi as follows:

0 if wu=w,v
g(U)Z{ '

a if wu=uv,v3,04, 0,

Then in each case we can easily verify that the vertex labeling f and g are induced
magic labeling of K ,. Thus K, € I'(V}). for all n > 1.

Corollary 4.2. Forn > 1,K;, € I',o(V4).

Definition 4.3. The Bistar B,,,, is the graph obtained by joining the central or
apex vertex of Ky, and K, by an edge.

Theorem 4.4. For the Bistar By, ,, € I'(Vy) for all m and n with m +n > 2.
Proof. Let V(Bn) = {u,v,v1,v2,03, -+, Up, Uy, ug, us, - - - , Uy}, where uv, vv;,
uu; € E(By,,) fori=1,23,---m,and j =1,2,3,--- ,n.



94 South FEast Asian J. of Mathematics and Mathematical Sciences

Case 1: m and n are even
In this case define f : V(B,,,) — Vi as follows:
0 if w=wv,u
f(w): a if W = V1,V2,V3,"* ,Un
b if W = Uy, U2, U3, "+, Un
Case 2: m is odd and n is even
In this case define g : V/(B,,,) — Vi as follows:
0 if w=wv,u v
gw)=1< a if w=wvy,v3,04 0y
b 1f W = Up, U2,U3, """ ,Un
Case 3: m is even and n is odd
In this case define h : V(B,,,) — Vi as follows:
0 if w=wv,u,u
h(w)=4¢ a if w=wvy,v,v3,- -, Uy
b if w=ug,uz, us--- Uy,
Case 4: m and n are odd
In this case define k : V(By,,,) — V4 as follows:
0 if w=wv,u,v,u

E(w)=1< a if w=uwvy,v3,04,0n
b if W = U2, U3, Uy, "+ ,Un

Then in each case we can easily verify that the vertex labeling f, g, h and k are
induced magic labeling of By, ,,. Thus B, , € I'(V}), for all m and n.
Corollary 4.5. For the Bistar By, ,, € I'ao(Va) for all m and n with m +n > 2.
Proof. Let V(Bn) = {u,v,v1,v2,03, -+, U, Uy, Us, us, - - - , Uy }, where uv, vv;,
uu; € E(By,,) fori=1,2,3,---m,and j =1,2,3,--- ,n.
Case 1: m and n are even
In this case define f : V(B,,,) — Vi as follows:
0 if w=wvu
) ={

a if w=v,u;i=1,2,3-m,j=1,23 - n.
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Case 2: m is odd and n is even

In this case define g : V(B,.,) — Vi as follows:

(w) = 0 if w=v,un
g B a if w:Ui,Uj,i:2’37---m7j:1,273’---7’)’[,,

Case 3: m is even and n is odd

In this case define h : V(B,,,) — Vi as follows:

h(w):{ 0 if w=vuu

a if w=wv,u;,i=1,23---m,j=2.3,--,n

Case 4: m and n are odd

In this case define k : V(B,,,,) = V4 as follows:

k(w) = 0 if w=wv,u,v,u
T la if w=ov,u,i=2,3,-m, =23, n.

Then in each case we can easily verify that the vertex labeling f, g, h and k are
induced magic labeling of B,, . Thus By, ,, € I';(V4), for all m and n.

Definition 4.6. [3] Let < K, : m > denote the graph obtained by taking m

disjoint copies of K, and joining a new vertex to the centers of the m copies of
Ki,.

Theorem 4.7. The graph < Ky, : m >€ I'(Vy) for all m,n.

Proof. Consider the graph < K, : m > with {v;,v;; : 1 < j < n} as the vertex
set of i copy of K, with central vertex v; for i = 1,2,3,---m and let v be the
unique vertex adjacent to the central vertices v; in < Kj, : m > . Then define
f:V(< Ky :m>) =V as follows:

Case 1: m is odd

Subcase 1: n is odd
Define f as

a if U ="7v
f(u): a lf u:rl)ij7l':]_72’37...m7j:172737...7n'
0 1f u:Ui7/L.:]_’2’37...m7
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Subcase 2: n is even

Define f as
a if u=w
. 0 if U = V11
flu) = a it u=v;,1=1,23,---m, j=2,3,4,---,n
0 if u=wv,1=1,2,3,---m,
Case 2: m is even
Subcase 1: n is odd
Define f as
0 if w=w
) 0 if u=wy
f(u)_ a lf u:Uijyi:172737"'m,j:2,3,4,"'7n.
0 if u=wv,i=1,2,3,---m,

Subcase 2: n is even
Define f as

0 if w=vw
f(U): a if u:vij,i:1,2,3’...m7]':1’2737...’”.
0 lf u:Ui’i:1,2’3’...m’

One can easily verify that the vertex label f defined in all four cases are IML of
<Ki,:m>.

Definition 4.8. The (n, k)-Banana tree Bt(n, k) is the graph obtained by starting
with n number of k—stars and connecting one end vertex from each to a new vertex.
Theorem 4.9. The (n, k)-Banana tree Bt(n, k) € I'(Vy) for all n and k.

Proof. Consider the graph Bt(n, k). Let V[Bt(n, k)|={v,v;,v;; : 1 <i<mn,1 <
Jj <k} and E[Bt(n, k)|={vva,viv;} : 1 <i<n,1<j <k}

Case 1 : kis odd
In this case define f(V(Bt(n,k))) :— V4 by

0 if u=v,vfori=1,23,---n
fluy=< 0 if w=wyfori=1,23,---n
a it w=v;,1=1,2,3,---n, j=2,3,4,--- k.
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Case 2 : k is even

In this case define f(V(Bt(n,k))) :— V4 by

0 if U:U,Uifori=1,2,3,---n
flu)y=<¢ 0 if w=wy,vp fori=1,23--n,
a if u:Uij,i:1,2,3,-“77,’]':3,4’...’k.

In both case, we can easily verify that, f is an IML of Bt(n, k). Hence the Proof.
5. Induced magic labeling of some path related graphs

Theorem 5.1. P, € I'yo(Vy) if and only if n =0 (mod 3).
Proof. Consider the path P, with vertex set V' = {v,v9,v3,...,0,_1,0,} where
n =0 (mod 3). Define f: V(P,) — Vj as :

, 1 (mod 3)
(mod 3)

N O

Then, f is an induced magic labeling of P,. Hence P, € I'yo(Va).
Conversely if n # 0 (mod 3) then by the Theorem 1.5 P, ¢ I';o(V4).
Definition 5.2. The Corona P, ® K; is called the comb graph CB,,.

Theorem 5.3. The Comb graph CB,, ¢ T'(Vy) for all n.

Proof. Let {u;,v; : 1 <i < n} be the vertex set of C'B,, where v;(1 <i < n) are
the pendent vertices adjacent to u;(1 < i < n). If possible suppose f is an IML of
the graph C'B,,. Then from the degree sum equation of the vertices u; and v;, we
have f(u;) = f(v;) = 0. That is f = 0, which is a contradiction.

Definition 5.4. [3] A triangular snake graph TS, is obtained from a path vy, vs,
-, Uy by joining v; and viyy to a new vertex w; fori=1,2,3,--- ,n— 1.

Theorem 5.5. The triangular snake graph T'S,, € T'(Vy) for all n.

Proof. Let V(TS,) = {v1,ve, - ,0p, w1, W, w3, -+ ,W,_1}, where vs are the
vertices of corresponding path P, and f be an IML of T'S,, with f(v;) = z; and
f(w;) = y,. Then the vertices v; and w; must satisfy the degree sum equation.
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Note that the degree sum equation of v; gives the following system of equations.
T+ T2+y1 =
T1+T2+T3+Y1+Y2 =
Totwst+rsty2tyzs = 0

Tpo2t T 1+Ty+Ynotypar = 0
Tp1+Tp+Yp1 = 0
Similarly the degree sum equation of w; gives the following system of equations.
T +x2+y; = 0
Tot+x3+y, = 0
r3+x4s+ys = 0

Tp-o + Tp_1 + Yo = 0
Tp1+Tp+Yp1 = 0
On substituting the second system in the first system of equations we get
rT1+xo+y; = 0
r1+y1r = 0
ra+y2 = 0

Tp—2 + Yn—2 = 0
Tpn-1+Tn +Yn-1 = 0

From the above two system of equations one can easily conclude that

rr = U
Ty =T3=T4 =" ""==Tp-1 =
Yo=Ys=Ys="""=Yp2 = 0

Tn = Yn—

Thus to get an IML of T'S,, we need to define f : V(T'S,,) — V} as follows:

a if v=wv,w

if v=uw;, forit=2,3,4,---,n—1
if v=w;, forj=2,3,4,---,n—2
if v=wv,,w,—1

flv) =

SO O
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Hence the proof.

Corollary 5.6. The triangular snake graph T'S,, € I'4o(Vy) for all n.
Proof. Define f : V(T'S,) — Vj as follows:

a if v=wv,uw
) 0 if v=uw, fori=23,4,--- ,n—-1
T =90 i v=w;, for j =234, n—2
a if v=wv,,w,_1

Then from Theorem 5.5, f is an IML of T'S,,. Hence the corollary follows.

Definition 5.7. [3] A double triangular snake graph DTS, consists of two trian-
gular snake graphs that have a common path. That is, a double triangular snake
1s obtained from a path vy, vs,...,v, by joining v; and v;11 to a new vertex w; for
1=1,2,....,n—1 and to a new vertex u; fori =1,2,....n — 1.

Theorem 5.8. The double triangular snake graph DTS, € T'(Vy) if and only if

n =0 (mod 3).

Proof. Consider a double triangular snake graph DT'S,, with vertex set vy, vo, v3,
<, Up, Wi, Wy, W3, =+, Wp_1, Ui, U, U3, *** ,U,_1, Where v1,vq,...,v, are the

vertices of corresponding path and w;, u; are the vertices attached to v; and

viyq for i = 1,2,...,n — 1. Suppose n = 0 (mod 3). Let n = 3k, then define

g:V(DTS,) — V, as:

( -f _

0 1 U = V2,Vs5,V8, """ ,Un—4,Un—-1

a 1f U = U1, V3, V4,06,V7,"** ,Un-3,Un—2,VUn
() 0 if v=ws;, forj=1,2,3,--- k-1

g(v) = .

a it v= W1, W2, Wy, W5, W7, **+ , Wp—2, Wn_1

0 if v=ug, forj=1,2,3,--- k-1

a if UV = Uy, Uz, Uy, U5, U7, -+, Up—2, Upn—1

We can easily prove that ¢ is an IML of DT'S,.
Conversely suppose that n = 3k + 1 or n = 3k + 2 for some integer k. If possible
suppose f is an IML DT'S,,. Then from the degree sum equation of the vertices v;
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we have:
fv2) + flur) + fw) = 0
f(or) + fv2) + f(vs) + flur) + f(uz) + f(wr) + f(w2) = 0
f(v2) + f(vs) + f(vs) + fuz) + f(us) + f(wz) + f(ws) = 0
f(w3) + f(va) + f(vs) + flus) + flua) + fws) + f(ws) = 0

f(vn—Q) + f(vn—l) + f(vn) + f(un—2) + f(un—l) + f(wn—2) + f(wn—l) =0
fn1) + flup—1) + f(wn1) = 0

Similarly from the degree sum equation of u; and w; we get the following system
of equations:

fQur) + f(or) + fv2) = 0

and

fwp—1)+ f(vp—1)+ f(v,) = 0

On comparing the degree sum equations of u; and w; we get f(u;) = f(w;), for

1=1,2,3,--- ,n— 1, and using this in the degree sum equations of v; we get
flv) = 0
fo1) + f(va) + f(vs) = 0
f(va) + f(vg) + f(vs) = 0
fvs) + f(va) + flvs) = 0

o

f(vn*2) + f(vnfl) + f(?)n) =
f(vn—l) = 0
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On solving this we get f(v2) = f(vs) = f(vg) = -+ =0, f(vp-1) = f(Vn-4a) =
vnms) = =0 f(0) = f09) = f(00) = S(09) = f(o) = - and f{uy) =
f(op—2) = fvn-s) = f(vn_s) = flvn_g) = . On substitu tlng this in the de-
gree sum equation of w; we get f(ws) = f( 6) = flwg) = =0, f(w,—3) =
Flng) = frns) = - = 0 and f(uw) = flus) = flws) = ) - =
f(v1) = flwp1) = f(wn_2) fwn-a) = f(wp-s) =+ = f(v1)

Case 1 : n = 3k + 1 for some integer k.

In this case, the above conclusion of the system of equations become, f(vy) =
f(vs) = flvs) =+ = f(vn—2) =0 and f(vn1) = f(Un 4) fop—7) ="
f(vs) =0, f(v1) = f(vs) = f(va) = flve) = f(v7) =+ = f(vn 1) = f(vn
and f(vn) = f(vn-2) = f(vn-3) = fvn-s) = flvn- 6) = - = f(u)
f(ve) = f(vy). Thus f =0.

Case 2 : n = 3k + 2 for some integer k.

~—

In this case, the above conclusion of the system of equations become, f(vy) =

flvs) = fwg) = -+ = f(vas) = f(vn) = 0 and f(v,_1) = f(vna) =
f(on—7) == f(va) = f(v1) =0, f(v1) = f(v3) = f(va) = f(vs) = f(v7) =
o= f(vn—2) - f(vn—l) and f(vn) - (Un 2) = f(vn—S) - f(vn—5) -
flon_g) =+ = f(vs) = f(vg). Thus f =0

Hence in both cases we get f = 0, which is a contradiction. Hence the proof.

Corollary 5.9. The double triangular snake graph DT'S,, € Ty o(V4) if and only if
n =0 (mod 3).
Proof. Proof follows from Theorem 5.8.

Definition 5.10. An open ladder O(L,),n > 2 graph is obtained from two paths
of length n — 1 with V(G) = {w;,v; : 1 <i < n} and E(G) = {ujuir1,vvi41 0 1 <
i<n—1}U{uw;:2<i<n-—1}

Theorem 5.11. For n > 2, the open ladder, O(L,) € I'(Vy) for n =0 (mod 3).
Proof. Consider an open ladder O(L,,), n > 2, with vertex set V(G) = {u;,v; : 1 <
i <n} and edge set F(G) = {uuir1, 0041 : 1 <i<n—1}U{uw; :2<i<n-—1}.
Then for n = 0 (mod 3), define f: V(O(L,)) — Vj as follows:

0 if ©v=wuo,us,ug, " ,Up_1
fv) =

0 if U = V2,V5,08," " ,Up—1
a if  otherwise.

Then f is an IML of O(L,,). Hence the proof follows.
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Corollary 5.12. Forn > 2, the open ladder, O(L,,) € 'y o(Vy) for n =0 (mod 3).
Proof. Proof follows from Theorem 5.11.

1]
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