
South East Asian J. of Mathematics and Mathematical Sciences
Vol. 18, No. 1 (2022), pp. 235-246

ISSN (Online): 2582-0850

ISSN (Print): 0972-7752

COMMON FIXED POINT THEOREMS IN RIGHT COMPLETE
DISLOCATED QUASI G− FUZZY METRIC SPACES

D. Poovaragavan and M. Jeyaraman

PG and Research Department of Mathematics,
Raja Doraisingam Government Arts College,

Sivagangai, Tamil Nadu - 630561, INDIA

E-mail : poovaragavan87@gmail.com, jeya.math@gmail.com

ORCID : orcid.org/0000-0002-0364-1845

(Received: May 15, 2021 Accepted: Feb. 18, 2022 Published: Apr. 30, 2022)

Abstract: The aim of this paper is to present the ideas of right complete dislocated
quasi G− fuzzy metric spaces and find the common fixed point results for mapping
satisfying the α − ψ locally contractive mappings for a couple of such maps in a
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1. Introduction

In 1965, Zadeh [21] contemplated the idea of a fuzzy set in his original paper.
From that point, it was grown widely by numerous scientists, which additionally
remember fascinating uses of this hypothesis for various fields. Fuzzy set hypothesis
has applications in applied sciences like neural organization hypothesis, steadiness
hypothesis, numerical programming, demonstrating hypothesis, designing sciences,
clinical sciences (clinical hereditary qualities, sensory system), picture preparing,
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control hypothesis, and correspondence. In 1975, Kramosil and Michalek [14] pre-
sented the idea of fuzzy metric space, which opened a road for additional advance-
ment of examination in such spaces. Further, George and Veeramani [7] modified
the idea of fuzzy metric space presented by Kramosil and Michalek [14] and fur-
thermore have prevailing with regards to instigating a Hausdorff geography on a
particularly fuzzy metric space which is regularly utilized in ebb and flow research
nowadays. Most as of late, Gregori et al. [8] showed a few fascinating instances of
fuzzy metrics with regards to the feeling of George and Veeramani [7] and have ad-
ditionally used such fuzzy metrics to shading picture processing. In 2006, Mustafa
and Sims [15] introduced a definition of G-metric space. After that few fixed point
results have been demonstrated in G-metric spaces.

The notions of α − ψ contractive mappings and α− admissible mappings in
complete metric spaces introduced by Samet et al. [17] in 2012 . In 2013, Salimi et
al. [16] modified the notion of α − ψ contractive mappings and improved certain
fixed point theorems for such mappings. In 2019, Shoaib et al. [18] introduces
G−α− admissible mappings with respect to η and α−ψ contractive type condition
for a pair of such maps.

In this paper, we find the unique common fixed point results for mapping satis-
fying the α−ψ locally Contractive conditions on a closed ball in an right complete
dislocated quasi G− fuzzy metric space. Our results improve several well known
classical results.

2. Preliminaries

Definition 2.1. [20] A 3-tuple (X ,G, ∗) is called a G− Fuzzy Metric Space if X
is an arbitrary non-empty set, ∗ is a continuous t− norm and G is a fuzzy set on
X × X × X × (0,∞) satisfying the following conditions for each t, s > 0.

(GFMS-1) G(σ, σ, β, t) > 0 for all σ, β ∈ X with σ 6= β,

(GFMS-2) G(σ, σ, β, t) ≥ G(σ, β, γ, t) for all σ, β, γ ∈ X with β 6= γ,

(GFMS-3) G(σ, β, γ, t) = 1 if and only if σ = β = γ,

(GFMS-4) G(σ, β, γ, t) = G(p{σ, β, γ}, t), where p is a permutation function,

(GFMS-5) G(σ, β, γ, t + s) ≥ G(σ, a, a, t) ∗ G(a, β, γ, s) for all σ, β, γ, a ∈ X ,

(GFMS-6) G(σ, β, γ, ·) : (0,∞)→ [0, 1] is continuous.

Definition 2.2. [12] A G− fuzzy metric space (X ,G, ∗) is said to be symmetric if
G(σ, σ, β, t) = G(σ, β, β, t) for all σ, β ∈ X and for each t > 0.
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Definition 2.3. [12] Let X be a nonempty set and let G : X×X×X×[0,∞)→ [0, 1]
be a function satisfying the following axioms:for all σ, β, γ, a ∈ X

(i) If G(σ, β, γ, t) = 1 then σ = β = γ,

(ii) G(σ, β, γ, t + s) ≥ G(σ, a, a, t) ∗ G(a, β, γ, s).

Then the pair (X ,G, ∗) is called the dislocated quasi G− Fuzzy Metric Space
(DqGFMS).

Definition 2.4. [12] Let (X ,G, ∗) be a DqGFMS then

(i) A sequence {σp} in G is said to be G− convergent to σ if for each t > 0,
G(σ, σp, σq, t)→ 1 as p, q →∞.

(ii) A sequence {σp} in G is said to be right G− Cauchy sequence if for each ε > 0
and t > 0, there exists p0 ∈ N with the end goal that G(σp, σq, σq, t) > 1 − ε,
for each p, q ≥ p0.

(iii) A DqGFMS is said to be right complete if every right G− Cauchy sequence
is G− convergent.

Definition 2.5. [12] Let (X ,G, ∗) be a DqGFMS.

(i) For σ0 ∈ G, r > 0, the G− ball with centre σ0 and radius r is
B(σ0, r, t) = {β ∈ G : G(σ0, β, β, t) > 1− r}.

(ii) Also B(σ0, r, t) = {β ∈ G : G(σ0, β, β, t) ≥ 1− r} is closed ball in G.

Lemma 2.6. Every closed ball in a right complete dislocated quasi G− fuzzy metric
space is right complete.

Definition 2.7. [18] Let P ,Q : G → G and α, η : G ×G×G → R be two functions.

(i) The pair (P ,Q) is said to be G − α− admissible with respect to η, if there
exists σ, β, γ ∈ G such that α(σ, β, γ) ≥ η(σ, β, γ), then α(Pσ,Qβ,Qγ) ≥
η(Pσ,Qβ,Qγ) and α(Qσ,Pβ,Pγ) ≥ η(Qσ,Pβ,Pγ).

(ii) If η(σ, β, γ) = 1, then (P ,Q) is said to be G − α− admissible mapping.

(iii) If α(σ, β, γ) = 1, then (P ,Q) is said to be η− subadmissible mapping.
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If P = Q then P is called G − α−admissible mapping with respect to η. If P = Q
and η(σ, β, γ) = 1, then P is called G − α− admissible mapping.

3. Main Results
Let Ψ denote the class of all functions ψ : [0, 1] → [0, 1] such that ψ is non-

decreasing, continuous and let ψ(t) > t, for all t ∈ (0, 1).
If ψ(0) = 0 and ψ(1) = 1 additionally hold, then ψ(t) ≥ t, t ∈ [0, 1] for all

functions from Ψ.

Theorem 3.1. Let (X ,G, ∗) be a right complete DqGFMS and P ,Q : G → G be
two mappings. Suppose there exists two functions α, η : G × G × G → R such that
(P ,Q) is G − α− admissible mapping with respect to η. For r > 0, σ0 ∈ B(σ0, r, t)
and ψ ∈ Ψ assume that,

σ, β, γ ∈ B(σ0, r, t), α(σ, β, γ) ≥ η(σ, β, γ)

=⇒ ψ(G(σ, β, γ, t)) ≤ min
{
G(Pσ,Qβ,Qγ, t),G(Qσ,Pβ,Pγ, t)

}
, (3.1.1)

and

∗ji=0ψ
i
(
G(σ0,Pσ0,Pσ0, t)

)
≥ 1− r, for all j ∈ N ∪ {0}. (3.1.2)

Suppose that the following assertions hold:

(i) α(σ0,Pσ0,Pσ0) ≥ η(σ0,Pσ0,Pσ0),

(ii) for any sequence {σp} in B(σ0, r, t) such that α(σp, σp+1, σp+1) ≥ η(σp, σp+1,

σp+1), for all p ∈ N ∪ {0} and σp → υ ∈ B(σ0, r, t) as p → ∞, then
α(υ, σp, σp) ≥ η(υ, σp, σp), for all p ∈ N ∪ {0}.

Then there exist a point σ? in B(σ0, r, t) such that σ? = Pσ? = Qσ?.
Proof. Let σ1 ∈ G be such that σ1 = Pσ0 and σ2 = Qσ1. Continuing this process,
we construct a sequence σp of points in G such that σ2i+1 = Pσ2i and σ2i+2 = Qσ2i+1

where i = 0, 1, 2, · · · .
By assumption α(σ0, σ1, σ1) ≥ η(σ0, σ1, σ1) and (P ,Q) is G−α−admissible with

respect to η, we have α(Pσ0,Qσ1,Qσ1) ≥ η(Pσ0,Qσ1,Qσ1) from which we de-
duce that α(σ1, σ2, σ2) ≥ η(σ1, σ2, σ2) which also implies that α(Qσ1,Pσ2,Pσ2) ≥
η(Qσ1,Pσ2,Pσ2).

Continuing in this way we obtain α(σp, σp+1, σp+1) ≥ η(σp, σp+1, σp+1), for all
p ∈ N ∪ {0}.

First we show that σp ∈ B(σ0, r, t), for all p ∈ N. Using inequality (3.1.2)
we have, ∗pi=0ψ

i
(
G(σ0,Pσ0,Pσ0, t)

)
≥ 1 − r, for all p ∈ N ∪ {0}. It follows that,
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σ1 ∈ B(σ0, r, t). Let σ2, σ3, · · · , σj ∈ B(σ0, r, t) for some j ∈ N. If j = 2i+ 1, where
i = 0, 1, · · · , j−1

2
, so using inequality (3.1.1) we obtain,

G(σ2i+1, σ2i+2, σ2i+2, t) = G(Pσ2i,Qσ2i+1,Qσ2i+1, t),

≥ ψ
(
G(σ2i, σ2i+1, σ2i+1, t)

)
,

≥ ψ2
(
G(σ2i−1, σ2i, σ2i, t)

)
,

...

≥ ψ2i+1
(
G(σ0, σ1, σ1, t)

)
.

Thus we have ,

G(σ2i+1, σ2i+2, σ2i+2, t) ≥ ψ2i+1
(
G(σ0, σ1, σ1, t)

)
. (3.1.3)

If j = 2i+ 2, then as σ1, σ2, · · · , σj ∈ B(σ0, r, t) where i = 0, 1, · · · , j−2
2
. We obtain,

G(σ2i+2, σ2i+3, σ2i+3, t) ≥ ψ2i+2
(
G(σ0, σ1, σ1, t)

)
. (3.1.4)

Thus from inequality (3.1.3) and (3.1.4), we have

G(σj, σj+1, σj+1, t) ≥ ψj
(
G(σ0, σ1, σ1, t)

)
. (3.1.5)

Now,

G(σ0, σj+1, σj+1, t) ≥ G
(
σ0, σ1, σ1,

t

j + 1

)
∗ G
(
σ1, σ2, σ2,

t

j + 1

)
∗ · · · ∗

G
(
σj, σj+1, σj+1,

t

j + 1

)
,

≥ ψ0
(
G
(
σ0, σ1, σ1,

t

j + 1

))
∗ ψ1

(
G
(
σ0, σ1, σ1,

t

j + 1

))
∗ · · · ∗

ψj
(
G
(
σ0, σ1, σ1,

t

j + 1

))
,

≥ ∗ji=0ψ
i
(
G
(
σ0, σ1, σ1,

t

j + 1

))
G(σ0, σj+1, σj+1, t), ≥ 1− r.

Thus σj+1 ∈ B(σ0, r, t). Hence σp ∈ B(σ0, r, t) for all p ∈ N. Now inequality (3.1.5)
can be written as

G(σp, σp+1, σp+1, t) ≥ ψp
(
G(σ0, σ1, σ1, t)

)
, for all p ∈ N. (3.1.6)
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Fix ε > 0 and let p(ε) ∈ N such that ∗p≥p(ε)ψp
(
G(σ0, σ1, σ1, t)

)
> 1−ε. Let p, q ∈ N

with q > p > p(ε) we obtain,

G(σp, σq, σq, t) ≥ G
(
σp, σp+1, σp+1,

t

q

)
∗ G
(
σp+1, σp+2, σp+2,

t

q

)
∗ · · · ∗

G
(
σq−1, σq, σq,

t

q

)
,

≥ ψp

(
G
(
σ0, σ1, σ1,

t

q

))
∗ ψp+1

(
G
(
σ0, σ1, σ1,

t

q

))
∗ · · · ∗

ψq−1

(
G
(
σ0, σ1, σ1,

t

q

))
,

≥ ∗p≥p(ε) ψp
(
G(σ0, σ1, σ1, t)

)
,

G(σp, σq, σq, t) > 1− ε.

Thus {σp} is a Cauchy sequence in
(
B(σ0, r, t),G

)
. Using Lemma (2.6) there exist

σ? ∈ B(σ0, r, t) such that σp → σ?. Also

lim
p→∞
G(σ?, σp, σp, t) = 1. (3.1.7)

On the other hand, from (ii) we have

α(σ?, σp, σp) ≥ η(σ?, σp, σp) for all p ∈ N ∪ {0}. (3.1.8)

Now using inequalities (3.1.1) and (3.1.8) we get

G(Pσ?, σ2i+2, σ2i+2, t) ≥ ψ
(
G(σ?, σ2i+1, σ2i+1, t)

)
> G(σ?, σ2i+1, σ2i+1, t).

Letting i→∞ and using (3.1.7), we obtain G(Pσ?, σ?, σ?, t) > 1. That is Pσ? = σ?.
Similarly by using

G(Qσ?, σ2i+1, σ2i+1, t) ≥ ψ
(
G(σ?, σ2i, σ2i, t)

)
> G(σ?, σ2i, σ2i, t).

As i→∞ we get G(Qσ?, σ?, σ?, t) > 1. That is Qσ? = σ?. Hence P and Q have a
common fixed point in B(σ0, r, t).

Corollary 3.2. Let (X ,G, ∗) be a right complete DqGFMS and P ,Q : G → G be
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two mappings. Suppose there exist a function α : G × G × G → R such that (P ,Q)
is G −α− admissible mapping. For r > 0, σ0 ∈ B(σ0, r, t) and ψ ∈ Ψ assume that,

σ, β, γ ∈ B(σ0, r, t), α(σ, β, γ) ≥ 1

=⇒ ψ(G(σ, β, γ, t)) ≤ min
{
G(Pσ,Qβ,Qγ, t),G(Qσ,Pβ,Pγ, t)

}
,

and

∗ji=0ψ
i
(
G(σ0,Pσ0,Pσ0, t)

)
≥ 1− r, for all j ∈ N ∪ {0}.

Suppose that the following assertions hold:

(i) α(σ0,Pσ0,Pσ0) ≥ 1,

(ii) for any sequence {σp} in B(σ0, r, t) such that α(σp, σp+1, σp+1) ≥ 1, for all

p ∈ N∪ {0} and σp → υ ∈ B(σ0, r, t) as p→∞, then α(υ, σp, σp) ≥ 1, for all
p ∈ N ∪ {0}.

Then there exist a point σ? in B(σ0, r, t) such that σ? = Pσ? = Qσ?.
Corollary 3.3. Let (X ,G, ∗) be a right complete DqGFMS and P ,Q : G → G be
two mappings. Suppose there exists a function η : G ×G ×G → R such that (P ,Q)
is η− subadmissible mapping. For r > 0, σ0 ∈ B(σ0, r, t) and ψ ∈ Ψ assume that,

σ, β, γ ∈ B(σ0, r, t), 1 ≥ η(σ, β, γ)

=⇒ ψ(G(σ, β, γ, t)) ≤ min
{
G(Pσ,Qβ,Qγ, t),G(Qσ,Pβ,Pγ, t)

}
,

and

∗ji=0ψ
i
(
G(σ0,Pσ0,Pσ0, t)

)
≥ 1− r, for all j ∈ N ∪ {0}.

Suppose that the following assertions hold:

(i) 1 ≥ η(σ0,Pσ0,Pσ0),

(ii) for any sequence {σp} in B(σ0, r, t) such that 1 ≥ η(σp, σp+1, σp+1), for all

p ∈ N ∪ {0} and σp → υ ∈ B(σ0, r, t) as p→∞, then 1 ≥ η(υ, σp, σp), for all
p ∈ N ∪ {0}.

Then there exist a point σ? in B(σ0, r, t) such that σ? = Pσ? = Qσ?.
Theorem 3.4. Let (X ,G, ∗) be a right complete DqGFMS and P ,Q : G → G be
two mappings. Suppose there exists two functions α, η : G × G × G → R such that
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(P ,Q) is G − α− admissible mapping with respect to η. For r > 0, σ0 ∈ B(σ0, r, t)
and ψ ∈ Ψ assume that,

σ, β, γ ∈ B(σ0, r, t), α(σ, β, γ) ≥ η(σ, β, γ)

=⇒ ψ(G(σ, β, γ, t)) ≤ min
{
G(Pσ,Qβ,Qγ, t),G(Qσ,Pβ,Pγ, t)

}
,

and
∗ji=0ψ

i
(
G(σ0,Pσ0,Pσ0, t)

)
≥ 1− r, for all j ∈ N ∪ {0}.

Suppose that the following assertions hold:

(i) α(σ0,Pσ0,Pσ0) ≥ η(σ0,Pσ0,Pσ0),

(ii) for any sequence {σp} in B(σ0, r, t) such that α(σp, σp+1, σp+1) ≥ η(σp, σp+1,

σp+1), for all p ∈ N ∪ {0} and σp → υ ∈ B(σ0, r, t) as p → ∞, then
α(υ, σp, σp) ≥ η(υ, σp, σp), for all p ∈ N ∪ {0},

(iii) if σ? is any common fixed point in B(σ0, r, t) of P and Q, σ be any fixed point
of P or Q in B(σ0, r, t), then α(σ?, σ, σ) ≥ η(σ?, σ, σ).

Then P and Q have a unique common fixed point σ?.
Proof. By Theorem (3.1) we get P and Q have a common fixed point σ?. Assume
that β? be another fixed point of P inB(σ0, r, t), then by assumption α(σ?, β?, β?) ≥
η(σ?, β?, β?). Also,

G(σ?, β?, β?, t) = G(Qσ?,Pβ?,Pβ?, t),
= min{G(Qσ?,Pβ?,Pβ?, t),G(Pσ?,Qβ?,Qβ?, t)},
≥ ψ

(
G(σ?, β?, β?, t)

)
.

A contraction to the fact that for each t > 0, ψ(t) > t. So σ? = β?. Hence P has
no fixed point other that σ?. Similarly, Q has no fixed point other that σ?.

Example 3.5. Let X = R+∪{0} and G(σ, β, γ, t) =
t

t + G(σ, β, γ)
where G(σ, β, γ) =

σ + β + γ. Clearly (X ,G, ∗) be a right complete DqGFMS. Let P ,Q : X → X be
defined by,

P(σ) =


σ

8
, σ ∈ [0, 1],

3σ

2
, σ ∈ (1,∞)

and Q(σ) =


5σ

7
, σ ∈ [0, 1],

3σ, σ ∈ (1,∞).
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Take σ0 = 1, r = 4, then B(σ0, r, t) = [0, 1].
Define α(σ, β, γ) = 2σ − β + γ, η(σ, β, γ) = σ − 2β + γ. Clearly (P ,Q) is G − α−
admissible mapping with respect to η for all σ, β, γ ∈ X . Let ψ(t) = t

5
. Now

G(σ0,Pσ0,Pσ0, t) = G(1,
1

8
,
1

8
, t) =

t

t + 1 + 1
8

+ 1
8

=
t

t + 10
8

Also,
∗pi=0 ψ

i
(
G(σ0,Pσ0,Pσ0, t)

)
> −3.

If σ, β, γ ∈ (1,∞), then
Case 1. If min

{
G(Pσ,Qβ,Qγ, t),G(Qσ,Pβ,Pγ, t)

}
= G(Pσ,Qβ,Qγ, t) then

G(Pσ,Qβ,Qγ, t) = G
(3σ

2
, 3β, 3γ, t

)
=

t

t + 3σ
2

+ 3β + 3γ
,

<
t

t + σ + β + γ
< ψ

(
G(σ, β, γ, t)

)
.

Case 2. If min
{
G(Pσ,Qβ,Qγ, t),G(Qσ,Pβ,Pγ, t)

}
= G(Qσ,Pβ,Pγ, t) then

G(Qσ,Pβ,Pγ, t) = G
(

3σ,
3β

2
,
3γ

2
, t
)

=
t

t + 3σ + 3β
2

+ 3γ
2

,

<
t

t + σ + β + γ
< ψ

(
G(σ, β, γ, t)

)
.

So the contractive conditions does not hold on G.
If σ, β, γ ∈ [0, 1] = B(σ0, r, t), then
Case 3. If min

{
G(Pσ,Qβ,Qγ, t),G(Qσ,Pβ,Pγ, t)

}
= G(Pσ,Qβ,Qγ, t) then

G(Pσ,Qβ,Qγ, t) = G
(σ

8
,
5β

7
,
5γ

7
, t
)

=
t

t + σ
8

+ 5β
7

+ 5γ
7

,

≥ t

t + σ + β + γ
≥ ψ

(
G(σ, β, γ, t)

)
.

Case 4. If min
{
G(Pσ,Qβ,Qγ, t),G(Qσ,Pβ,Pγ, t)

}
= G(Qσ,Pβ,Pγ, t) then

G(Qσ,Pβ,Pγ, t) = G
(5σ

7
,
β

8
,
γ

8
, t
)

=
t

t + 5σ
7

+ β
8

+ γ
8

,

≥ t

t + σ + β + γ
≥ ψ

(
G(σ, β, γ, t)

)
.
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Then the contractive condition holds on B(σ0, r, t). Hence all the conditions of
Theorem 3.1 are satisfied and P and Q have a common fixed point in B(σ0, r, t).

4. Conclusion
In this paper, we using this turn of events and compression condition to show

the sequence in a closed ball in right complete DqGFMS is a Cauchy sequences.
In the process we have generalized a few notable, later and traditional outcomes
from the writing.
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