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Abstract: Here we have studied the idea of semi A*-closed sets and investigate
some of their properties in spaces considered by A. D. Alexandroff [1]. We have
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conditions these axioms are equivalent.
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1. Introduction

Topological spaces have been generalised in several ways. By weakening the union
requirements A. D. Alexandroff (1940) [1] generalised the idea of topological space
to a o-space (or simply space) by taking only countable unions of open sets to
be open. Later many works on generalisation of sets were done in a more general
structure of a bispace [3] and [4]. Also several topological properties were studied
in a bispace in [2] and [5].

The idea of generalised closed sets in a topological space was given by Levine [17]. In
1987, Bhattacharyya and Lahiri [7] introduced the class of semi-generalised closed
sets in a topological space. Many works on semi-generalised closed sets (sg-closed
sets) have been done [15], [18], [21], etc. where more references can be found. By
taking an equivalent form of sg-closed sets, P. Das and Rashid (2004) [13] gave
the idea of a generalisation of semi-closed sets in the o-spaces called semi g*-closed
(sg*-closed in short) sets and studied its various properties. Recently M. S. Sarsak
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(2011) [20] studied g,-closed sets in a generalised topological space and introduced
new separation axioms namely M_Ti , ,u—T% and ,u—T% axioms by defining A ,-closed
sets and investigate their properties and relations among the axioms. In [6] the
idea of A\*-closed sets was given in a space.

In this paper we have studied the idea of semi-generalised closed sets namely sg*-
closed sets in Alexandroff spaces. We also introduce the idea of semi A*-closed sets
in Alexandroff spaces and investigate various properties of these sets and obtain
new separation axioms like semi-7w, semi- T3w and semi- T5w axioms in Alexandroff
spaces. Some examples are subtanuated where necessary fo enrich it.

2. Preliminaries

Definition 2.1 [1] : A non empty set X is called a o-space or simply a space if in
it is chosen a system of subsets F satisfying the following axioms:

(1) The intersection of a countable number of sets in F is a set in F.

(2) The union of a finite number of sets in F is a set in F

(3) The void set is a set in F.

(4) The whole set X is a set in F.

Sets of F are called closed sets. Their complementary sets are called open sets.
The collection of all such open sets will sometimes be denoted by 7 and the space
by (X, 7). When there is no confusion, the space (X, 7) will simply be denoted by
X. The complement of a set A is denoted by A°.

Note that a topological space is a space but in general 7 is not a topology as can
be easily seen by taking X = R and 7 as the collection of all F,-sets in R. Several
examples of spaces are seen in [10], [11], [16]. The definition of closure of a set and
interior of a set in a space are similar as in the case of a topological space. Note
that closure of a set in a space may not be closed in general. Also interior of a set
in a space may not be open.

Throughout the paper X stands for a space and sets are always subsets of X un-
less otherwise stated. The letters R and () stand respectively for the set of real
numbers and the set of rational numbers.

Definition 2.2 [16] : A set A in X is said to be semi-open if there exists an open
set G in X such that G C A C G.

Definition 2.3 [14] : A set A in X is said to be semi-closed if and only if X — A
is semi-open.

The class of all semi-open sets and semi-closed sets in X will be respectively de-
noted by s.o. (X) and s.c. (X).

Note that obviously open set is semi-open and closed set is semi-closed.
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Definition 2.4 [13] : Two non-void sets A, B in X are said to be semi-separated if
there exist two semi-open sets U, V such that A C U, B C V and ANV = BNU = (.

Definition 2.5 [13] : A space (X, 7) is called semi-Tj if for any two distinct points
x,y of X, there exists a semi-open set U which contains one of the points not the
other.

Observe that a space (X, 7) is semi-Tj if and only if for any pair of distinct points
x,y € X, there is a set A containing one of the points, say =, but not y such that
A is either semi-open or semi-closed.

Definition 2.6 [13] : A space (X, 7) is said to be semi-T; space if for any two
distinct points z,y € X, there are semi-open sets U,V such that x € U,y € U,y €
Ve g V.

Definition 2.7 [14] : A point z € X is said to be a semi-limit point of A C X in a
space (X, 7) if and only if for any semi-open set U containing x, UN (A —{z}) # 0
. The set of all semi-limit points of A is called the semi derived set of A and is
denoted by A..

Definition 2.8 [14]: Semi closure of a set A is denoted by A, and is defined by
Ay = AU AL or equivalently A, = N{F : F is semi-closed containing A }.

Theorem 2.9 [14] : Countable intersection of semi-closed sets in a space is semi-
closed.
In [13] it is shown that countable union of semi-open sets is semi-open.

3. Semi g*-closed sets, Semi A.-sets, Semi generalised A.-sets and Semi-
1, spaces

Definition 3.1 [7] : In a topological space, a subset A is said to be semi-generalised
closed set if and only if scl(A) C O whenever A C O and O is semi-open, where
scl(A) denotes the semi-closure of A.

Definition 3.2 [13]: A subset A of X is said to be semi g*-closed set (sg*-closed
set in short) if and only if there is a semi-closed set F' containing A such that
F C O whenever A C O and O is semi-open.

Definition 3.3 [13] : A set A is called semi g*-open (sg*-open) if X — A is sg*-
closed.

Remark 3.4 : Clearly by definition, every semi-closed set is sg*-closed set, but
the converse may not be true which has been shown by an Example 1 in [13].

Definition 3.5 [13] : For A C X, the semi-kernel of A denoted by sA? is the set
N{U : U is semi-open, U D A}.
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Definition 3.6 : If A C X, then we define sAY = U{F : F is semi-closed, F C A}.

Theorem 3.7 [13] : A set A is sg*-closed if and only if there is a semi-closed set
F' containing A such that F' C sA..

Definition 3.8 : A set A in X is called a semi A,-set (sA,-set in short) if and only
if A = sA” or equivalently, A is the intersection of all semi-open sets containing A.

Definition 3.9 : A set A in X is called a sV,-set if and only if A = sAY or
equivalently, X — A is sA,-set i.e. A is the union of all semi-closed sets contained
in A.

It may be noted that semi-open sets may not be open, semi closure of a set may
not be semi-closed, and finite intersection of semi-open sets may not be semi-open.
For the sake of completeness we are giving below some new examples to support
the above assertions.

Example 3.10 : Semi-open set may not be open.

Suppose X = R— @ and 7 = {X, 0, G;} where {G;} are the countable subsets of
X each containing v/3. Then (X, 7) is a space but not a topological space. Then
G; = X for each i. Now let A be the set of all irrational numbers in (1,2). Take
B = {V/2,4/3}, then B is an open set and B = X. Therefore BC A C B. So A is
a semi-open set, but not an open set.

Example 3.11 : Semi closure of a set may not be semi-closed.

Suppose X = R— @ and 7 = {X, 0, G;} where {G;} are the countable subsets of
X. Then (X,7) is a space but not a topological space. Let A be the set of all
irrational numbers in (0, 00). Then A, = A. But A is not semi-closed, since X — A,
the set of all irrational numbers in (—o0,0), is not semi-open.

Example 3.12 : Finite intersection of semi-open sets may not be semi-open.
Suppose X = R — @ and 7 = {X,0,G,;} where {G;} are countable subsets
of X — {\/5} Then (X,7) is a space but not a topological space. Let A =
{V5,v3,v/2}. Then {v/5,/3} C A C {V/5,V3} = {/5,V3,V2} where {/5,/3}
is an open set. This implies A is semi-open. Similarly the set B = {\/ﬁ AT, \/5}
is semi-open. But the set AN B = {4/2} is not semi-open.

Theorem 3.13 [13] : A subset A in X is sg*-closed if and only if there is a
semi-closed set F' containing A such that F — A does not contain any non-void
semi-closed set.

Theorem 3.14 (cf. Theorem 10 [13]) : For each z € X, {z} is semi-closed or
X — {z} is sg*-closed.
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Definition 3.15 : A set A is called a semi generalised A,-set (sg/A.-set in short)
if sA C F whenever F' D A and F' is semi-closed.
A set A is called a semi generalised V,-set (sgV.-set in short) if X — A is sgA,-set.

Theorem 3.16 : For each z € X, {x} is either semi-open or sgV . -set.

Proof. Suppose x € X and {z} is not semi-open, then X —{z} is not semi-closed.
Then s(X — {z})} = N{U, U is semi-open, U D (X — {z})} C X where X is the
only semi-closed set containing X — {x}. Therefore X —{z} is sgA,-set and so {x}
1s sgV,-set.

Lemma 3.17 : Suppose A, B be subsets of X, the following can be easily verified.
(1) s0r =0, sbY=0, sX)=X, sX/=X.

(2) AcC sAL, A DsAY

(3) s(sA7)? = sAR,  s(sA])] = sA?

(4) If A C B then sA2 C sB2.

(5) If A C B then sAY C sBY.

(6) s(X\A)L =X \sAY, s(X\A)Y=X)\sA’.

Theorem 3.18 : If a set A is sA,-set, then A is sg*-closed if and only if A is
semi-closed.

Proof. Let A be sA.-set and sg*-closed set. Then by Theorem 3.7, there exists a
semi-closed set F' containing A such that F' C sA? = Aie. F C A. So F = A and
so A is semi-closed. On the other hand, a semi-closed set is obviously a sg*-closed.
Hence the result.

In particular, s(sA2)” = sA2 and so sA. is a sA,-set. Therefore sA” is sg*-closed
if and only if sA” is semi-closed.

Theorem 3.19 : If A C X and sA” is sg*-closed, then A is sg*-closed.

Proof. Suppose A C X and sA” is sg*-closed, then there exists a semi-closed
set F' containing sA” such that F' C s(sA2)? = sA2. Since F' D sA) D A/ A is
sg*-closed.

But the converse of the above theorem may not be true as shown in the following
example.

Example 3.20 : Suppose that X = R— @ and 7 = {X, 0, G;, A;} where {G,} are
the countable subsets of X containing v/2, {A;} are the cocountable subsets of X
also containing v/2. Then (X, 7) is a space but not a topological space. Let A be
a countably infinite subset of X excluding v/2. Then A is a closed set, so a semi-
closed set which implies that A is sg*-closed. Again A is not an open set and also
not a semi-open set since there is no open set contained in A. Now sA” = {v/2}UA
which is an open set so a semi-open set. But sA” is not a semi-closed set, since
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V2 € sA). Since sA” is a sA,-set, sA is not sg*-closed, by Theorem 3.18.

Theorem 3.21 : Arbitrary union of sV, -sets is a sV, -set.

Proof. Suppose A; are sV, -sets, i € I where i is an index set and A = U{A; :
i € I}. So A; C A for each i. Therefore sAiY C sAY for all i € I and so
U{sAiY :i € I} C sAY. So, A=U{Ai: i€} =U{sdil :iel} CsAY C Aby
Lemma 3.17 (2). Therefore A = sAY.

Theorem 3.22 : Intersection of two sV, -sets is a sV, -set.

Proof. Let A, B be two sV, -sets , then A = sAY, B = sBY. Now ANB C A
and also AN B C B. So s(AN B)Y C sAY and s(AN B)) C sBY. Therefore
s(ANB)Y C sAYNsBY...(1).

On the other hand, suppose that z € sAY N sB) then x € sAY and = € sBY.
So there exist semi-closed sets F, P such that x € FF C A,x € P C B. There-
fore z € FN P C AN B. This implies that 2 € s(AN B)Y since F N P is a
semi-closed set. Therefore sAY N sBY C s(AN B)!....... (2). So by (1) and (2)
s(ANB)Y =sAYNsB! = AN B.

Corollary 3.23 : Let ( X, 7) be a space. Then the collection of all sV -sets forms
a topology.
The proof follows from above two Theorems 3.21 and 3.22 and Lemma 3.17.

Lemma 3.24 : If A, B are two subsets of X, then s(AU B)} = sA2 U sB.
Proof. Let A, B be two subsets of X. Then A C AU B implies that sA} C
s(AUB)? and B C AU B implies that sB2 C s(AUB)’. Therefore (sA2UsB.) C
s(AU B)2. Again, sA) = "{U; : U; D A, U, is semi-open} and sB) = n{V; : V; D
B, Vj is semi-open}. Therefore sA} U sB} = N{(U; UV;) : U; D A, V; D B;U,,V;
are semi-open} D N{G : G D AU B,G is semi-open }=s(A U B)?. Therefore
sAN U sB) = s(AU B)2.

But arbitrary union of sA,-sets is not always a sA,-set as can be seen from the
example given below.

Example 3.25 : Let X = R— Q and 7 = {X, 0, G;} where {G;} be the count-
able subsets of X. Then (X, 7) is a space but not a topological space. Here every
singleton is an open set, so a semi-open set and hence a sA;-set. Now the set
A =11,2] — @ is not an open set and also not a semi-open set because the closure
of any open set B contained in A is B. Again any set C'(# X) containing A can not
be a semi-open set, since closure of any open set D contained in C' is D. Therefore
sA) = X # A. So Ais not a sA-set. But A = U{{r} : r € A} where {r} is
S\ -set.

Theorem 3.26 : Intersection of two sA,-sets is a sA,-set.
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Proof. Let A, B be two sA,-sets , then A = sA” B = sB”. Now ANB C A
implies s(A N B)? C sA2 and AN B C B implies s(A N B)? C sB). So

s(ANB)} C sA)NsB) = ANB C s(AN B)? by Lemma 3.17. Therefore
AN B = s(AN B)}.The result follows.

Definition 3.27 [13] : A space (X, 7) is said to be a semi-T,, space if and only if
every sg*-closed set is semi-closed.

Definition 3.28 [13] : A topological spsce is called a semi-7" 1 space if and only if
every sg-closed set is semi-closed.

It is seen in [13] that semi-T axiom lies between semi-7p and semi-7} axioms. But
semi-T;, axiom in a space does not have this property as evident from the Example
5 [13].

In Theorem 15 [13], it is shown that every semi-T;, space is semi-Tj space. But the
converse is not true as shown in the Example 5 [13]. Also, in Examples 5 and 6
[13] it has been shown that in general, semi-7),, and semi-7} axioms in a space are
independent of each other.

Theorem 3.29 [13] : In a space, semi-7} axiom implies semi-T,, if the condition
(P): “Arbitrary intersection of closed sets is semi-closed in X7 is satisfied.

Next we see some necessary and sufficient conditions for a space to be semi-T,,. For
this we introduce the following definition.

Definition 3.30 [13] : For any £ C X, let Er=n{A:E C A, Ais sg*-closed set
in X}, then E¥ is called sg*-closure of the set E.
We denote the following sets as B and B’ which will be used frequently in the

sequel.
(i) B={A: (X — A), is semi-closed} and

(i) B ={A: (X — A)* is sg*-closed}.

Theorem 3.31 [13] : A space (X, 7) is semi-T,, if and only if

(a) for each z € X, {x} is either semi-open or semi-closed and

(b) B=8

where B = {A: (X — A); is semi-closed} and B = {A : (X — A)* is sg*-closed}.

4. Semi \*-closed sets and Semi \*-open sets in space
Definition 4.1 : A subset A of a space (X,7) is said to be semi A*-closed (sA™-
closed in short) if A = K N P, where K is a sA.-set and P is a subset of X.

Definition 4.2 : A subset A of a space (X, 7) is said to be semi A*-open (sA*-open
in short) if X — A is sA*-closed.

Definition 4.3 : The semi-interior of a set A in X is defined as the union of all
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semi-open sets contained in A and is denoted by sInt(A).

Theorem 4.4 : Suppose A C X, then X — (X — A), = sInt(A).
Proof. Suppose G be any semi-open set and G C A. Then X -G D X — A

implies (X — G), D (X — A), which implies that X — G D (X — A),. Therefore,

G C X — (X — A), which implies that sInt(A) C X — (X — A),.

Conversely, (X — A), = N{P; P is semi-closed, P D (X —A)}. So X —(X — A4), =
U{V; V is semi-open, V C A}. Each semi-open set V' of the collection {V = P¢: V

is semi-open,V C A} is contained in sint(A). Hence X — (X — A), C sint(A).

Therefore, X — (X — A), = sInt(A).

Lemma 4.5 : Let A be a subset of a space (X, 7), then 4, =4,
Proof. Sigce A C A, t_hen A, ¢ A,. Now A, = Niea{Vi; Vi’s are semi-closed
and V; D A}, Again, Aj :_ﬂjEA/{Uj;Uj’S are semi-closed and U; D A}. The

sets U;,j € N also contain A; ie. U; D A,,j € A. Therefore the collection
{_Uj,j € A} C {Vi,i € A} and so NjeaU; D MieaV; implies A, D A,. Hence
A, = A,

Theorem 4.6 : For a subset A of a space (X, 7) the following are equivalent:
(i) A is sA*-closed

(ii) A=sA NP, P C X.

(iil) A= K N A,, K is a s/A,-set.

(iv) A= sA2 N A,.

Proof. (i) <= (ii) : Suppose A is sA\*-closed, then A = K N P, where K is
a sA,-set and P C X. Since A C K and A C P,,sK" D sA}. Therefore
AcCsANNP, CsK)NP,=KNP, =A. So A= sA"NP,. Conversely, let
A=3sA"NP,, PC X. Since sA” is a sA,-set, then A is sA*-closed.

(i) <= (iii) : Suppose A is s\*-closed, then A = K N P, where K is a sA,-set
and P C X. Since A ¢ K and A C P, implies A, C P, = P,. Therefore
ACKNA,Cc KNP, =A. So A= KN A, Conversely, suppose A = K N A,
where K is a sA,-set and A C X. Hence A is s\*-closed.

(i) <= (iv) : Suppose A is sA\*-closed, then A = K N P, where K is a sA,-set and
P C X. Since K D Aand A C P, then sK” D sA” and A, C P, = P,. Therefore
AcCsAMNA, C sK)NP,=KNP,=A. So A= 5sA"NA, Conversely, let
A =sAMN A, where A C X and sA” is a sA,-set. Then A is s\*-closed.

Remark 4.7 : From Theorem 4.6 (iv) we can say that a subset A is said to be
sA*closed if A can be expressed as the intersection of all semi-open sets and all
semi-closed sets containing it.
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Now we show by citing Examples 4.8 and 4.9 given below that there does not exist
any relation between sg*-closed sets and sA*-closed sets.

Example 4.8 : Example of a s\*-closed set which is not sg*-closed.

Suppose X = R — @Q and 7 = {X,0,G;} where {G;} are the countable subsets
of X, each contains v/3 then (X, 7) is a space but not a topological space. Let
A = {V/3,3/T}. Therefore A is an open set so a semi-open set. Then sA? = A and
A, = X. Therefore A is sA*-closed. Here X is the only semi-closed set containing
A which implies that A is not sg*-closed.

Example 4.9 : Example of a sg*-closed set which is not sA*-closed.

Suppose X = R—Q, {G;} are the countable subsets of X —{+/3} and 7 = {X, 0, G;},
then (X, 7) is a space but not a topological space. Let the subset A = X — {1/3}.
Since {v/3} is not a semi-open set, X — {4/3} is not semi-closed. So A, = X.
Since closure of any open set B C A is BU {\/3}, there is no semi-open set except
X containing A. So sA? = X, hence, sA" N A, = X # A. Therefore A is not
sA*-closed. Again, since X is the only semi-open set containing A, A is sg*-closed.

Example 4.10 : Example of a finite set which is not s\*-closed.

Suppose X = R — Q and 7 = {X,0,G; U {v/3,v/5}} where {G;} are the count-
able subsets of X containing {\/g, \/5}, then (X, 7) is a space but not a topolog-
ical space. Let A = {V/3,/7}. So A is not a semi-open set because no proper
open set is contained in A. But sA) = AU {/5} and A, = X. Therefore
sANN A, = (AU{VBEH) NX = AU {5} # A. Hence A is not a sA*-closed
set.

Clearly every sA,-set is sA*-closed and semi-closed set is sA*-closed. But the con-
verse may not be true as shown in the following example.

Example 4.11: Let X = R—Q, 7 = {X, 0, G;}, where {G;} are the all countable
subsets of X. So (X, 7) is a space but not a topological space. Let A be the set
of all irrational numbers in (0,00). Since sA? = X and A, = A, A is s\*-closed.
But A is not semi-closed because X — A is not semi-open. Also A is not a sA,-set

since sA2 = X # A.

Theorem 4.12 : A space (X, 7) is semi-T,, if and only if every subset of (X, 7) is
sA*- closed and B = B’ where B and B’ are collection of sets as in Theorem 3.31.

Proof. Suppose every subset of (X,7) is sA*-closed and B = B'. Let z € X.
We claim that {z} is either semi-open or semi-closed. Suppose {z} is not semi-
open, then X — {z} is not semi-closed. Since X — {z} is also a sA\*-closed set then
X —{z} =s(X = {z})2 N (X — {x})s [by Theorem 4.6 (iv)] = s(X —{z})2NX =
s(X —{x})2. Therefore X —{z} is a sA,-set. So X —{z} is a semi-open set which
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implies {z} is semi-closed. Then by Theorem 3.31, (X, 7) is semi-T,, space.
Conversely, suppose that (X,7) is semi-T,, space and A C X. Then by The-
orem 3.31, every singleton is either semi-open or semi-closed and B = B'. So
for each x € X — A, either {2} € s.0.(X) or (X — {z}) € s.0.(X). Let A} =
{r:2xe X—-A{z} €s0(X)}, A ={z:2€e X —-AX—{z} € so0.(X)},
K=nX—-{a}:zceA]=X—-Arand P=N[X —{z}:2 € 4] =X — A;.
Note that K is a sA,-set i.e. K = sK/ and P = P,.

NOW, Kﬂﬁs = (X—Az)ﬂ(X—Al) :X—<A1UA2) :X—(X—A) = A. Thus
A is sA\*-closed.

Remark 4.13 : It is already seen that if a subset A is semi-closed then A is sg*-
closed and sA*-closed .

But the converses of this result may not hold in a space as shown in the Example
1 [13] and in the Example 4.11. However, it is true if the additional condition that
B = B’ holds which is shown in the following Theorem 4.14.

Theorem 4.14 : If A is sg*-closed and sA*-closed and satisfies the condition
B = B’, then A is a semi-closed set.

Proof. Suppose A is sg*-closed and sA*-closed satisfying the condition B = B'.
Since A is sg*-closed, there is a semi-closed set F' containing A such that F' C sA2.
Now A C F implies A, C F, = F C sAZ. Again since A is s\*-closed, A =
SANN Ay = Agvove. (1).

Now A is sg*-closed , so A* = A, therefore (X —A) € B'. Since B=B', (X—A) € B

which implies A, is semi-closed. Therefore from (1) we have A is a semi-closed set.

Remark 4.15 : Union of two sA*-closed sets may not be sA*-closed set as revealed
in the under noted Example 4.16.

Example 4.16 : Suppose X = R — Q and 7 = {X, 0, G;} where {G;} are the
countable subsets of X — {v/2}. Then (X,7) is a space, but not a topological
space. Suppose A = X —{v/2,v/3,v/5} and B = X — {/2,V/7,V/11}. Then X — A
is semi-open set since {v/3,v/5} is an open set and {v/3,v5} ¢ X —A C {V/3,V5}.

Similarly X — B is also semi-open. Therefore A and B are semi closed sets. Now
sANN Ay = A and sB2 N B, = B. So A and B are s\*-closed sets. Again take
C=AUB={X - {f\/’f}}u{x {v2,v7,V11}} = X — {V2}. Since
{V/2} is not semi-open, X — {+/2} is not semi-closed. So C'y = X. Since the closure
of any proper open set D contained in C' will be DU {v/2}, so D ¢ C ¢ D since C
is not countable where as D is countable, this implies X — {1/2} is not semi-open.
Therefore sC”* = X. So C, N sC?» = X # C, hence C is not s\*-closed set.

Note 4.17 : In view of the Example 4.16, it follows that intersection of two sA*-
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open sets may not be s\*-open.

Theorem 4.18 : A subset A of X is sA*-open if and only if A = N U sInt(H)
where N is a sV,-set and H is a subset of X.

Proof. Let A be a sA*-open set. Then X — A is a sA*-closed set. Then,
X — A= KnP,, where K is a sA,-set and P C X. Therefore, A = (K N P,)° =
KeU(P,)* = (X—K)U(X—P,), where X — K is a sV,-set and (X —P,) C X. Take
N=X-KcAand H=X —P. So P=X — H implies P, = (X — H), implies
X—(X - H),=X—P,. Soby Theorem 4.4, sInt(H) = X —(X — H), = X — P,.
Therefore A = N U sint(H).

Conversely, Suppose A = N U sint(H),N is a sV,-set and H C X. Therefore
X —-A=Nn(sInt(H))*= (X —N)N (X — sInt(H)), where N° = K (say) is

sA;-set. Take P = X — H. By Theorem 4.4, X — (X — H), = sInt(H) implies

(X — H), = X —sInt(H). Therefore X — A = KNP, implies X — A is a sA\*-closed
set and hence A is a s\*-open set.

Theorem 4.19 : A subset A of X is sA*-open if and only if A = sAY U sInt(A).
Proof. Suppose A is sA*-open, Then A = N U sint(H) where N is a sV.-set and
H is a subset of X. Since N C A then sNY C sAY and since sint(H) C A,
then sint(sint(H)) C sint(A). So A = N U sInt(H) = sNY U sInt(H) C
sAY UsInt(H) = sAY U sInt(sint(H)) C sAY U sInt(A). Again sAY C A and
sInt(A) C A then sAY UsInt(A) C A. Therefore we get A = sAY U sInt(A).
Conversely, suppose A = sAY U sInt(A). Since sAY is a sV, -set and A C X, then
A is s\*-open.

Remark 4.20 : Clearly sV,-sets are s\*-open sets and semi-open sets are sA*-
open sets. On the other hand if A is sA*-open, sg*-open, and B = B’ then A is
semi-open.

In [20] it is seen that the collection of all A,-open sets forms a generalised topology
pon X, but in view of the Note 4.17, the collection of sA*-open sets does not form
a space structure o on X.

5. Semi-T« space, Semi—T%w space, Semi—T%w space

Definition 5.1 : A space (X, 7) is called semi-T% if for every finite subset P of X
and for every y € X — P, there exists a set A, containing P and disjoint from {y}
such that A, is either semi-open or semi-closed.

Theorem 5.2 : A space (X, 7) is semi-T% if and only if every finite subset of X is
sA*-closed.

Proof. Suppose (X, 7) is semi-T% space and P is a finite subset of X. So for every
y € X — P there is a set A, containing P and disjoint from {y} such that A, is ei-
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ther semi-open or semi-closed. Let K be the intersection of all such semi-open sets
A, and F' be the intersection of all such semi-closed sets A, as y runs over X — P.
Then K = sK” i.e. K is a sA,-set and F,=F. Therefore KNF =KNF, =P.
So P is sA*-closed.

Conversely, let P be a finite set. So by the condition it is sA*-closed. Let y € X —P.
Then P = K N P,, by Theorem 4.6 (iii) where K is a sA-set. If y & P, then there
exists a semi-closed set A, containing P such that {y} ¢ A,. Again if y € P,, then
y ¢ K. Then there exists some semi-open set A, containing K such that y ¢ A,
and A, contains P also. Hence (X, 7) is semi-T space.

Theorem 5.3 : A space (X, 7) is semi-Tj if and only if every singleton of X is
sA*-closed.

Proof. Let the space (X, 7) be semi-Ty and z € X. Take a point y € X — {z}.
Since (X, 7) is semi-Tp, there exists a set A, containing {z} such that y ¢ A,
and A, is either semi-open or semi-closed. Let K and P be the intersection of all
such semi-open sets A, and all such semi-closed sets A, respectively as y runs over
X — {z}. Then P, = P and K = sK/. Therefore {r} = K N P,. This implies
that {x} is a sA*-closed set by Definition.

Conversely, let {z} be sA\*-closed for each € X. Then {z} = s{z}} N {z}, by
Theorem 4.6 (iv). Suppose y € X —{x}. If y & {x},, then there exists a semi-closed
set P containing {x} such that y & P. Ify € {x}, then y & s{z}". Therefore there
exists a semi-open set V' containing {x} such that y ¢ V. Hence the space (X, 7)
is semi-Tj.

Theorem 5.4 : Every semi—T% space is a semi-1j space.

Proof. Suppose the space (X, 1) is semi-T» and x,y are two distinct points in
X. Since the space is semi-T%, then for every y € X — {z} there exists a set A,
containing x for each x such that A, is either semi-open or semi-closed and y € A,.
This implies that (X, 7) is semi-Tj space.

Definition 5.5 : A space(X,7) is called semi-T 5w space if for every countable
subset P of X and for every y € X — P, there exists a set A, containing P and
disjoint from {y} such that A, is either semi-open or semi-closed.

Theorem 5.6 : A space(X,7) is semi—T%w space if and only if every countable sub-
set of X is sA*-closed. Proof is similar to the proof of Theorem 5.2, so is omitted.

Definition 5.7 : A space(X, ) is called semi—T%w space if for any subset P of X

and for every y € X — P, there exists a set A, containing P and disjoint from {y}
such that A, is either semi-open or semi-closed.
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Theorem 5.8 : A space(X,7) is semi- Tsw space if and only if for every subset E
of X is sA*-closed. Proof is parallel to the proof of Theorem 5.2, so is omitted.
Note that semi-Tsw 5 -space does not imply the condition B = B’ where B and B’ are
as in Theorem 3.31.

Remark 5.9 : It follows from the Theorems 4.12, 5.8, 5.6, 5.2 that every semi-T,
space is semi—T%w space and semi—T%w space is semi-T’ 5w space and semi—T%w space
is semi—T% space.

However, the converse of each implication may not be true which are substantiated
respectively in the undermentioned examples.

Example 5.10 : Example of a semi—T%w space which is not semi-T,, space.

Let X = R—Q, 7 = {X,0,G;}, where {G;} are the all countable subsets of X.
So (X, 7) is a space but not a topological space. Let A be a subset of X. Then
A, = A. SosANA, = A. This implies that A is sA*-closed. Therefore any subset
of X is sA*-closed which in turn (X, 7) is semi-T’ s space. Now let BB be the set of
all irrationals in (0, 00). Then B is sg*-closed but not semi-closed since X is the
only semi-open set containing B and X — B is not semi-open. This implies the
space is not semi-T;, space.

Example 5.11 : Example of a semi- TSw space which is not semi- T5w space.

Suppose X = R — @ and 7 = {X, 0, G } where {G;} are all countable subsets of
X —{V/2}. Then (X, ) is a space but not a topological space. Take any countable
subset A C X. Then if /2 & A, A is an open set, so A is semi-open which implies
that A is sA*-closed. Again if v/2 € A, A is not open. But since A — {v/2} is an

open set and (A — {v/2}) € A C A— {\/2} = A, then A is semi-open. Therefore
in both cases sA” = A. Hence A is sA*-closed. So (X, 7) is a semi—T%w space.

Now suppose B = X — {1/2} which is an uncountably infinite subset of X. There-
fore B is not an open set. Since the closure of any proper open set D C B will be
DU{V2} and D C B ¢ D, therefore X — {+/2} is not semi-open. So sB} = X.
Since {v/2} is not semi-open, X — {v/2} is not semi-closed, so B, = X. Then
sB) N B, = X # B. Therefore B is not sA\*-closed. So (X,7) is not semi-T'sw

space.

Example 5.12 : Example of a semi- T'» space which is not semi- TSw space.
Suppose X = R — QX*:{Q}UXT—{Q)X*{2}U(X A) AcC X, Ais
finite}. Therefore (X*,7) is a topological space so a space also. Take any finite
subset E C X*, we get the following observations:

()if2 € E,sE) =n{(X—{a})U{2},a € X—E} = {2lUE=E. SosE'NE,=E
which implies that F is a sA*-closed set.
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(i) if 2 ¢ E, F is a closed set which implies that F is a semi-closed set. Hence E
is sA*-closed.

So (X, 7) is a semi-T% space.

Suppose Y is a countably infinite subset of X. So 2 ¢ Y and Y itself is not a
semi-open set. Therefore sY* = {2} UY. Y is not a closed set, since Y is not a
finite set. Also X* — Y is not semi-open because there is no non-empty open set
contained in X* — Y whose closure is non-empty, Y is not itself a semi-closed set.
We will prove now that no semi-closed set is there containing Y except X*. If a
proper semi-closed set B contains Y, then X* — B would be semi-open. But any
open set contained in X* — B is the null set () whose closure is () which contradicts
the definition of semi-open set. Here closed sets are finite. Therefore YV, = X*.
Thus Y, NsY = [{2}UY] N X* = {2} UY # Y. Therefore Y is not s\*-closed.
Hence the result.

Definition 5.13 : A space (X, 7) is said to be semi-Ry if every semi-open set
contains the semi-closure of each of its singleton.

Theorem 5.14 : If (X, 7) is semi-Tj then for every pair of distinct points p,q € X,
cither p & {q}, or ¢ € {p},.

Proof. Let (X, 7) be semi-Ty and p,q € X,p # ¢. Since X is semi-Tj space, there
exists a semi-open set U which contains only one of p,q. Suppose that p € U and
g ¢ U. Then the semi-open set U has an empty intersection with {q}. Hence

p & {q}.. Since p#£q,p & @S. Similarly if U contains the point ¢ then ¢ ¢ ms.

Theorem 5.15 : A space (X, 7) is semi-T} space if and only if it is semi-Ty and
semi-FRy.

Proof. Let (X, 7) be semi-T; space. Obviously then it is semi-7y. Suppose A
is semi-open and x € A. Let y € X,y # x. Since the space is semi-77, there is
semi-open set V' such that y € V and x € V. Hence y cannot be a semi-limit
point of {x}, rather no point lying outside {z} can be a semi-limit point of {x},
so {z}, C {2}. Hence {z}, = {2} C A. So (X, ) is semi-R, space.

Conversely, let (X, 7) be semi-Tj and semi-Ry. So for z,y € X and x # y, either
& {y}t,ory & {x},, by Theorem 5.14. Suppose z ¢ {y},, then there exists a semi-
closed set F' containing y such that x ¢ F'. Therefore z € X — F, a semi-open set
and y € X — F. Since the space is also semi- Ry, by definition 5.13, ms CX-—F.
So ms N F = () which implies that ms N{y} = 0. Hence y ¢ ms. As x # y and
y & {x},,y is not a semi-limit point of {z}. Therefore there exists a semi-open set
V' containing y, but x € V. Since x,y € X and x # y, we get two semi-open sets
X — F and V containing z,y respectively and y ¢ X — F and = ¢ V. Thus (X, 1)
is semi-77 space.
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Theorem 5.16 : A space (X, 7) is semi-T7 if and only if every singleton is sA,-set.
Proof. Let the space (X, 7) be semi-7;. By Theorem 5.15, (X, 7) is semi-Tj and
semi-Ry. Since (X, 7) is semi-T, every singleton is sA*-closed , by Theorem 5.3.
Suppose = € X, then {z} is sA\*-closed , so {z} = s{z}? N {z},, by Theorem 4.6
(iv). We claim that {z} = s{z}?. If not, there exists y € s{z}* —{z}. Soy & {z},
and hence there is a semi-closed set F', F' D {z} such that y ¢ F. Therefore
y € X — F, a semi-open set. Again since (X, 7) is semi—RO,ms C X — F. Thus
ms NF =. Since x € F, then z ¢ ms. Therefore there exists a semi-open set
V' containing x but y ¢ V. This implies that y ¢ s{x}”, a contradiction. Hence
{z} is a sA,-set.

Conversely, let z,y € X and x # y. So y &€ {z}. By supposition {z} and {y} are
sA-sets. So {z} = s{x}?, therefore y & s{x}”. So there exists a semi-open set
V" such that © € V', but y ¢ V'. Similarly, since {y} = s{y}2 , there exists a
semi-open set U’ such that y € U’ and x ¢ U’. Hence z,y are semi-separated by
semi-open sets V' and U’ respectively. So (X, 7) is semi-T}space.

Corollary 5.17 : If every subset of X is sA,-set then (X, 7) is semi-7} space.
The proof follows directly from Theorem 5.16.

Note: 5.18 : The converse of the Corollary 5.17 is not true as revealed in the
following Example 5.19. However the converse is true if additional conditions are
imposed as given in Theorem 5.24. Also note that the converse part is true in a
p-space [20].

Example 5.19 : Let X = R — @, {G;} be the all countable subsets of X and 7
= {X,0,G;}. Therefore (X, 7) is a space but not a topological space. Since every
singleton in (X, 7) is sA,-set, the space is 77 by Theorem 5.16. Let B be the set

of all irrationals in (0,1). Then B is not a sA,-set as sB> = X # B. Hence the
result follows.

Definition 5.20 : A space (X, 7) is said to be semi-symmetric if z,y € X,z €
{v}, =y ez,

Definition 5.21 : A space (X, 7) is said to be strongly semi-symmetric if each
singleton in X is sg*-closed.

Theorem 5.22 : A strongly semi-symmetric space (X, 7) is semi-symmetric.
Proof. Suppose z € @S, but y ¢ ms for z,y € X. Then there is a semi-closed
set I D {z} such that y € F. So {y} C F° where F* is semi-open. Since {y} is
sg*-closed, there is a semi-closed set F' D {y} such that F' C F°. So ms C F
and hence x € ms C F’ C F°, a contradiction, since z € F'. Hence the result.
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But the converse may not be true as shown by the undernoted Example 5.23.

Example 5.23 : Suppose X = R — Q and 7 = {X,0,G,;} where {G;} are the
countable subsets of X. So (X, 7) is a space but not a topological space. Suppose
x,y € X. If x # y then z € @S implies that z is a semi-limit point of {y}. But
{x} is a semi-open set contains x which does not intersect {y}. So x cannot be a
semi-limit point of {y}. So we must have x = y. So in that case y € {z},. Hence
(X, 7) is semi-symmetric. But for each singleton {z} in X, s{z}? = {z} and {z}
is not semi-closed. So no singleton is sg*-closed. Hence the result.

Theorem 5.24 : If (X, 7) is a strongly semi-symmetric semi-77 space and satisfies
the condition B = B’ where B and B’ are as in Theorem 3.31, then every subset of
X is a sA,-set.

Proof. Let (X, 7) be a strongly semi-symmetric semi-7} space satisfying the con-
dition B = B"and let A C X. Let x € X — A. Then {z} is sg*-closed. Since (X, T)
is semi-T; space, {z} is a sA,-set by Theorem 5.16, so a sA*-closed set. Therefore
{z} is a semi-closed set by Theorem 4.14. Therefore X — {z} is a semi-open set
containing A. So sA} = N{X — {z},x € X — A} = A which implies A is a sA,-set.

Remark 5.25 : If the space (X, 7) is a strongly semi symmetric semi-77 space and
satisfies the condition B = B’, then it follows from Theorem 5.24 that union and
intersection of two sA*-closed sets are sA*-closed sets.

Definition 5.26 : A space (X, 7) is said to be weak semi-Ry space if every s\*-
closed singleton is a sA,-set.

Theorem 5.27 : Every semi-R, space is a weak semi-R, space.

Proof. Let the space be semi-Ry and # € X be such that {z} be s\*-closed.
Then {z} = s{z}} N {z}, by Theorem 4.6 (iv). We claim that {z} is a sA,-set
ie. {z} = s{x}’. If not, i.e if {z} # s{x}?, then there exists y € s{z}} — {z}.
Therefore y & {x},, so there is a semi-closed set F, F O {z} such that y ¢ F.
This implies that y € X — F, a semi-open set. Since(X,7) is semi-R, space,
{y}, € X — F. Therefore {y},NF = 0. Since v € F, x ¢ {y}, = {y} U{y}, where
{y}. denotes the set of semi-limit points of {y}. Therefore there exists a semi-open
set V D {z} but y ¢ V, since x # y and x is not also the semi-limit point of {y} .
This implies that y ¢ s{z}”, a contradiction. Hence (X, 7) is weak semi-R, space.

Theorem 5.28 : For a space (X, 7) , the following statements are equivalent:
(1) (X, 1) is semi-T}

(2) (X, 7) is semi-T and semi-Ry

(3) (X, 7) is semi-Tj and weak semi-R,.

Proof. (1) = (2) follows from Theorem 5.15
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(2) = (3) follows from Theorem 5.27

(3) = (1) : Let (X, 7) be semi-Ty and weak semi-Ry and {x} C X. So by Theorem
5.3, {z} is sA*-closed . Again (X, 7) is weak semi-Ry, {x} is sA,-set. By Theorem
5.16, (X, 7) is semi-T}.

Theorem 5.29 : If (X, 7) is a strongly semi-symmetric semi-77 space and satisfies
the condition B = B’, then it is semi-Tw space.

Proof. Let (X, 7) be strongly semi-symmetric semi-7} space satisfying the con-
dition B = B’ and let A be a sg*-closed set. Then A* = A, so A is sg*-closed.
Therefore X — A € B'. Since B = B/, so X — A € B which implies that A, is
semi-closed. We wish to prove that A, = A. If not, let # € A, — A. Since (X, 7)
is semi-77 and strongly semi-symmetric space, {z} is sg*- closed and sA*-closed
and since B = B, {z} is a semi-closed set by Theorem 4.14. But by Theorem
3.13, {z} ¢ A, — A. Therefore x € A and so A, = A which implies that A is a

semi-closed set and hence (X, 7) is semi-T,, space.

Theorem 5.30 : If the space (X, 1) is strongly semi-symmetric, weak semi-Ry,
and satisfies the condition B = B’, then the following are equivalent:

(1) (X, 7) is semi-Tj

(2) (X, 7) is semi-T;

(3) (X, 7) is semi-T,,

(4) (X, 1) is semi-Tse

(5) (X,7) is semi-T s

(6) (X, 7) is semi-T'.

Proof. (1) = (2): It follows from Theorem 5.28.

(2) = (3): It follows from Theorem 5.29.

(3) = (4): It follows from Theorem 4.12 and Theorem 5.8.
(4) = (5): It follows from Theorem 5.8 and Theorem 5.6
(5) =(6) : It follows from Theorem 5.6 and Theorem 5.2
(6)= (1): It follows from Theorem 5.4.

Theorem 5.31 : A semi-symmetric semi-Ty space is semi-T7].

Proof. Let (X,7) be semi-symmetric semi-Ty space and a,b € X, a # b. Since
(X, 7) is semi-Ty, by Theorem 5.14 either a ¢ {b}, or b ¢ {a}, must hold. Let
a ¢ ms . Then b ¢ ms. For if b € ms then it would imply a € ms, since
(X, 7) is semi-symmetric. But this contradicts that a ¢ ms. Since a ¢ ms, there
is a semi-closed set F' such that b € F' and a ¢ F'. So a € X — F, a semi-open
set and b ¢ X — F. Again since b ¢ {a},, there is a semi-closed set P such that
a € Pandb¢ P. Sob e X — P, a semi-open set and a € X — P. So a,b are
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semi-separated by semi-open sets X — F' and X — P. Hence (X, 1) is semi-Tj.

Corollary 5.32 : If every subset is the intersection of all semi-open sets and
all semi-closed sets containing it, then each singleton is either semi-open or semi-
closed.

Proof. Let x € X but {z} is not semi-open. So X — {z} is not semi-closed.
Since X — {z} C X, so X — {x} is the intersection of all semi-open sets and semi-
closed sets containing it. Now we see that X is the only semi-closed set containing
X — {x}. But X is also a semi-open set containing X — {z}, so by the condition
X — {x} must be semi-open which in turn {z} is a semi-closed set.

Remark 5.33 : The equivalence of the conditions stated in the Theorem 5.30
can also be deduced in terms of another assumption shown in Theorem 5.34 and
Theorem 5.35.

Theorem 5.34 : If the space (X, 7) is semi-symmetric and satisfies the condition
B = B’, then the following statements are equivalent:

(1) (X, 7) is semi-Tj

(2) (X, 7) is semi-T;

(3) (X, 7) is semi-T,,

(4) (X, 7) is semi-Tsw

(5) (X, 7) is semi Tse

(6) (X,7) is semi-T.

Proof. (1) = (2): It follows from Theorem 5.31.

(2) = (3): It follows from Theorem 5.16, Corollary 5.32 and Theorem 3.31.
(3) = (4): It follows from Theorem 4.12 and Theorem 5.8.
(4) = (5): It follows from Theorem 5.8 and Theorem 5.6.
(5) = (6) It follows from Theorem 5.6 and Theorem 5.2.
(

Theorem 5.35 : If the space (X, 7) is semi-symmetric and the condition (P) given
in Theorem 3.29 is satisfied, then the following statements are equivalent:
(1) (X, 7) is semi-Tj
2) (X, 7) is semi-T;
) (X, 7) is semi-T,,
4)

)

)
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(3) = (4): It follows from Theorem 4.12 and Theorem 5.8.

(4) = (5): It follows from Theorem 5.8 and Theorem 5.6.

(5) = (6): It follows from Theorem 5.6 and Theorem 5.2.

(6) = (1): It follows from Theorem 5.4.
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